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Summary

This thesis comprises three self-contained chapters. Each chapter develops a theoretical

model using observations from behavioral economics. These models are then used as a

framework for analyzing how empirically relevant assumptions may alter the conclusions

derived from similar models with more standard assumptions. The goal is to address the

consequences these behavioral assumptions can have on the implied conclusions while at the

same time arguing why these outcomes would not appear in a standard version of the model.

The first chapter of the thesis, entitled ”Competition, Loss Aversion, and Consumer

Search,” analyzes a situation where firms in Bertrand competition face a market of hetero-

geneous expectation-based loss-averse consumers who do not know the quality of the firms’

products. Consumers are allowed to inspect the firms’ products sequentially at zero cost.

However, loss aversion creates a search cost as consumers face a lottery when inspecting

products. Through the uncertainty effect, consumers may then prefer a certain option to an

uncertain option. This is the case even when the worse outcome from the uncertain option is

better than the certain option. The competition among the firms may reinforce this effect.

It is shown that firms with an inferior product will actively seek to remove the uncertainty

about their product by committing early to a price (say, through a commercial). Since this

reduces the competitive pressure on the firms with high quality products, they will have no

incentive to fight the low quality firms for early access as long as they do not lose too many

custumers. Firms with inferior products then end up with a positive profit despite Bertrand

competition.

Chapter two of the thesis, ”Signaling to Loss-Averse Receivers Through Early Offers,”

considers how a risk-neutral sender can benefit from making early settlement offers to an

expectation-based loss-averse receiver. The players’ interaction is modeled by a zero-sum

game with a predetermined outcome at some point in the future. When making an early

offer, the sender has private information about this predetermined outcome. The sender’s

offer may then be partially informative, essentially turning the model into a signaling game.

This information may affect the receiver’s beliefs and hence her expectations. We show that,

if the receiver is sufficiently loss-averse, the sender can strictly benefit from his ability to make

early offers. This is the case even when the receiver learns the value of the predetermined

outcome before she makes her choice.

The third and last chapter of the thesis, ”Bayesian Persuasion on Compact Subsets,”

considers an extension of the classic model of Bayesian Persuasion, Kamenica and Gentzkow

(2011).1 In this extension, the sender’s choice is limited to signals that generate beliefs in a

1Kamenica, E., and Gentzkow, M. (2011): ”Bayesian Persuasion,” American Economic Review, 101(6), 2590–2615.
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compact subset of the probability simplex. It is illustrated how this approach can be used to

model Bayesian Persuasion with motivated attention, costly information, coarse reasoning,

etc. A new approach to finding optimal information structures is developed. By observing

that the sender prefers mean-preserving spreads in beliefs in areas where the receiver weakly

prefers a given action, it is possible to severely reduce the space of relevant beliefs. Often,

as in the baseline model with no restrictions, this transforms the optimization problem into

a finite program.
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Danish Summary

Denne afhandling best̊ar af tre selvstændige kapitler. Hvert kapitel gør brug af observationer

fra adfærdsøkonomi til at udvikle og udvide teoretiske modeller. Disse modeller udgør da

rammen for en analyse af, hvordan empirisk relevante observationer kan ændre ved de kon-

klusioner man normalt ville drage ved brug af mere klassike antagelser. Målet er ikke blot

at adressere, hvilke konsekvensker de adfærdsøkonomiske antagelser kan have for de udledte

konklusioner, men ogs̊a at argumentere for, hvorfor de adfærdsøkonomiske antagelser er

nødvendige for modellernes resultater.

Afhandlingens første kaptiel, ”Competition, Loss Aversion, and Consumer Search,” anal-

yserer en situation, hvor firmaer i Bertrand-konkurrence st̊ar over for et marked med hetero-

gene tabs-averse forbrugere, der er usikre p̊a kvaliteten af det enkelte firmas produkt. For-

brugerne har mulighed for gratis at inspicere firmaernes produkter i sekventiel rækkefølge.

Dog skaber forbrugernes tabs-aversion en søgeomkostning, da forbrugerne st̊ar over for et

lotteri, hver gang de inspicerer et nyt produkt. Usikkerhedseffekten gør da, at forbrugerne

kan foretrække den sikre mulighed frem for den usikre mulighed. Dette er tilfældet selv n̊ar

det værste udfald fra den usikre mulighed er bedre end den sikre mulighed. Konkurrence

blandt virksomhederne kan forstærke denne effekt. Det vil blive vist, at firmaer med in-

feriøre produkter aktivt vil forsøge at fjerne usikkerheden omkring deres produkt ved tidligt

at fastl̊ase deres pris (f.eks. gennem en reklame). Da dette reducerer konkurrencen p̊a pris

for firmaerne med høj kvalitet, vil de ikke nødvendigvis have noget incitament til at konkur-

rere om at n̊a forbrugerne tidligt. Dette er tilfældet, s̊a længe firmaerne med høj kvalitet

ikke mister for mange kunder. Firmaer med lav kvalitet kommer da til at have en positiv

profit p̊a trods af Bertrand-konkurrence.

Afhandlingens andet kapitel, ”Signaling to Loss-Averse Receivers Through Early Of-

fers,” analyserer hvorledes en risikoneutral afsender kan drage fordel af at foresl̊a et tidligt

forligstilbud til en tabs-avers modtager. Spillernes interaktion er modelleret som et nul-

sumsspil, hvor et forudbestemt udfald bliver realiseret engang i fremtiden. N̊ar afsenderen

laver sit tilbud, har han privat information om det forudbestemte udfald. Afsenderens tilbud

kan da være delvist informativt, hvilket i praksis gør modellen til et signaleringsspil. Den

information, der kan udledes af afsenderens tilbud, vil da p̊avirke modtagerens viden og

dermed hendes forventninger. Vi viser, at hvis modtageren er tilstrækkeligt tabs-avers, s̊a

kan afsenderen drage fordel af sin mulighed for at sende tidlige tilbud. Dette er tilfældet,

selv hvis modtageren f̊ar kendskab til det forudbestemte udfald, før hun tager sin beslutning.

Afhandlingens tredje og sidste kapitel, ”Bayesian Persuasion on Compact Subsets,” omhan-

dler en generalisering af den klassiske model Bayesian Persuasion, Kamenica and Gentzkow
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(2011).1 I denne generalisering er afsenderens valg begrænset til signaler, der genererer

information i en kompakt mængde af sandsynlighedssimplekset. Det vil blive illustreret,

hvordan denne fremgangsmåde kan bruges til at modellere Bayesian Persuasion med mo-

tiveret opmærksomhed, omkostningsfyldt information, grov ræsonering, osv. En ny metode

til at finde optimale informations-strukture vil blive udviklet. Ved at bemærke, at afsenderen

foretrækker middelværdibevarende spredninger i information i de omr̊ader, hvor modtagerens

incitamenter er fastholdt, er det muligt at reducerere kompleksiteten i optimeringsproblemet.

Ofte, som f.eks. i den ikke begrænsede model, kan optimeringsproblemet formuleres over en

endelig mængde.

1Kamenica, E., and Gentzkow, M. (2011): ”Bayesian Persuasion,” American Economic Review, 101(6), 2590–2615.
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Competition, Loss Aversion, and Consumer

Search∗

Heiner Schumacher† Heiko Karle‡ Rune T. Vølund§

February 10, 2019

Abstract

We consider a model of Bertrand competition where consumers are uncertain about

the value of the firms’ products. They can sequentially inspect products at zero cost.

Consumers are expectation-based loss-averse and heterogeneous in their degree of loss

aversion. A loss-averse consumer may prefer a certain option to inspect and choose

an uncertain alternative even if the worst realization of the uncertain alternative is

better than the certain option. This uncertainty effect can occur for any degree of

loss-aversion. We show that the firms’ strategic behavior may exacerbate the scope for

strictly dominated choices that are due to the uncertainty effect. Firms with inferior

products actively seek to take out uncertainty about the value and price of their prod-

uct. The implied price commitment reduces the competitive pressure for firms with

high value products. In equilibrium, consumers with modest degrees of loss-aversion

make strictly dominated choices and firms selling inferior products make positive prof-

its despite Bertrand competition.

Keywords: Bertrand Competition, Loss Aversion, Sales Talk, Inferior Products
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1 Introduction

Consider a consumer who can choose between two options, option 1 and option 2. She

strictly prefers option 2 to option 1. Suppose that still the consumer ends up with option

1. What could be potential reasons for this to happen? One reason could be search costs :

The consumer could choose option 1 for free, but in order to have access to option 2, she

would have to incur search costs, so that she remains with option 1. Another reason could

be incomplete information: At the point the consumer has to choose, she cannot tell the two

options apart, and unfortunately chooses the wrong one. A third reason could be boundedly

rational expectations : The consumer has free access to both options, but does not fully

understand them and thus mistakenly chooses the inferior option 1.

In this paper, we will argue that a fourth reason could be a combination of uncertainty

and expectation-based loss-averse consumers. Suppose that the consumer can freely inspect

option 1 and option 2 before making a choice. Option 1 has a certain value v1. Prior to

inspection, option 2’s value v2 is uncertain. It is either high (vH2 ) or low (vL2 ), each with

equal probability. Assume that in any case option 2 is weakly better for the consumer than

option 1, v1 ≤ vL2 < vH2 . That is, if the consumer knew option 2’s value v2 for sure, choosing

this option would be optimal for her, regardless of whether v2 = vL2 or v2 = vH2 . We will see

that an expectation-based loss-averse consumer may still strictly prefer choosing option 1 to

inspect and choose option 2, even though she has rational expectations and exhibits plausible

and empirically relevant loss aversion parameters. We will show how this can significantly

change the way firms compete against each other in a market setting.

The proposal that an individual may prefer a safe option to a lottery even when the

lottery’s worst outcome is weakly better than the safe option is quite extreme and many

economists may be uncomfortable with it. However, this phenomenon has been observed re-

peatedly in experimental research (of which we provide a thorough summary below). Gneezy

et al. (2006) find that the average valuation of a 50 USD gift certificate is 26 USD, while

it is only 16 USD for a lottery that pays off either a 50 USD or a 100 USD gift certificate

with equal probability. This finding has been coined the ”uncertainty effect” and it has been

replicated in a number of different settings, including within-subject comparisons.

We consider a simple model of Bertrand competition to illustrate how the combination

of firms’ strategic behavior and consumers’ risk preferences create scope for the uncertainty

effect, and what this means for the market outcome and welfare. Firms offer products of

differing consumption value and have uniform marginal costs. Consumers have homogeneous

tastes and face uncertainty about the exact value of each product. They can sequentially

inspect the firms’ products at zero cost. When they purchase a product, they have full
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information about its consumption value. If all consumers had loss-neutral preferences,

then, in the Bertrand equilibrium, the firm with the best product would price the other

firms out of the market and serve all consumers. In this equilibrium, all gains from trade

are realized.

Two additional ingredients to the model alter this outcome significantly. First, we as-

sume that some consumers exhibit expectation-based loss-aversion preferences as proposed

by Kőszegi and Rabin (2006, 2007). These preferences generate an uncertainty effect for

sufficiently large degrees of loss-aversion.1 To illustrate, consider our example with the val-

ues v1 = vL2 = 0 and vH2 = ∆ > 0. Under the canonical specification of expectation-based

loss-aversion preferences (which we explain in detail below), the payoff from choosing option

1 is zero, while the payoff from inspecting and choosing option 2 is

1

2
∆

︸ ︷︷ ︸
Consumption Utility

− (λ− 1) ×

Net-Loss Magnitude︷ ︸︸ ︷
1

4
∆

︸ ︷︷ ︸
Gain-Loss Utility

, (1)

The first term, 1
2
∆, is consumption utility, and the second term, −(λ− 1)1

4
∆, the expected

net loss from gain-loss utility. We call the unweighted amount of uncertainty, 1
2

1
2
∆, the

net-loss magnitude. Note that the consumer chooses (does not choose) option 2 if λ ≤ 3

(λ > 3), that is, the uncertainty effect occurs for λ > 3. Importantly, observe that the critical

threshold for λ is determined by the ratio between consumption utility 1
2
∆ and the net-loss

magnitude 1
2

1
2
∆. In a market setting, both consumption utility and the net-loss magnitude

are determined by firms’ market power and the mode in which they compete against each

other. In particular, if firms set prices close to consumers’ valuation, consumption utility

may be small relative to the net-loss magnitude, which renders inspecting and choosing an

uncertain option unattractive.

Second, we allow firms to compete for access to consumers at a point in time when

consumers are making their plans regarding inspection and purchase. We call this early

access ”sales talk.” Sales talk gives a firm the opportunity to eliminate any uncertainty

regarding its price and product value, as it is the case for option 1 in our example. Given the

consumers’ preferences, sales talk is valuable for firms. Thus, they compete for early access

to consumers through some allocation mechanism.

Sales talk inevitably has an effect on how firms compete against each other. Using early

access to consumers not only allows firms to eliminate all uncertainty regarding their offer,

but it also commits them to a price. Firms that do not have early access can take advantage

1Kőszegi and Rabin (2007, page 1060) briefly refer to the uncertainty effect.
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of this commitment by adjusting their prices to undercut their rivals’ offers. It is therefore

not necessarily the case that the firm with the highest quality has the highest willingness to

pay for early access. We show that if the share of loss-neutral consumers is large enough,

firms with intermediate value products have the highest valuation for early access. These are

firms who in the Bertrand equilibrium with standard consumers would be priced out of the

market. In the present setting, firms with intermediate value product acquire early access,

serve the loss-averse consumers, and extract the entire surplus; the firm with the highest

quality serves all loss-neutral consumers and leaves some surplus to them. This equilibrium

is driven by the uncertainty effect and consumers exhibiting modest levels of loss-aversion

(around λ = 2 in our framework).

The driver of this result is as follows: If firms with intermediate value products seek early

access to consumers, this weakens competition. In order to serve loss-neutral consumers, the

firm with the highest quality does no longer have to price the next highest quality out of the

market; only the firms with even lower value. In terms of equation (1), this change reduces

consumption utility while it leaves the net-loss magnitude roughly on the same level. We

show that a similar dynamic is at work if the share of loss-averse consumers is either small

or large enough. We show that sales talk reduces the consumers’ surplus. However, overall

welfare may increase since some consumers who would not trade in the absence of sales talk

start trading and loss-averse consumers no longer suffer from gain-loss sensations.

The main contribution of our paper is to show that even in the absence of search costs,

cognitive limitations, or asymmetric information there can be significant search frictions

that stem from how individuals deal with uncertainty. Importantly, this friction can occur

in any context, i.e., both in a geographical market (like a shopping center or a bazaar) or

in electronic markets. It has been argued at an early stage of electronic commerce that the

internet will significantly reduce search frictions so that markets become more competitive.

However, a number of papers do not arrive at this conclusion: electronic commerce has

reduced neither markups nor price dispersion (Ellison and Ellison 2005, Baye et al. 2007).

The rest of the paper is organized as follows. In Section 2, we discuss the related literature.

In Section 3, we introduce the formal model and discuss the features that are new in the

literature. In Section 4, we consider several benchmark cases that illustrate the dynamics

of the model. In Section 5, we solve the model and analyze the influence of consumer loss-

aversion on firms’ strategic behavior. Section 6 concludes. All proofs are relegated to the

appendix.
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2 Related Literature

The Uncertainty Effect. So far, only the empirical literature has worked in depth with

the uncertainty effect. Gneezy et al. (2006) were the first to show empirically that some

individuals may value a lottery less than its worst outcome. They applied a between-subject

design and found an uncertainty effect for different types of goods and elicitation methods.

This ”provocative” result triggered a sequence of papers by psychologists and experimental

economists who study its robustness. Sonsino (2008) finds in auctions for single gifts and

binary lotteries on these gifts that 27 percent of subjects sometimes submit higher bids for

the single gift than for the lottery even though the lottery’s worst outcome is the gift.2

Simonsohn (2009) conducts several within-subject variations of the experiment by Gneezy

et al. (2006) and finds that 62 percent of subjects exhibit the uncertainty effect. Yang et al.

(2013) show that a pronounced uncertainty effect occurs if the certain outcome is framed as

a gift certificate while the lottery is framed as lottery ticket (or coin flip, gamble, raffle). In

this condition, 34 to 58 percent exhibit the uncertainty effect. Most recently, Mislavsky and

Simonsohn (2018) find the uncertainty effect when subjects perceive the certain outcome as

a more natural transaction than the lottery. They interpret the lottery as a transaction that

has an unexplained or ”weird” feature.3

This is the first paper that studies the implications of the uncertainty effect for compet-

itive markets.4 We demonstrate that the uncertainty effect can occur even for very modest

degrees of loss-aversion when individuals exhibit expectation-based loss-aversion preferences,

and that firms’ strategic behavior may increase the scope for the uncertainty effect.

Search Costs, Directed Search, and Prominence. A large literature examines the

market equilibrium when consumers have to invest into costly search to gather information

about the available options. The typical assumption is that a consumer has to pay a fixed

amount for every price or product she wants to inspect. This literature was initiated by

Diamond (1971) who showed that firms selling a homogeneous good set monopoly prices if

consumers have to pay an arbitrary small search costs.5 A more recent strand of the search

literature examines directed search, i.e., the consumer does not encounter other options

2Moreover, in a post-experimental survey, many participants indicate ”aversion to lotteries” as their
explantion for such behavior.

3Andreoni and Sprenger (2011) also find the uncertainty effect in their experimental data. Dal Bó et
al. (2013) find in a survey among job applicants that 39 percent prefer a certain payment of 2.5 million
pesos to a lottery that pays with equal probability 2.5 or 5 million pesos. Some studies demonstrate that
the uncertainty effect does not show up under certain conditions; see Rydval et al. (2009) and Wang et al.
(2013).

4Kőszegi and Rabin (2007, page 1060) briefly refer to the uncertainty effect, but they do not consider a
market setting.

5See Baye et al. (2007) for a good survey of this literature.
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randomly, but can search particular firms (as it is the case in our model). Arbatskaya (2007)

analyzes ordered search and finds that prices and profits decline in the firms’ position. Such

findings naturally raise the question which firms are most willing to pay for ”prominence,”

that is being in a position where they are sampled first by consumers. Armstrong et al.

(2009) study the effect of prominence in search markets and find that the firm with the

highest quality has the highest willingness to pay for prominence. Similarly, Athey and

Ellison (2011) and Chen and He (2011) find that in auctions for prominent positions on

websites high-quality submit higher bids, which increases welfare.

The consumer search literature is not very specific about what mechanism creates search

costs. Frequently, they are referred to as time costs or the resources needed to gather

information. In our model, a psychological mechanism – expectations-based loss-aversion

– creates search costs endogenously, and interacts with the firms’ strategic behavior. We

add three insights to the search cost literature. First, our proposed mechanism does not

depend on the specific application. It can be relevant both for internet search and for search

in geographically structured markets. Second, there is a substantial amount on empirical

evidence on loss-aversion (e.g., Kahneman and Tversky 1979, Tversky and Kahneman 1992),

expectation-based reference-points (Abeler et al. 2011, Crawford and Meng 2011, Ericson

and Fuster 2011, Pope and Schweitzer 2011, Gill and Prowse 2012, Karle et al. 2015), and

on how the degree of loss-aversion varies in the population (e.g., von Gaudecker et al. 2011).

We incorporate this empirically more plausible way of modeling risk preferences. Third, the

scale of the search friction is tied to the scale of the transaction. For example, consider

search for products that cost around 10 USD (books) and search for products that cost 1000

USD (insurance). In our model, if the uncertainty about quality and price is the same for

both types of products (e.g., the price of the book is either 8 or 12 USD, and for insurance

either 800 or 1200 USD), the extent of the uncertainty effect will have the same impact.

Expectation-Based Loss Aversion and Markets. This paper contributes to a lit-

erature in behavioral industrial organization that analyzes the implications of expectation-

based loss-aversion for trade between consumers and firms.6 Heidhues and Kőszegi (2008)

and Karle and Peitz (2014) study imperfect competition with expectation-based loss-averse

consumers. In Heidhues and Kőszegi (2008), consumers are initially uncertain about both

prices and match values. Consumer loss-aversion then may eliminate price variations in the

market even if firms exhibit varying production costs.7 Karle and Peitz (2014) consider a

similar setup in which firms post their prices upfront and consumers are either informed or

6See Heidhues and Kőszegi (2018) for a recent overview of the behavioral industrial organization litera-
ture.

7Relatedly, Courty and Nasiry (2018) show that it can be optimal for a monopolist to charge the same
price for products of varying qualities.
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uninformed about their match value. If firms differ in their production costs, the presence of

uninformed loss-averse consumers leads to more competition and lower prices. These papers

are the closest to ours in the sense that they consider competitive settings.

Heidhues and Kőszegi (2014), Rosato (2016), and Karle and Schumacher (2017) study

a monopolist’s optimal pricing and marketing strategies when consumers are expectations-

based loss-averse. A monopolist can exploit these preferences by creating attachment through

a sophisticated pricing strategy (as in Heidhues and Kőszegi 2014 or Rosato 2016) or through

the revelation of partial match value information (as in Karle and Schumacher 2017). At-

tachment will not play a role in our setting as loss-averse consumers avoid any gain-loss

sensations in our Bertrand equilibrium.

Very few papers analyze the implications of heterogeneity in expectations-based loss-

aversion preferences for trade. Herweg and Mierendorff (2013) show that the optimal two-

part tariff for loss-averse consumers is frequently a flat-rate tariff. Consumers prefer such a

tariff to a measured tariff under which they would pay less in expectation. In an extension,

they show that the monopolist can screen between consumers by offering a flat-rate and a

measured tariff. The relatively more loss-averse consumers then choose the flat-rate tariff,

while those with a lower degree of loss-aversion choose the measured tariff.8

To the best of our knowledge this paper is the first to study the implications of the

uncertainty effect (instead of attachment) on competition. We explicitly allow consumers

to stop information gathering if the expected payoff from collecting more information is

below the reservation value. Since the uncertainty effect occurs for modest degrees of loss-

aversion, firms value the opportunity of having access to consumer at an early stage of the

decision-making process. This pushes prices upwards and changes the equilibrium outcome

significantly. It is worth noting that in contrast to most previous models with expectation-

based loss-averse consumers we allow for a large degree of heterogeneity in the degree of

loss-aversion.

3 The Model

We consider the competition of three firms i ∈ {0, 1, 2} for a single consumer. Firm i’s

product has consumption value vi for the consumer. Ex-ante, the consumer is uncertain

about each value vi: with probability 1
2

it is low, vi = vLi , and with probability 1
2

it is

high, vi = vHi . Firms always know the realization of all consumption values. Regardless

8Other applications of expectation-based loss-aversion include Carbajal and Ely (2016) and Hahn et al.
(2018) on monopolistic screening; Herweg et al. (2010) on principal-agent contracts; Lange and Ratan (2010)
and Dato et al. (forthcoming) on auctions and tournaments; Dato et al. (2017) on strategic interaction in
finite games; and Daido and Murooka (2016) on team incentives.
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of the realization of consumption values, firm 2’s product offers the highest value for the

consumer and firm 0’s product the lowest one, v2 > v1 > v0. For convenience, we will use

the parametrization

vL2 = 2∆ + 2Γ vH2 = 3∆ + 2Γ

vL1 = ∆ + Γ vH1 = 2∆ + Γ

vL0 = 0 vH0 = ∆

where ∆ and Γ are positive constants. One can interpret ∆ as a measure for the amount

of uncertainty about a product’s value, and Γ as a measure for the (minimum) competitive

advantage firm i has relative to its lower-ranked rival i − 1. Define V = (v0, v1, v2) and let

V be the set of all possible realizations of V . Let pi be the price that firm i charges for its

product. If the consumer trades with firm i, her consumption utility is vi − pi and firm i’s

profit is pi, while the profit of the other firms is zero. If the consumer does not trade, firms’

profits are zero.

- v

Firm 0 Firm 1 Firm 2

0

vL0

1/2

∆

vH0

1/2

∆ + Γ

vL1

1/2

2∆ + Γ

vH1

1/2

2∆ + 2Γ

vL2

1/2

3∆ + 2Γ

vH2

1/2

Figure 1: Quality Distribution

Consumer Loss-Aversion. We follow Kőszegi and Rabin (2006, 2007) to model the

consumer’s expectation-based loss-aversion. Her total utility consists of consumption utility

and gain-loss utility from comparisons of the actual outcome to a reference-point given by

her expectations (below we precisely show when and how these expectations are formed).

Suppose that the consumer expects to get value ṽ and to pay the price p̃ with certainty. If

she trades with firm i, her utility equals

U(vi, pi | ṽ, p̃) = vi − pi + µ(vi − ṽ) + µ(−pi + p̃). (2)

The function µ captures gain-loss utility. We assume that µ is piecewise linear with slope

1 for gains and slope λ ≥ 1 for losses. Thus, λ is the degree of loss-aversion. There is

heterogeneity in risk preferences. With probability s the consumer is loss-neutral, λ = 1,
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and with probability 1 − s the parameter λ is drawn from the interval (1,∞) according to

the distribution F .

The consumer may have stochastic expectations about the realization of consumption

value v and price p. The reference point reflects this uncertainty. Let the distribution

function Gv be the consumer’s expectation regarding the outcome in the product dimension

and Gp her expectation regarding the outcome in the price dimension. Her utility from

trading with firm i is then

U(vi, pi | Gv, Gp) = vi − pi +

∫
µ(vi − ṽ)dGv(ṽ) +

∫
µ(−pi + p̃)dGp(p̃). (3)

Thus, gains and losses are weighted by the probability with which the consumer expects

them to occur. This preference model captures the following intuition. If the consumer

expects to win either 0 or 10 units in some dimension, each with probability 50 percent, then

an outcome of 6 units feels like a gain of 6 units weighted with 50 percent probability, and

a loss of 4 units also weighted with 50 percent probability.

Sales Talk and Sequential Inspection. There are three stages. In stage 1 (”auction

stage”), the firms bid in a second-price auction for the right to make an early offer to the

consumer. In stage 2 (”planning stage”), the winner of this auction sets its price and the

consumer observes both price and value of the winner’s product. The consumer then makes

a plan whether and in which order to inspect the other products, as well as what product

(if any) to buy once the information gathering is completed. Given this plan, she forms

expectations Gv, Gp about the outcome in the product and price dimension, respectively.

In stage 3 (”market stage”), the consumer carries out this plan. Upon inspection of firm i’s

product, the firm sets price pi. Figure 2 illustrates the timeline. In the following, we explain

the details of each stage.

-

Auction Stage Planning Stage Market Stage

firms
submit
bids bi

auction
winner
realizes

auction
winner i∗

makes
offer p∗i

consumer
chooses
plan σc

consumer
executes plan,
firms j 6= i∗

make offer pj

payoffs
are realized

Figure 2: Timeline

In the auction stage, each firm i either submits a bid bi ∈ R+ or does not participate in

the auction, bi = nb. The firm with the highest bid wins the auction and pays the second-

highest bid (if such a bid does not exist, the winning firm pays zero). The auction winner
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i∗ has the right to present its product and price to the consumer in the planning stage.

The consumer then no longer faces uncertainty regarding vi∗ and pi∗ when setting up her

inspection plan. If no firm submits a bid, the consumer has no further information about

prices and consumption values at the planning stage.

The consumer’s strategy in the market stage is the order of inspection- and purchase

decisions, which take place sequentially in steps τ = 0, 1, .... Let A be the set of possible

actions: inspect the product and price of firm i (ins− i) for i ∈ {0, 1, 2}, purchase from firm

i (buy − i) for i ∈ {0, 1, 2}, and stop inspection and do not purchase anything (stop). Let

aτ ∈ A be the action the consumer chooses in step τ . Denote by Hτ the history of everything

the consumer has observed until step τ . If firm i won the auction, H0 contains vi and pi;

otherwise, it is empty. The inspection of firm i in step τ (aτ = ins − i) implies that Hτ+1

contains the information from Hτ plus vi, pi as well as aτ . Let H be the union of all possible

histories with typical element H. The consumer’s strategy is a mapping σc : H → ∆(A)

that has to obey the following restrictions: The consumer can only purchase products from

which she knows consumption value and price, and she can only inspect products from which

she does not yet know consumption value and price. The payoff is realized as soon as the

consumer purchases a product or chooses to stop the search without buying. Here are two

examples of possible outcome paths: (i) firm 2 won the auction, the consumer observes v2, p2

in τ = 0; she chooses to take this offer, a0 = buy − 2, payoffs are realized; (ii) no firm

submitted any bid, the consumer observes nothing in τ = 0; she first inspects product 1

(a0 = ins− 1), then product 2 (a1 = ins− 2), then she purchases product 1 (a2 = buy − 1),

payoffs are realized.

Firm strategy, beliefs, and equilibrium. If firm i wins the auction, it sets its price

at the beginning of the planning stage. Otherwise, it sets pi when the consumer inspects

its product. We assume that firm i then can condition its price on all previous outcomes,

i.e., if the consumer inspects firm i’s product in step τ , the price pi may depend on Hτ

and the realization of V . Formally, firm i’s strategy σi consists of a bidding strategy for

the auction stage σ
[1]
i , a pricing strategy for the planning stage σ

[2]
i , and a pricing strategy

for the market stage σ
[3]
i . The bidding strategy chooses a bid bi based on the realization

of V , σ
[1]
i : V → R+ ∪ {nb}; the pricing strategy for the planning stage defines a price pi

for the case that the firm wins the auction, σ
[2]
i : V → R+; and the pricing strategy for the

market stage selects a price pi based on the realization of V and the history of outcomes H,

σ
[3]
i : V ×H → R+.

Since both consumer and firms have private information, each side must form beliefs

about the opponents’ type. Denote by µc(V | H) the consumer’s belief about the realization

of V after observing H, and by µi(λ | H) firm i’s belief about the consumer’s degree of
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loss-aversion λ when the history of outcomes is given by H. As usual, beliefs are derived

from the parties’ strategies and Bayes’ rule whenever possible.

In the planning stage, the consumer observes the winning firm’s offer (if there is a winning

firm) and updates her belief about V to µc(V | H0). Consumer type λ then chooses her

strategy σcλ. Carrying out this strategy must be credible. Given the expectations about final

outcomes it generates, it must be rational for the consumer to follow it through. Denote by

Gv ≡ Gv(ṽ | σf , σcλ, µc(V | H0)) her expectations regarding utility in the product dimension,

and by Gp ≡ Gp(p̃ | σf , σcλ, µc(V | H0)) her expectations regarding utility in the price

dimension. Define, for given firm strategy and beliefs, by Eσcλ [U(vi, pi | Gv, Gp) | aτ , Hτ ] the

consumer’s expected payoff at history Hτ if she chooses action aτ at step τ and follows σcλ
otherwise. We can now define the consumer’s personal equilibrium as well as the equilibrium

of the complete game.

Definition 1 Let the firms’ strategies σf and the consumer’s beliefs µc be given. The con-

sumer’s strategy σcλ is a personal equilibrium if

Eσcλ [U(vi, pi | Gv, Gp) | aτ = σcλ(H
τ ), Hτ ] ≥ Eσcλ [U(vi, pi | Gv, Gp) | aτ = a,Hτ ]

at all histories Hτ ∈ H and all actions a ∈ A that are available at Hτ .

Definition 2 Let the firms’ strategies σf and the consumer’s beliefs µc be given. The con-

sumer’s strategy σcλ is a preferred personal equilibrium if

Eσcλ [U(vi, pi | Gv, Gp) | H0] ≥ Eσ̂c [U(vi, pi | Ĝv, Ĝp) | H0] (4)

for any possible history H0 ∈ H and any alternative personal equilibrium σ̂c.

Definition 3 The quadruple σ = (σf , µf , (σcλ)λ≥0, µ
c) is a perfect Bayesian equilibrium if σf

implies that each firm maximizes its expected payoff given (σcλ)λ≥0 and µf , and for all λ ≥ 0

strategy σcλ is a preferred personal equilibrium for given σf and µc.

Throughout we assume that ∆ ≥ Γ > 1
2
. This assumption is not important for our main

results, but it simplifies (and shortens) the analysis substantially. Moreover, we assume for

the distribution F that loss-averse consumers have λ ≥ 2, i.e., that there are no consumers
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with small degrees of loss-aversion. Again, this assumption is not important for our main

results, but it significantly helps to focus the discussion of the model.9

The firms’ actions may reveal their private information about V to the consumer, and

the consumer’s choices may reveal information about her degree of loss-aversion to firms.

We will focus on the analysis of Bertrand equilibria. In our setting, a Bertrand equilibrium

is an equilibrium in which among those firms, which do not make an offer in the planning

stage, the highest-ranked firm i prices the other firm(s) out of the market so that these firms

generate no revenues. To illustrate, suppose that all consumers are loss-neutral and no firm

makes an offer in the planning stage. The Bertrand equilibrium is then as follows: Firm 2

prices the other firms out of the market, p2 = v2 − v1, and all consumers trade with firm 2.

We will refer to this equilibrium as the ”benchmark equilibrium.”

4 Illustrations

4.1 The Uncertainty Effect

We first consider a very simple version of our model so that we can illustrate how expectation-

based loss-aversion generates the uncertainty effect. Imagine there is only firm 1, which offers

its product at price p1 = v1−α. Thus, the customer’s consumption utility is α, regardless of

the realization of the product’s value. Suppose that the consumer has no further information

at the planning stage, she only knows that v1 = 2∆ + Γ with 50 percent probability and

v1 = ∆ + Γ with 50 percent probability. Consider the plan ”inspect product 1 and purchase

it.” Assume for a moment that it is a PE.10 With this plan, the consumer faces a net-loss

magnitude of 1
2

1
2
∆ both in the product and the money dimension. Thus, the expected payoff

from this plan is

α− (λ− 1)
1

2
∆. (5)

Observe that if this term is negative, the plan ”no inspection, no trade” (which is a PE and

creates zero utility) is better for the consumer than ”inspect product 1 and purchase it.” We

set this term to zero and solve for λ to obtain the threshold value

λ∗ =
2α

∆
+ 1. (6)

9We briefly discuss what happens if we drop this assumption in Subsection 5.3.
10Of course, ”inspect product 1 and purchase it” is not a complete description of the consumer’s strategy

(there is no specification of the consumer’s action in case of off-equilibrium price changes). Throughout, we
accept this inaccuracy for the sake of readability.
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We can show that the plan ”inspect product 1 and purchase it” is the unique PPE if λ < λ∗,

while ”no inspection, no trade” is the unique PPE if λ > λ∗; see the appendix for details. The

threshold value λ∗ is defined by the ratio between the consumption utility α and the net-loss

magnitude. For given λ, if α is sufficiently small relative to the uncertainty the consumer

faces in the product and price dimension, the consumer prefers no trade than always trading

with firm 1 and to forgo a certain payoff of α. The intuition for this result is that, in the

planning stage, the uncertainty about whether the consumer gets a high value product for a

high price or a low value product for a low price makes the transaction unattractive. The key

observation here is that this uncertainty effect – giving preference to a strictly dominated

option – can occur for any certain payoff α and any degree of loss-aversion λ > 1.

4.2 The Bertrand Equilibrium without Sales Talk

Next, we examine the Bertrand equilibrium when firms cannot provide information to the

consumer at the planning stage (so that H0 is the empty set). In this equilibrium, firm 2

prices the other two firms out of the market by charging p2 = v2−v1. The plan of inspecting

and trading with firm 2 then implies uncertainty over the outcome both in the product or

money dimension. Suppose that firm 2 always charges p2 = v2− v1 and that the consumer’s

plan is ”always trade with firm 2” (ignore for the moment the question whether this plan is a

PPE or not). The consumer then encounters four different outcomes, each with probability
1
4
: get a product of value vL2 at price Γ, get a product of value vL2 at price ∆ + Γ, get a

product of value vH2 at price ∆ + Γ, and get a product of value vH2 at price 2∆ + Γ. The

consumer’s expected utility from this plan is

3

2
∆ + Γ− (λ− 1)

5

8
∆. (7)

We can split up the expected gain-loss utility further into expected gain-loss utility that

comes from uncertainty in the product dimension, 2
8
(λ− 1)∆, and expected gain-loss utility

that comes from uncertainty in the money dimension, 3
8
(λ−1)∆. The higher the consumer’s

degree of loss-aversion λ is, the more her expected payoff is diminished through expected

gain-loss utility. If the degree of loss-aversion is too large, the consumer prefers the plan

”no inspection, no trade” (which gets her a payoff of zero and is always a PE) to the plan

”always trade with firm 2.” We denote by λ∗(∆,Γ) the corresponding critical threshold and

calculate it as

λ∗(∆,Γ) = 1 +
12∆ + 8Γ

5∆
. (8)
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The restriction on ∆ and Γ implies that this value varies between 4.2 and 5, which is quite

large compared to empirical measurements of λ.

The consumer may be able to reduce the negative impact from expected gain-loss utility

by carrying out a different plan. Consider the plan ”trade with firm 2 only if the product

value is vL2 and the price is Γ” (again, ignore for the moment the question whether this plan

is a PPE). Intuitively, this plan means that the consumer only buys if the price is low. The

consumer’s expected utility from it equals

1

2
∆ +

1

4
Γ− (λ− 1)

9

16
Γ− (λ− 1)

3

8
∆. (9)

In comparison with ”always trade with firm 2” this plan offers lower consumption utility,

but, depending on Γ, it may offer higher (less negative) gain-loss utility. However, we can

show that this plan is not a PPE, given firm 2’s strategy. Its expected payoff is positive

only if λ < 2.33. But then ”always trade with firm 2” offers strictly higher expected utility.

Moreover, we can show that ”always trade with firm 2” is a PE and offers higher expected

utility than any other plan except ”no inspection, no trade.” Thus, in equilibrium, the

consumer either always trades with firm 2, i.e., if λ ≤ λ∗(∆,Γ), or she does not trade at all,

i.e., if λ > λ∗(∆,Γ).

Proposition 1 Suppose that firms cannot make offers at the planning stage. If the share of

loss-neutral consumers s is large enough, a Bertrand equilibrium exists and in any Betrand

equilibrium, for any realization V , firm 2 charges p2 = v2− v1; consumers with λ ≤ λ∗(∆,Γ)

trade with firm 2, while consumers with λ > λ∗(∆,Γ) do not trade with any firm.

The requirement of a sufficiently large share of loss-neutral consumers s ensures that firm

2 has no incentive to increase its profit by unexpectedly raising its price. Suppose that it

charges p2 > v2 − v1. A loss-neutral consumer would then trade with firm 1, which is now

able to price firm 2 out of the market. In contrast, loss-averse consumers may still prefer to

trade with firm 2. Thus, surprise price hikes are non-profitable only if s is sufficiently large.

The Bertrand equilibrium without sales talk is similar to the benchmark equilibrium.

The only difference is that not all consumers trade with firm 2. Those with a high degree

of loss-aversion λ > λ∗(∆,Γ) do not inspect firm 2’s product and do not trade at all. These

consumers forgo positive consumption utility, which is either ∆ + Γ or 2∆ + Γ, so the

uncertainty effect occurs in equilibrium. Note that they would trade with firm 2 at any

realization of V if they knew with certainty the exact offer at the planning stage.

In this equilibrium, welfare is reduced in two ways relative to the benchmark equilibrium.

First, some consumers do not trade with firm 2 so that some gains from trade are not realized.
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Second, the expected utility of loss-averse consumers at the planning stage is reduced through

uncertainty about the final outcome. Since the firms’ behavior is exactly the same as in the

benchmark equilibrium (in which all gains from trade are realized), the welfare loss is entirely

due to loss-aversion

5 The Bertrand Equilibrium with Sales Talk

In this section, we study which firm is most willing to pay for access to the consumer at the

planning stage and how the market evolves in the planning and market stage. In Subsection

5.1, we examine the Bertrand equilibrium given that a certain firm makes an offer at the

planning stage, regardless of V . In Subsection 5.2, we use the results from Subsection 5.1 to

derive each firm’s willingness to pay for access to the consumer and the equilibrium in the

auction stage. In Subsection 5.3, we derive the main result without restriction on λ, and in

Subsection 5.4, we provide a more general description of the Bertrand equilibrium.

5.1 The Planning Stage

For each firm i ∈ {0, 1, 2} we analyze the Bertrand equilibrium that evolves if this firm

makes an early offer, regardless of V . Early offers give a firm the opportunity to provide full

information about consumption value and price of its product to the consumer before the

consumer makes a purchase plan. The consumer’s willingness to trade with this firm is then

no longer subject to the uncertainty effect. However, the early commitment to a particular

price gives the winning firm’s rivals the chance to undercut its price. We start our analysis

with the least competitive firm 0.

Lemma 1 Suppose that firm 0 makes an offer at the planning stage, regardless of V . If the

share of loss-neutral consumers is large enough, a Bertrand equilibrium exists and in any

Betrand equilibrium, for any realization V , firm 2 charges p2 = v2 − v1 and serves all loss-

neutral consumers, while firm 0 charges p0 ∈ [0, vH0 ] and serves some loss-averse consumers;

loss-averse consumers trade with firm 0 or firm 2.

The maximal value that firm 0 can offer to consumers in equilibrium is ∆. If firm 2

prices firm 1 out of the market and charges p2 = v2− v1, the consumption utility from trade

with firm 2 is either ∆ + Γ or 2∆ + Γ, so firm 0 will not serve the loss-neutral consumers

in this case. However, recall that very loss-averse consumers refrain from trading with firm

2 under these conditions, i.e., those with λ > λ∗(∆,Γ). So firm 0 earns positive profits if it
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can make an offer to the consumer at the planning stage. This renders firm 0’s willingness

to pay positive. We continue with firm 1.

Lemma 2 Suppose that firm 1 makes an offer at the planning stage, regardless of V . Then

a Bertrand equilibrium exists and in any Betrand equilibrium, for any realization V , firm 2

charges p2 = v2− v0 and serves all loss-neutral consumers, while firm 1 charges p1 = v1 and

serves all loss-averse consumers.

This Bertrand equilibrium has several noteworthy features. First, although firm 1 charges

the value of its product, it serves all loss-adverse consumers, i.e., even those with a degree of

loss-aversion of around λ = 2. If these consumers would trade with firm 2, their consumption

utility would be either ∆ or zero, each with 50 percent probability. In particular, they miss

out the 25 percent chance to get a good of higher value, vL2 > vH1 , at a (weakly) lower price,

p2 = ∆ + 2Γ ≤ 2∆ + Γ = p1. The reason for this is that all plans other than ”do not inspect

any product and trade with firm 1” are either not PEs or they have ex-ante a strictly lower

expected payoff than this plan.11

Consider the plan ”inspect firm 2’s product and purchase it.” The expected equilibrium

payoff from this plan at the planning stage would be

1

2
∆− (λ− 1)

5

8
∆. (10)

Compare this value to the payoff from the Bertrand equilibrium without sales talk, given

in (7). Note that gain-loss utility is exactly the same. In both equilibria, the consumer

is confronted with the same amount of uncertainty. However, consumption utility in the

equilibrium with sales talk is smaller by the amount ∆ + Γ. The reason is that firm 1

commits to a high price in the planning stage, so firm 2 only has to price firm 0 out of

the market to serve all loss-neutral consumers (instead of firm 1 in the case without sales

talk). Thus, in comparison to the Bertrand equilibrium without sales talk, the expected

gains from trade with firm 2 are significantly reduced, while the uncertainty in the product

and money dimension remain the same. This is why the uncertainty effect now occurs for

modest degrees of loss-aversion.

11To illustrate, consider the plan ”inspect firm 2’s product, trade with firm 2 if v2 = vL2 and p2 =
∆ + 2Γ; otherwise trade with firm 1.” The appeal of this plan is that it realizes economic gains with positive
probability, while keeping uncertainty in both product and money dimension relatively low. This plan is
better than not inspect any product and trade with firm 1 only if the degree of loss-avesion is small enough
(smaller than 2.33). However, for such small degrees of loss-aversion the consumer cannot commit not to
trade with firm 2 if the offer is v2 = vH2 and p2 = 2∆ + 2Γ, which happens with 25 percent probability.
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Note that firm 1 cannot gain by lowering its price from p1 = v1. Firm 2 would always

lower p2 in order to serve all loss-neutral consumers. Increasing p1 would mean that no

consumer trades with firm 1, so p1 = v1 is the optimal price. We continue with firm 2.

Lemma 3 Suppose that firm 2 makes an offer at the planning stage, regardless of V . Then

a Bertrand equilibrium exists and any Betrand equilibrium, for any realization V , has the

following features: If s < v1
v2

, then firm 2 charges p2 = v2 and serves all loss-averse con-

sumers, while firm 1 charges p1 = v1 − v0 and serves all loss-neutral consumers; If s ≥ v1
v2

,

then firm 2 charges p2 = v2 − v1 and serves all consumers.

To understand the logic of this equilibrium consider first the situation when firm 1 prices

firm 0 out of the market. The consumption utility for consumers who inspect firm 1’s product

is then either ∆ or zero. However, as before, the implied uncertainty in the product and

price dimension is too large to make this transaction optimal for loss-averse consumers with

λ ≥ 2. Thus, firm 2 faces the following trade-off in the planning-stage: to serve all consumers

by pricing the other firms out of the market, p2 = v2 − v1, or serving only the loss-averse

consumers at the maximal price p2 = v2. Clearly, the former action is optimal if the share

of loss-neutral consumer is sufficiently large.

5.2 The Auction Stage

We can now determine the Bertrand equilibrium of the complete game. We start with the

assumption that there is one firm i∗ that wins the auction, regardless of the realization V .

At the planning stage, consumers then learn nothing from the identity of the winning firm.

We show that if the share of loss-neutral consumers is sufficiently large, then such a Bertrand

equilibrium exists and firm 1 makes early offers in any such equilibrium.

In principle, the dominant firm 2 may benefit from winning the auction. Recall that in

the Bertrand equilibrium without sales talk, firm 2 serves all consumers whose degree of loss-

aversion does not exceed λ∗(∆,Γ). Thus, firm 2 could additionally serve those consumers

with λ > λ∗(∆,Γ) by making the offer p2 = v2−v1 in the planning stage. Firm 2’s willingness

to pay for winning the auction can be positive due to this ”extension effect.”

However, firm 2 may also benefit if firm 1 wins the auction. Then firm 1 has to commit

to a price, which reduces the competitive pressure for firm 2. Recall from Lemma 2 that in a

Bertrand equilibrium of this subgame firm 1 charges the maximal price p1 = v1 so that firm

2 no longer has to price firm 1 out of the market. Firm 2’s price in the subsequent game is

then v2− v0 instead of v2− v1. This ”commitment effect” may render firm 2’s willingness to

pay for winning the auction negative.
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Using the results from Proposition 1 and Lemmata 1 to 3, we can show that the com-

mitment effect is stronger than the extension effect if the share of loss-neutral consumers is

large enough. If firm 2 wins the auction, there are two possible outcomes: either firm 2’s

profit is v2 − v1 and firm 1’s profit is zero, or firm 2’s profit is (1 − s)v2 and firm 1’s profit

is s(v1 − v0). If firm 1 wins the auction, firm 2’s profit is s(v2 − v0) and firm 1’s profit is

(1− s)v1. If no firm participates in the auction, the Bertrand equilibrium from Proposition

1 is realized so that the profits of firm 1 and firm 0 are zero. Firm 0’s maximal willingness to

pay for winning the auction is (1− s)v0. From this we can show that firm 1 has the highest

willingness to pay for winning the auction, regardless of the realization V .

Proposition 2 If the share of loss-neutral consumers is sufficiently large, there is a Bertrand

equilibrium with pooling at the auction stage; in any such equilibrium, for any realization V ,

firm 1 wins the auction, charges p1 = v1, and serves all loss-averse consumers, while firm 2

charges p2 = v2 − v0 and serves all loss-neutral consumers.

We can now study the effect of sales talk on the equilibrium allocation by comparing the

sales talk equilibrium to the Bertrand equilibrium without sales talk from Proposition 1. We

first note that the effect on consumer surplus is strictly negative. Loss-neutral consumers

continue to trade with firm 2, but their expected surplus decreases from 3
2
∆ + Γ to 1

2
∆. In

the Bertrand equilibrium without sales talk, loss-averse consumer with λ < λ∗(∆,Γ) earn

a positive expected surplus by trading with firm 2, while in the sales talk equilibrium their

expected surplus is zero as firm 1 extracts all gains from trade.

The effect of sales talk on welfare depends on the distribution F over the degree of

loss-aversion. The realized gains from trade do not change for the loss-neutral consumers.

A loss-averse consumer with λ > λ∗(∆,Γ) does not trade with any firm in the Bertrand

equilibrium without sales talk, while she trades with firm 1 in the sales talk equilibrium.

Thus, sales talk increases the expected gains from trade for such a consumer. Next, consider

a loss-averse consumer with λ < λ∗(∆,Γ). In the Bertrand equilibrium without sales talk,

trade between this consumer and firm 2 realizes expected gains of 5
2
∆ + 2Γ minus the gain-

loss utility of (λ − 1)5
8
∆, see equation (7); in the sales talk equilibrium, trade between this

consumer and firm 1 realizes expected gains of 3
2
∆ + Γ. Thus, there is a threshold λT (∆,Γ)

so that the expected gains are higher in the sales talk than in the Betrand equilibrium if

λ > λT (∆,Γ), and lower if λ < λT (∆,Γ). We can calculate that

λT (∆,Γ) = 1 +
8

5

∆ + Γ

∆
. (11)
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Note that λT (∆, 1
2
∆) = 3.4 and λT (∆,∆) = 4.2. Sales talk has a negative effect on welfare if

most loss-averse consumers have modest degrees of loss-aversion λ < λT (∆,Γ); and a positive

effect if most loss-averse consumers have a large degree of loss-aversion, λ > λT (∆,Γ).

5.3 No Restriction on the Loss-Aversion Parameter λ

So far, we assumed that there are no loss-averse consumers with small degrees of loss-aversion

λ ∈ (1, 2). The consequence was that if some firm i ∈ {1, 2} does not make an offer in the

planning stage and it prices firm 0 out of the market, pi = vi − v0, all loss-averse consumers

prefer a certain outcome with no surplus to trade with firm i, which made the model simple

to analyze and to discuss. However, the assumption that all loss-averse consumers exhibit

λ ≥ 2 is not necessary for our main result. We now provide our main result without this

restriction.

Consider again the case when firm 1 makes an offer in the planning stage and charges

p1 = v1, while firm 2 charges p2 = v2− v0. Since only firm 2 offers positive consumer surplus

with some probability, a loss-averse consumer will inspect firm 2’s product if her degree of

loss-aversion is small enough. However, it is not immediately clear what her optimal plan is.

If p2 = v2 (which happens if v0 = 0), then both firm 1 and 2 leave no surplus to the consumer,

so the optimal choice depends on the gain-loss utility that the two options generate, which

in turn depends on the consumer’s plan.

We can show the following: If firm 1 offers v1 = p1 = vL1 , then all loss-averse consumers

who inspect firm 2’s product also trade with firm 2. However, if firm 1 offers v1 = p1 = vH1 ,

all loss-averse consumers who inspect firm 2 trade with firm 2 if v2 − p2 = ∆ and trade

with firm 1 if v2 − p2 = 0. This plan realizes the entire surplus and it is strictly better

for the loss-averse consumer than the plan ”inspect firm 2’s product and always purchase

it.” The reason for this is as follows: When v1 = vH1 instead of v1 = vL1 , then alternating

between trade with firm 1 and firm 2 generates less uncertainty in the product and price

dimension. By trading with both firm 1 and firm 2, the consumer avoids paying the ”high

prices” (p2 = v2 in the case of v0 = 0) and thereby reduces the total amount of uncertainty.

Figure 3 illustrates the situation. From the optimal plans for each v1 ∈ {vL1 , vH1 } we can

derive the critical threshold when loss-averse consumers inspect firm 2’s product. For the

case v1 = vL1 this threshold is λL(∆,Γ) = 1.8, and for the case v1 = vH1 this threshold is

λH(∆,Γ) = 1 + 4∆
3∆+2Γ

, so that it takes on values between 1.8 and 2. To get the Bertrand

equilibrium with pooling at the auction stage, we must show that firm 1 has no incentive to

lower the price in order to serve more loss-averse consumers; and that firm 2 has no incentive

to ”surprise” its loss-averse consumers with unexpected price hikes. Both statements are

24



2 3 4 5

0.1

0.2

0.3

0.4

λ
λL(∆, Γ) = 1.8

v1 = vL
1Density f

trade with firm 1

trade with

firm 2

2 3 4 5

0.1

0.2

0.3

0.4

λ
λH(∆, Γ)

v1 = vH
1Density f

trade with firm 1

trade with firm
{

2, if v2 − p2 = ∆;
1, if v2 − p2 = 0.

Figure 3: Equilibrium strategies of loss-averse consumers

true if within the population of loss-averse individuals the share of consumers with λ < 2 is

sufficiently small.

Proposition 3 If (i) within the population of loss-averse individuals, for given supλ>0f(λ),

the share of consumers with λ < 2 is small enough, and (ii) the share of loss-neutral con-

sumers is sufficiently large, there is a Bertrand equilibrium with pooling at the auction stage;

in any such equilibrium, for any realization V , firm 1 wins the auction and charges p1 = v1,

while firm 2 charges p2 = v2 − v0; the consumers’ strategy is as follows:

(a) loss-neutral consumers trade with firm 2;

(b) if v1 = vL1 , then loss-averse consumers with λ ≥ λL(∆,Γ) trade with firm 1, while

loss-averse consumers with λ < λL(∆,Γ) trade with firm 2;

(c) if v1 = vH1 , then loss-averse consumers with λ ≥ λH(∆,Γ) trade with firm 1, while

loss-averse consumers with λ < λH(∆,Γ) trade with firm 2 when v2− p2 = ∆ and with

firm 1 when v2 − p2 = 0.

5.4 A General Characterization

We only considered the Bertrand equilibrium when there is a sufficiently small share of loss-

averse individuals in the population. Serving these consumers is then less valuable for firm 2

than for firm 1. This is due to the commitment effect: Firm 1’s early commitment to a price

implies that firm 2 could charge a substantially higher price to the loss-neutral consumers.

We now use our results from Lemma 2 and Lemma 3 again to study for general values of s

when a Bertrand equilibrium with pooling at the auction stage exists and which firms win

the auction in this equilibrium.
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Note that as the share of loss-averse consumers gets larger, so does the profit form serving

all loss-averse consumers at the maximal price pi = vHi . Lemma 3 tells us that, if s is small

enough and firm 2 wins the auction regardless of V , then, in a Bertrand equilibrium, firm 2

charges the maximal price p2 = v2 and serves all loss-averse consumers, while firm 1 prices

firm 0 out of the market and serves all loss-neutral consumers. Indeed, if s is small enough,

then there exists a sales talk equilibrium in which this is the equilibrium outcome. We can

generalize Proposition 2 as follows.

Proposition 4 If the share of loss-neutral consumers is small enough or if it is large enough,

s < ∆+Γ
3∆+2Γ

or s > ∆
∆+Γ

, there is a Bertrand equilibrium with pooling at the auction stage.

(i) If s < ∆+Γ
3∆+2Γ

, then in any such equilibrium, for any realization V , firm 2 wins the

auction, charges p2 = v2, and serves all loss-averse consumers, while firm 1 charges

p1 = v1 − v0 and serves all-loss neutral consumers.

(ii) If s > ∆
∆+Γ

, then in any such equilibrium, for any realization V , firm 1 wins the auction,

charges p1 = v1, and serves all loss-averse consumers, while firm 2 charges p2 = v2−v0

and serves all loss-neutral consumers.

Whenever a Bertrand equilibrium with pooling at the auction stage exits, it has the

following features. First, all loss-averse consumer abstain from inspection and trade with

the firm that makes the early offer; all loss-neutral consumers inspect the best firm that

does not make an early offer and trade with this firm. Second, loss-averse consumers get no

consumer surplus, while loss-neutral consumers earn with equal probability a surplus of ∆

or zero.

As Proposition 4 shows, a Bertrand equilibrium with pooling at the auction stage does

not exist in the current framework for intermediate values of s. The reason for this is that,

given the firms’ behavior in the planning and market stage, different realizations of V imply

different rankings in the order of firms’ willingness to pay for winning the auction. Consumers

would then make inferences about V from the identity of the winning firm.

6 Conclusion

In this paper, we studied a market with vertically differentiated firms and consumers with

heterogeneous expectation-based loss-aversion preferences. We showed that the presence

of some loss-averse consumers can drastically change the firms’ strategic behavior. In the

absence of loss-averse consumers, the most capable firm would just price the other firms
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out of the market and serve all consumers. However, consumers with modest degrees of

loss-aversion may strictly prefer a certain outcome to a lottery even if the lottery’s worst

outcome is better than the certain outcome. This gives firms with inferior products the

opportunity to secure a certain market share by making an ”early” offer to consumers, that

is, an offer before consumers have made up their mind about which goods to inspect and

where to buy. By making such early offers, firms ease the competitive preasure for the

most capable company. In industrial organziation terms, the voluntarily become Stackelberg

leaders in price competition. The combination of early offers and relatively high prices from

the most capable firm then allows the uncertainty effect to unfold even for modest degrees

of loss-aversion.
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Rydval, Ondřej, Andreas Ortmann, Sasha Prokosheva, and Ralph Hertwig

(2009): “How certain is the uncertainty effect?,” Experimental Economics, 12(4), 473–487.

Simonsohn, Uri (2009): “Direct-Risk-Aversion: Evidence from Risky Prospects Valued

Below Their Worst Outcome,” Psychological Science, 20(6), 686–692.

Sonsino, Doron (2008): “Disappointment Aversion in Internet Bidding-Decisions,” The-

ory and Decision, 64(2–3), 363–393.

Tversky, Amos, and Daniel Kahneman (1992): “Advances in Prospect Theory: Cu-

mulative Representation of Uncertainty,” Journal of Risk and Uncertainty, 5(4), 297–323.

von Gaudecker, Hans-Martin, Arthur van Soest, and Erik Wengström (2011):

“Heterogeneity in Risky Choice Behavior in a Broad Population,” American Economic

Review, 101(2), 664–694.

Wang, Yitong, Tianjun Feng, and Robin Keller (2013): “A further exploration of

the uncertainty effect,” Journal of Risk and Uncertainty, 47(3), 291–310.

Yang, Yang, Joachim Vosgerau, and George Loewenstein (2013): “Framing Influ-

ences Willingness to Pay but Not Willingness to Accept,” Journal of Marketing Research,

50(6), 725–738.

30



Appendix

Mathematical Details of Section 4.1. We consider two alternative strategies, “inspect

product 1 and trade only if v1 = vH1 ” (strategy σc,1) and “inspect product 1 and trade only if

v1 = vL1 ” (strategy σc,2). In Step 1 of the proof of Proposition 1, we show that this restriction

is without loss of generality. We calculate the expected payoff from these strategies:

Eσc,1 [U(vi, pi | Gv,1, Gp,1) | H0 = ∅] =
1

2
α− (λ− 1)

1

4
(4∆ + 2Γ− α),

Eσc,2 [U(vi, pi | Gv,2, Gp,2) | H0 = ∅] =
1

2
α− (λ− 1)

1

4
(2∆ + 2Γ− α).

Thus, for all λ > 1, the expected payoff of strategy σc,1 and strategy σc,2 is strictly smaller

than that of strategy “inspect product 1 and purchase it.” We show that “inspect product

1 and purchase it” is a PE. Suppose that the consumer plans to execute this strategy. Her

payoff from trading with firm 1 is then

α− (λ− 1)
1

2
∆, (12)

regardless of the realization of v1, while her payoff from not trading with firm 1 is only

− α− (λ− 1)
1

2
(3∆ + 2Γ). (13)

Since this payoff is strictly smaller than the payoff from trading, “inspect product 1 and

purchase it” is a PE. The result then follows from the arguments provided in the text.

Proof of Proposition 1. The proof proceeds by steps. In Step 1, we characterize the

consumers’ equilibrium strategy along the equilibrium path of a Bertrand equilibrium. In

Step 2, we characterize the consumers’ strategy for off-equilibrium actions, and show that

the proposed pricing schedule is an equilibrium outcome. Step 1. We show that, given the

firms’ strategy, the consumer strategy “ins− 2 and then always trade with firm 2” is a PPE

for those consumers with λ ≤ λ∗(∆,Γ). After choosing ins− 2, there are four possible offers

v2, p2 by firm 2: vL2 ,Γ (offer 1), vL2 ,∆ + Γ (offer 2), vH2 ,∆ + Γ (offer 3), and vH2 , 2∆ + Γ (offer

4). Consider a strategy σc where the consumer chooses ins − 2 and randomizes between

trading or not at each offer. Denote the implied unconditional probability distribution as

follows: with probability πj the consumer accepts offer j and with probability πj+10 the

consumer does not trade while firm 2 makes offer j. Denote by v[k], p[k] the realization in

product and price dimension at outcome k ∈ {1, 2, 3, 4, 11, 12, 13, 14}. Suppose there is an

offer j∗ so that both πj∗ and πj∗+10 are strictly positive. We find a consumer strategy that

has a strictly higher expected payoff in the planning stage. Let σc,1 be identical to σc except

31



that when the offer is j∗, the consumer always chooses not to trade. The change in expected

utility equals

Dj∗,j∗+10 =
4∑

k=1,k 6=j∗
πkπj∗(λ− 1)[(| v[k] − v[j∗] | −v[k]) + (| p[k] − p[j∗] | −p[k])]

+
14∑

k=11,k 6=j∗+10

πkπj∗(λ− 1)[v[j∗] + p[j∗]] + πj∗πj∗+10(λ− 1)[v[j∗] + p[j∗]] (14)

We can write this change as

Dj∗,j∗+10 = πj∗Lj∗,j∗+10 + πj∗πj∗+10(λ− 1)[v[j∗] + p[j∗]]. (15)

Note that Lj∗,j∗+10 can take on any sign. Next, let σc,2 be identical to σc except that when

the offer is j∗, the consumer always chooses to trade. The change in expected utility equals

Dj∗+10,j∗ = −πj∗+10Lj∗,j∗+10 + πj∗πj∗+10(λ− 1)[v[j∗] + p[j∗]]. (16)

Since Lj∗,j∗+10 can take on any sign, either Dj∗,j∗+10 or Dj∗+10,j∗ or both are strictly positive.

Thus, strategy σc,1 or strategy σc,2 or both offer higher expected utility than the original

strategy. Therefore, we can restrict attention to the following strategies (all of them are

initiated by ins− 2, there is no further inspection): (i) accept offer 1, reject all other offers

(strategy σc,i), (ii) accept offers 1 and 3 (strategy σc,ii), (iii) accept offers 1, 3, and 4, reject

offer 2 (strategy σc,iii), (iv) accept offers 1, 2, and 3, reject offer 4 (strategy σc,iv), (v) accept

offers 3 and 4, reject all other offers (strategy σc,v), and (vi) accept all offers (strategy σc,vi).12

We calculate the expected payoffs from each strategy:

Eσc,i [U(vi, pi | Gv,i, Gp,i) | H0 = ∅] =
1

2
∆ +

1

4
Γ− 3

8
(λ− 1)∆− 9

16
(λ− 1)Γ

Eσc,ii [U(vi, pi | Gv,ii, Gp,ii) | H0 = ∅] = ∆ +
1

2
Γ− 7

8
(λ− 1)∆− 3

4
(λ− 1)Γ

Eσc,iii [U(vi, pi | Gv,iii, Gp,iii) | H0 = ∅] =
5

4
∆ +

3

4
Γ− 17

16
(λ− 1)∆− 9

16
(λ− 1)Γ

Eσc,iv [U(vi, pi | Gv,iv, Gp,iv) | H0 = ∅] =
5

4
∆ +

3

4
Γ− 7

8
(λ− 1)∆− 3

4
(λ− 1)Γ

Eσc,v [U(vi, pi | Gv,v, Gp,v) | H0 = ∅] =
3

4
∆ +

1

2
Γ− 19

16
(λ− 1)∆− 3

4
(λ− 1)Γ

Eσc,vi [U(vi, pi | Gv,vi, Gp,vi) | H0 = ∅] =
3

2
∆ + Γ− 5

8
(λ− 1)∆

12Other such strategies cannot be PEs since they imply that an offer is rejected which dominates an offer
that is accepted (e.g., accept offer 4, reject offer 3).
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We see that the last strategy σc,vi dominates all other strategies both in consumption and

gain-loss utility, except the first strategy σc,i. However, if Eσc,i [U(vi, pi | Gv,i, Gp,i) | H0 =

∅] ≥ 0, this implies that λ − 1 ≤ 4
3
, which in turn implies that strategy σc,vi has higher

expected utility than strategy σc,i. Thus, the optimal strategy is σc,vi. It remains to show

that σc,vi is a PE. To this end, we only have to show that accepting offer 2 and offer 4

(when these offers occur) is weakly better for the consumer than not trading with firm 2.

We calculate

U(vL2 ,∆ + Γ | Gv,vi, Gp,vi) = ∆ + Γ− 1

4
(λ− 1)∆− 1

2
λ∆,

U(vH2 , 2∆ + Γ | Gv,vi, Gp,vi) = ∆ + Γ− 1

2
(λ− 1)∆− 1

2
λ∆,

U(0, 0 | Gv,vi, Gp,vi) = −(λ− 1)(∆ + Γ)− 3

2
λ∆− λΓ,

Clearly, we have U(vL2 ,∆ + Γ | Gv,vi, Gp,vi) > U(0, 0 | Gv,vi, Gp,vi) and U(vH2 , 2∆ + Γ |
Gv,vi, Gp,vi) > U(0, 0 | Gv,vi, Gp,vi), which shows the desired result. Step 2. We define the

firms’ and the consumers’ strategy for off-equilibrium actions and show that it is optimal

for firm 2 to set p2 = v2 − v1. Obviously, firm 2 cannot gain by charging a smaller price, so

we ignore this possibility. We define beliefs and actions after ins − 2. If firm 2 charges a

price p2 < v2− vL1 , the consumer believes that v1 = vH1 ; otherwise, she believes that v1 = vL1 .

Observing an off-equilibrium price p2 triggers inspection ins − 1 by loss-averse consumers

if and only if purchasing from firm 1 is weakly optimal. Next, we define firm 1’s strategy.

Whenever p2 > v2 − v1, firm 1 sets p1 = p2 − (v2 − v1). Suppose that in this case a loss-

neutral consumer trades with firm 1. We show that it is then optimal for firm 1 to choose

p1 = p2 − (v2 − v1) if s is large enough. Suppose that p2 = v2 − v1 + ε for ε ≤ Γ. We can

then calculate that

U(v2, v2 − v1 + ε | Gv,vi, Gp,vi) > U(v1, ε | Gv,vi, Gp,vi) (17)

for all possible values v1 ∈ {vL1 , vH1 } and v2 ∈ {vL2 , vH2 }. So if ε ≤ Γ, firm 1 only serves

loss-neutral consumers and p1 = p2 − (v2 − v1) is optimal. If ε > Γ, firm 1 may serve both

loss-neutral and loss-averse consumers when charging p1 = p2 − (v2 − v1). Note that

U(0, 0 | Gv,vi, Gp,vi) > U(v1, p | Gv,vi, Gp,vi) (18)

for v1 ∈ {vL1 , vH1 } and for all consumer types if p is sufficiently large. Since ε > Γ, it is

optimal for firm 1 to charge p1 = p2 − (v2 − v1) if s is large enough. Given firm 1’s strategy,

it is optimal for firm 2 to charge p2 = v2− v1 if s is large enough. This completes the proof.
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Proof of Lemma 1. If v0 = vL0 = 0, the game is essentially the same as the game

without sales talk (as analyzed in Subsection 4.2) so that the equilibrium from Proposition

1 can be considered as the equilibrium of this subgame, with p0 = 0. In the following, we

assume that v0 = vH0 = ∆. Suppose that p0 ∈ [0,∆]. If firm 2 charges p2 = v2 − v1, the

consumption utility from trade with firm 2 is either 2∆ + Γ or ∆ + Γ, so firm 2 serves at

least all loss-neutral consumers. By continuity, each consumer type with λ > 1 has a PPE in

which she either inspects firm 2’s product and trades with firm 2 or firm 0, or in which she

does not inspect any other product and trades with firm 0. Given the consumer’s behavior,

there exists an optimal price for firm 0 in the interval p0 ∈ [0,∆]. Note that firm 0’s profit

is non-positive if p0 6 ∈[0,∆] and strictly positive if 0 < p0 ≤ ∆ (since then a positive mass

of consumer types trades with firm 0). Thus, firm 0’s profit is at most (1 − s)∆. Finally,

we can specify off-equilibrium play as in the proof of Proposition 1 so that firm 2 has not

incentive to deviate from p2 = v2 − v1, provided the share s is sufficiently large.

Proof of Lemma 2. The proof proceeds by steps. In Step 1, we show that given the

firms’ strategies, it cannot happen in a PE that a consumer inspects firm 2’s good and

does not purchase it if v2 = vH2 and p2 = 2∆ + 2Γ. In Steps 2a and 2b we use this result

to show that, given the firms’ strategies, the PPE for loss-averse consumers prescribes “no

inspection, trade with firm 1.” In Step 3, we show that, given the consumer strategy, firms

have no incentive to deviate from p1 = v1 and p2 = v2 − v0. Step 1. Suppose that v1 = vL1 .

After choosing ins − 2, there are four possible offers v2, p2 by firm 2: vL2 ,∆ + 2Γ (offer 1),

vL2 , 2∆ + 2Γ (offer 2), vH2 , 2∆ + 2Γ (offer 3), and vH2 , 3∆ + 2Γ (offer 4). In what follows, we

call vL1 , v
L
1 (trade with firm 1) offer 5 and 0, 0 (no trade) offer 6. We show that there is no

strategy σc that is a PE and where the consumer rejects offer 3 (i.e., she accepts offer 5 or

offer 6 when offer 3 is available). Assume by contradiction that such a σc exists. Let πj be

the probability that the consumer gets and accepts offer j. Suppose that the consumer gets

offer 3. Her payoff from accepting offer 3 is

U(vH2 , 2∆ + 2Γ | Gv, Gp) = ∆ + (π1 + π2)∆ + π5(2∆ + Γ) + π6(3∆ + 2Γ)

−π1λ∆ + π4∆− π5λ(∆ + Γ)− π6λ(2∆ + 2Γ), (19)

while her payoff from accepting offer 5 (trade with firm 1) is

U(vL1 ,∆ + Γ | Gv, Gp) = −(π1 + π2)λ(∆ + Γ)− (π3 + π4)λ(2∆ + Γ) + π6(∆ + Γ)

+π1Γ + (π2 + π3)(∆ + Γ) + π4(2∆ + Γ)− π6λ(∆ + Γ), (20)

34



and her payoff from accepting offer 6 (no trade) is

U(0, 0 | Gv, Gp) = −(π1 + π2)λ(2∆ + 2Γ)− (π3 + π4)λ(3∆ + 2Γ)− π5λ(∆ + Γ)

+π1(2∆ + Γ) + (π2 + π3)(2∆ + 2Γ) + π4(3∆ + 2Γ) + π5λ(∆ + Γ).(21)

In the planning stage, the expected payoff Eσc [U(vi, pi | Gv, Gp) | H0 = {vL1 , p1 = vL1 }] equals

(π1 + π3)∆ − (λ− 1)π6[(π1 + π2)(2∆ + 2Γ) + (π3 + π4)(3∆ + 2Γ) + π5(∆ + Γ)]

− (λ− 1)π5[(π1 + π2)(∆ + Γ) + (π3 + π4)(2∆ + Γ)]

− (λ− 1)(π1 + π2)(π3 + π4)∆

− (λ− 1)π6[π1(∆ + 2Γ) + (π2 + π3)(2∆ + 2Γ) + π4(3∆ + 2Γ) + π5(∆ + Γ)]

− (λ− 1)π5[π1Γ + (π2 + π3)(∆ + Γ) + π4(2∆ + Γ)]

− (λ− 1)π1[(π2 + π3)∆ + π42∆]

− (λ− 1)(π2 + π3)π4∆ (22)

From these expressions we can derive the desired contradiction. Define π̃ = π5 + π6. If the

consumer weakly prefers offer 5 to offer 3, we get from (19) and (20) that λ ≥ 1+3π̃
2π̃

. The

expected payoff is weakly smaller than

(1− π̃)∆− (λ− 1)π̃(1− π̃)(∆ + 2Γ). (23)

If λ ≥ 1+3π̃
2π̃

, then Γ ≥ 1
2
∆ implies that this expression is strictly negative (i.e., the consumer

would prefer to accept firm 1’s offer without further inspection). Thus, there is no PE in

which the consumer accepts offer 5 after getting offer 3. Next, if the consumer weakly prefers

offer 6 to offer 3, we get from (19) and (21) that λ ≥ 1+5π6
4π6

. The expected payoff is weakly

smaller than

(1− π6)∆− (λ− 1)π6(1− π6)(3∆ + 3Γ). (24)

If λ ≥ 1+5π6
4π6

, then Γ ≥ 1
2
∆ implies that this expression is strictly negative. Thus, there is

no PE in which the consumer accepts offer 6 after getting offer 3, which proves our claim.

By applying the same arguments, we can show this result also for the case when v1 = vH1 .

Step 2a. Suppose that v1 = vL1 . We show that the strategy “no inspection, trade with firm

1” is the PPE for all loss-averse consumers. After choosing ins − 2, there are four possible

offers v2, p2 by firm 2: vL2 ,∆ + 2Γ (offer 1), vL2 , 2∆ + 2Γ (offer 2), vH2 , 2∆ + 2Γ (offer 3), and

vH2 , 3∆ + 2Γ (offer 4). By the same arguments as in Step 1 of the proof of Proposition 1, we

can restrict attention to strategies where at each offer j the consumer either accepts j with
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certainty or trades with firm 1. Therefore, we can restrict attention to the following strategies

(all of them are initiated by ins−2, there is no further inspection when the consumer’s type

λ > 1): (i) accept offer 1, otherwise trade with firm 1 (strategy σc,iL), (ii) accept offers 1

and 3, otherwise trade with firm 1 (strategy σc,iiL), (iii) accept offers 1, 3, and 4, otherwise

trade with firm 1 (strategy σc,iiiL), (iv) accept offers 1, 2, and 3, otherwise trade with firm 1

(strategy σc,ivL), (v) accept offers 3 and 4, otherwise trade with firm 1 (strategy σc,vL), and

(vi) accept all offers (strategy σc,viL). By Step 1, strategy σc,iL is not a PE, so we can ignore

it. We calculate the expected payoff of the remaining strategies:

Eσc,iiL [U(vi, pi | Gv,iiL, Gp,iiL) | H0 = {vL1 , p1 = vL1 }] =
1

2
∆− 1

2
(λ− 1)∆− 1

2
(λ− 1)Γ

Eσc,iiiL [U(vi, pi | Gv,iiiL, Gp,iiiL) | H0 = {vL1 , p1 = vL1 }] =
1

2
∆− 7

4
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,ivL [U(vi, pi | Gv,ivL, Gp,ivL) | H0 = {vL1 , p1 = vL1 }] =
1

2
∆− 5

8
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,vL [U(vi, pi | Gv,vL, Gp,vL) | H0 = {vL1 , p1 = vL1 }] =
1

4
∆− 15

16
(λ− 1)∆− 1

2
(λ− 1)Γ

Eσc,viL [U(vi, pi | Gv,viL, Gp,viL) | H0 = {vL1 , p1 = vL1 }] =
1

2
∆− 5

8
(λ− 1)∆

From Γ ≥ 1
2
∆ it follows that σc,viL is strictly better than the other strategies. However,

λ ≥ 2 implies that σc,viL is worse than the strategy “no inspection, trade with firm 1.” Since

this strategy is a PE, it is also the unique PPE. Step 2b. We repeat the previous step for

the case that v1 = vH1 and show that “no inspection, trade with firm 1” is a PPE. Again,

we can focus on the five strategies outlined above, the only difference is that the consumer

gets product value vH1 at price vH1 if she does not trade with firm 2 (we capture this by using

superscript “H”). We calculate the expected payoff for all relevant strategies:

Eσc,iiH [U(vi, pi | Gv,iiH , Gp,iiH) | H0 = {vH1 , p1 = vH1 }] =
1

2
∆− 3

8
(λ− 1)∆− 1

4
(λ− 1)Γ

Eσc,iiiH [U(vi, pi | Gv,iiiH , Gp,iiiH) | H0 = {vH1 , p1 = vH1 }] =
1

2
∆− 5

8
(λ− 1)∆− 1

4
(λ− 1)Γ

Eσc,ivH [U(vi, pi | Gv,ivH , Gp,ivH) | H0 = {vH1 , p1 = vH1 }] =
1

2
∆− 3

8
(λ− 1)∆− 5

4
(λ− 1)Γ

Eσc,vH [U(vi, pi | Gv,vH , Gp,vH) | H0 = {vH1 , p1 = vH1 }] =
1

4
∆− 7

16
(λ− 1)∆− 1

2
(λ− 1)Γ

Eσc,viH [U(vi, pi | Gv,viH , Gp,viH) | H0 = {vH1 , p1 = vH1 }] =
1

2
∆− 5

8
(λ− 1)∆

From ∆ ≥ Γ it follows that σc,iiH is strictly better than the other strategies. However,

λ ≥ 2 implies that σc,iiH is worse than the strategy “no inspection, trade with firm 1,” which

proves the result. Step 3. It remains to show that no firm has an incentive to choose a
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different pricing strategy. Since firm 1 charges p1 = v1, it cannot gain by increasing its

price (it would lose all consumer types). Firm 2 only serves loss-neutral consumers. To

retain these consumers, firm 2 must price the other two firms out of the market and charges

p2 = min{v2 − v0, v2 − v1 + p1}. Hence, firm 1 also cannot gain by lowering its price, which

completes the proof.

Proof of Lemma 3. Suppose that firm 2 charges p2 = v2, while firm 1 charges p1 = v1−v0.

We show that the strategy “no inspection, trade with firm 2” is the PPE for all loss-averse

consumers. Assume that v2 = vL2 (the case v2 = vH2 works with the same arguments). After

choosing ins − 1, there are four possible offers v1, p1 by firm 1: vL1 ,Γ (offer 1), vL1 ,∆ + Γ

(offer 2), vH1 ,∆ + Γ (offer 3), and vH1 , 2∆ + Γ (offer 4). By the same arguments as in Step

1 of the proof of Proposition 1, we can restrict attention to strategies where at each offer j

the consumer either accepts j with certainty or trades with firm 1 or does not trade at all.

Therefore, we can restrict attention to the following strategies (all of them are initiated by

ins − 2, there is no further inspection when the consumer’s type λ > 1): (i) accept offer

1, otherwise do not trade (strategy σc,i), (iL) accept offer 1, otherwise trade with firm 2

(strategy σc,iL), (ii) accept offers 1 and 3, otherwise do not trade (strategy σc,ii), (iiL) accept

offers 1 and 3, otherwise trade with firm 2 (strategy σc,iiL), (iii) accept offers 1, 3, and 4,

otherwise do not trade (strategy σc,iii), (iiiL) accept offers 1, 3, and 4, otherwise trade with

firm 2 (strategy σc,iiiL), (iv) accept offers 1, 2, and 3, otherwise do not trade (strategy σc,iv),

(ivL) accept offers 1, 2, and 3, otherwise trade with firm 2 (strategy σc,ivL), (v) accept offers

3 and 4, otherwise do not trade (strategy σc,v), (vL) accept offers 3 and 4, otherwise trade

with firm 2 (strategy σc,vL), and (vi) accept all offers (strategy σc,vi). We calculate the

expected payoff of these strategies:

Eσc,i [U(vi, pi | Gv,i, Gp,i) | H0 = {vL2 , p2 = vL2 }] =
1

4
∆− 3

16
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,ii [U(vi, pi | Gv,ii, Gp,ii) | H0 = {vL2 , p2 = vL2 }] =
1

2
∆− 5

8
(λ− 1)∆− 1

2
(λ− 1)Γ

Eσc,iii [U(vi, pi | Gv,iii, Gp,iii) | H0 = {vL2 , p2 = vL2 }] =
1

2
∆− 7

8
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,iv [U(vi, pi | Gv,iv, Gp,iv) | H0 = {vL2 , p2 = vL2 }] =
1

2
∆− 5

8
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,v [U(vi, pi | Gv,v, Gp,v) | H0 = {vL2 , p2 = vL2 }] =
1

4
∆− 15

16
(λ− 1)∆− 1

2
(λ− 1)Γ

Eσc,vi [U(vi, pi | Gv,vi, Gp,vi) | H0 = {vL2 , p2 = vL2 }] =
1

2
∆− 5

8
(λ− 1)∆
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and

Eσc,iL [U(vi, pi | Gv,iL, Gp,iL) | H0 = {vL2 , p2 = vL2 }] =
1

4
∆− 9

16
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,iiL [U(vi, pi | Gv,iiL, Gp,iiL) | H0 = {vL2 , p2 = vL2 }] =
1

2
∆− 5

8
(λ− 1)∆− 1

2
(λ− 1)Γ

Eσc,iiiL [U(vi, pi | Gv,iiiL, Gp,iiiL) | H0 = {vL2 , p2 = vL2 }] =
1

2
∆− 9

16
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,ivL [U(vi, pi | Gv,ivL, Gp,ivL) | H0 = {vL2 , p2 = vL2 }] =
1

2
∆− 5

8
(λ− 1)∆− 3

8
(λ− 1)Γ

Eσc,vL [U(vi, pi | Gv,vL, Gp,vL) | H0 = {vL2 , p2 = vL2 }] =
1

4
∆− 3

16
(λ− 1)∆− 1

2
(λ− 1)Γ

The assumption Γ > 1
2
∆ implies that strategy σc,vi is strictly better than all other strategies.

Standard arguments show that this strategy is a PE. However, λ ≥ 2 implies that σc,vi is

worse than the strategy “no inspection, trade with firm 2.” The rest of the proof only

requires standard arguments and is therefore omitted.

Proof of Proposition 2. We show that if the share of loss-neutral consumers is sufficiently

large, then we can construct an equilibrium in which, regardless of V , firm 1 wins the

auction and continuation play for every auction outcome (on and off the equilibrium path)

is given by the equilibria described in Proposition 1 (in case that no firm submits bids),

Lemma 1 (in case firm 0 wins the auction), Lemma 2 (in case firm 1 wins the auction), and

Lemma 3 (in case firm 2 wins the auction). We check that this equilibrium exits. Denote

by bmaxi firm i’s maximal willingness to pay for winning the auction. We consider four

realizations: (i) realization vH1 , v
L
2 , (ii) realization vL1 , v

L
2 , (iii) realization vH1 , v

H
2 , and (iv)

realization vL1 , v
H
2 . Step 1. Consider realization (i). If firm 2 wins the auction, its profit is

max{Γ, (1−s)(2∆+2Γ)}, while if firm 1 wins the auction, firm 2’s profit is at least s(∆+2Γ).

If s is large enough, we have s(∆ + 2Γ) > max{Γ, (1− s)(2∆ + 2Γ)} so that firm 2 optimally

chooses bmax2 = nb, given that firm 1 wins the auction. Given that firm 2 submits no bid, firm

1’s willingness to pay for winning the auction is bmax1 = (1− s)(2∆ + Γ), and for firm 0 this

value is bmax0 ≤ (1− s)v0 < bmax1 . Thus, firm 1 wins the auction after realization (i). Step 2.

Consider realization (ii). Suppose that s ≥ 1
2
. If firm 2 wins the auction, its profit is ∆ + Γ,

while firm 1’s profit is zero. If firm 1 wins the auction, its profit is (1 − s)(∆ + Γ), while

firm 2’s profit is at least s(∆ + 2Γ). From these values we compute each firm’s willingness

to pay for winning the auction (for the case where all firms submit bids; the case where firm

2 does not submit any bid is analogous to Step 1), so we get bmax2 = (1 − s)(∆ + Γ) − sΓ,

bmax1 = (1− s)(∆ + Γ), and bmax0 ≤ (1− s)v0. Thus, firm 1 wins the auction after realization

(ii). Finally, the proofs for the realizations (iii) and (iv) are close to those for realizations (i)

and (ii), respectively, so we omit them.
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Proof of Proposition 3. The proof proceeds in straightforward manner, so we provide

only a sketch of it. First, we update Lemma 2 and Lemma 3 by deriving the PPE for

consumers with λ < 2. For this, we only have to use the arguments provided in Step 2a and

2b of the proof of Lemma 2, and in Step 1 of the proof of Lemma 3. Then we repeat the

proof of Proposition 2, using the updated versions of Lemma 2 and Lemma 3.

Proof of Proposition 4. The proof proceeds in two steps. Step 1. We define an

equilibrium for the off-equilibrium event that firm 0 wins the auction. In this case, the

consumers’ beliefs about firms 1 and 2 remain unchanged. If a consumer inspects firm 2,

it charges p2 = v2 − max{0, v0 − p0}; and firm 1 charges p1 = v1 upon inspection. Firm

0 charges p0 = v0. Loss-averse consumers trade with firm 0 if p0 ≤ v0, and with no firm

otherwise. Loss-neutral consumers inspect firm 2 and trade with it if p2 ≤ v2 −max{0, v0 −
p0}. Standard arguments show that this is an equilibrium outcome. In such an equilibrium,

firm 0’s willingness to pay for winning the auction is bmax0 = (1−s)v0. Step 2. We again use

the continuation play from Lemma 2 (firm 1 wins the auction) and Lemma 3 (firm 2 wins

the auction). Suppose firm 2 wins the auction. Then there is a threshold s∗(v1, v2) so that

if s ≤ s∗(v1, v2), then firm 1’s profit is 0 while firm 2’s profit is v2 − v1; and if s > s∗(v1, v2),

firm 1’s profit is s(v1 − v0) while firm 2’s profit is (1 − s)v2. Now suppose firm 1 wins the

auction. Firm 1’s profit is then (1−s)v1 while firm 2’s profit is s(v2−v0). With these values

we can calculate for any combination v2, v1 firm 1’s (firm 2’s) willingness to pay for winning

the auction instead of firm 2 (firm 1). Denote this value by b̂maxi for i ∈ {1, 2}. We now

have all tools to prove Proposition 4. Suppose that s < ∆+Γ
3∆+2Γ

. We then can show that, for

any realization V , we have b̂max2 > b̂max1 > 0 and b̂max2 > bmax0 , so that firm 2 always wins the

auction. Next, suppose that s > ∆
∆+Γ

. Then, for any realization V , we have b̂max1 > b̂max2 . By

Step 1, if firm 0 wins the auction, firm 1’s profit is zero. So if firm 1 anticipates that firm 2

bids less than firm 0 (or submits nb), its willingness to pay for winning the auction becomes

bmax1 = (1− s)v1 > bmax0 . Thus, firm 1 always wins the auction.
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Abstract

We study how making early offers can benefit a risk-neutral sender if the receiver is

expectation-based loss-averse. When making an early offer, the sender has private in-

formation about the value of the receiver’s outside option. The offer may therefore

be partially informative for the receiver. We show that the sender can strictly benefit

from making early offers through a combination of the attachment and uncertainty

effect. By the uncertainty effect, the receiver plans to accept the early offer even when

its total value is almost surely strictly lower than the total value of the outside option.

By the attachment effect, the receiver accepts the early offer even when she perfectly

learns the total value of the outside option before making a final decision.
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1 Introduction

Consider a zero-sum interaction between a Sender (he) and a Receiver (she) who need to

share a fixed-sized pie at a pre-defined date in the future. At that date, the two parties will

each get allocated a pre-determined share, 1 − vo for Sender and vo for Receiver, referred

to as the outside option. Now imagine that prior to this point in time, information about

the outside option is asymmetric. Sender has complete information, while Receiver only

knows a distribution over possible outcomes. Would the division of surplus change if Sender

could make an early offer before Receiver learns about the outside option? Under standard

preferences, this might be the case if Receiver is sufficiently averse to risk. However, if

Receiver learns about the outside option before she has to make her choice, this is no longer

the case. Since Sender will never make a proposal that yields him a payoff less than what

he would get from the outside option, Receiver will reject all proposals that offer a smaller

share of the pie.

In this paper, we show that even if Receiver learns about the outside option before mak-

ing her choice, making an early offer may become valuable for Sender if Receiver exhibits

expectation-based loss-aversion preferences (Kőszegi and Rabin 2006, 2007). These prefer-

ences imply that information about future outcomes changes Receiver’s reference point and

thus her preferences. Since Sender has private information, an early offer may be informative

about what Receiver can expect from the outside option. We show that a signaling equi-

librium exists in which Receiver accepts an early offer after learning the true value of the

outside option even though this offer is worth less than Receiver’s payoff from the outside

option. Being able to make offers at an early stage may thus be valuable for Sender.

Early offers influence the loss-averse Receiver through two effects: the attachment effect

and the uncertainty effect. To exploit the attachment effect, the early offer must contain

valuable features that Receiver would loose if she rejects the offer. We assume that Sender

is able suggest a new share vs together with a transfer t ∈ R+ as part of his offer. The total

value for Receiver of the early offer is then vs + t, while her total value of the outside option

is vo. If Receiver expects to accept the early offer, then choosing the outside option creates

a gain of vo − vs in the allocation dimension and a loss of t in the transfer dimension. Since

losses weigh heavier than gains, Receiver may accept the early offer even when its total value

is somewhat smaller than the total value of the outside option.

Since Receiver can plan to accept the early offer with certainty or, alternatively, the

outside option with uncertainty, the attachment effect per se is not enough to establish the

signaling equilibrium. The advantage of the early offer for Receiver is that, at the planning

stage, she is certain about its specifics, while she is uncertain about the value of the outside
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option vo. Loss-aversion creates a discount on plans that imply uncertainty. If the degree

of loss-aversion is large enough, Receiver may therefore prefer to expect the early offer

even though the total value of the outside option is always weakly (and in almost all cases

strictly) larger than the total value of the early offer. This uncertainty effect may occur with

expectation-based loss-aversion preferences, but not with standard preferences.1

We show that if Receiver’s degree of loss aversion is sufficiently large, then an equilibrium

exists in which Sender strictly benefits from making early offers. Such equilibria are charac-

terized by an interval structure, (reminiscent of that in cheap-talk equilibria such as those in

Crawford and Sobel (1982)). For every value vo out of a certain interval V , Sender offers the

same total value vs + t. These equilibria are thus semi-separating. Receiver partially learns

about the outside option, but there is still enough uncertainty so that she expects to accept

the early offer. We characterize the sender-preferred signaling equilibrium and consider two

generalizations of the baseline model.

To fix ideas, consider the following examples with an individual/consumer as Receiver

and a firm as Sender:

Example 1. A medical practitioner is liable for damages if a patient suffers an injury linked

to the medical treatment. Danzon and Lilliard (1983) found that, on average, cases

settle for 74 percent of their potential verdict. We can then think of vo as the monetary

compensation the individual could get from a potential verdict and t as any combi-

nation of features she cares about that would, in some way, be costly for the firm.

Examples of this could be how fast the case is settled, a public apology from the firm,

or some free product. Our model then predicts that even if the individual is able to

gather arbitrary precise information about her case before she chooses between going

to court and settlement, she may still accept offers that are strictly dominated.

Example 2. Many commercials seem designed to reach consumers early with offers like:

buy X this weekend and get a free Y. If a firm is able to attach the consumer to the

idea of getting a free Y, then she may buy the firm’s product even if the total value

of its offer is lower than her outside option (buy from a competing firm). Given that

these expectations can be induced at an early stage, this sales-strategy is robust to the

likely event that the consumer will search the market for competing offers. This way

firms can, through early offers, secure themselves a higher profit margin from those

consumers with a high degree of loss-aversion.

There exists significant empirical evidence for expectation-based reference-points and risk

preferences that allow for the uncertainty effect. The influence of expectations on reference

1Kőszegi and Rabin (2007, page 1060) briefly refer to the uncertainty effect.
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points has been demonstrated in experiments and in field data, see Abeler et al. (2011),

Crawford and Meng (2011), Ericson and Fuster (2011), Pope and Schweitzer (2011), Gill

and Prowse (2012), and Karle et al. (2015).

The uncertainty effect was first demonstrated by Gneezy et al. (2006). They find that

the average valuation of a 50 USD gift certificate is 26 USD, while it is only 16 USD for a

lottery that pays off either a 50 USD or a 100 USD gift certificate with equal probability.

Simonsohn (2009) did several variations of this experiment and found 62 percent of the

subjects showing signs of the uncertainty effect. This (somewhat extreme) result has been

confirmed in varying conditions in a number of studies. Sonsino (2008) finds in auctions

for single gifts and binary lotteries on those gifts that 27 percent of subjects may submit

higher bids for the single gift than for the lottery even though the lottery’s worse outcome

is the gift. Many participants indicate ”aversion to lotteries” as their explanation for such

behavior. Yang et al. (2013) show that the uncertainty effect occurs if the certain outcome

is framed as a gift certificate while the lottery is framed as a type of gamble. In some of

the latest work, Mislavsky and Simonsohn (2018) find the uncertainty effect when subjects

perceive the certain outcome as a more natural transaction than the lottery.2

This paper is related to a growing literature that analyzes the implications of expectation-

based loss-aversion for strategic interaction. Heidhues and Kőszegi (2008), Karle and Peitz

(2014) study imperfect competition with expectation-based loss-averse consumers, and Her-

weg and Mierendorff (2013), Heidhues and Kőszegi (2014), Rosato (2016), Karle and Schu-

macher (2017) study a monopolist’s optimal pricing and marketing strategies when con-

sumers are expectation-based loss-averse. Further applications of expectation-based loss-

aversion include Carbajal and Ely (2016) and Hahn et al. (2018) on monopolistic screening;

Herweg et al. (2010) on principal-agent contracts; Lange and Ratan (2010) and Dato et al.

(2018) on auctions and tournaments; Dato et al. (2017) on strategic interaction in finite

games; and Daido and Murooka (2016) on team incentives. Our main contribution to this

literature is two-fold. First, we consider a game in which Receiver’s preferences turn the

interaction between Sender and Receiver into a signaling game. Second, we show how the

combination of attachment and uncertainty effect can make early offers valuable.

The rest of the paper is organized as follows. In Section 2, we introduce the formal

model and define the equilibrium concept. In Section, 3, we show when Sender benefits

from early offers and how such an equilibrium looks like. In Section 4, we characterize the

sender-preferred equilibrium. In Section 5, we consider how Sender could further increase

his payoff if he was able to create time-pressure. In Section 6, we discuss some extensions of

2There have also been some studies who fail to find the uncertainty effect; see Rydval et al. (2009) and
Wang et al. (2013).
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our model. Finally, Section 7 concludes. All proofs are relegated to the appendix.

2 The Model

A risk-neutral Sender (he) interacts with a representative loss-averse Receiver (she) in two

periods, 1 and 2. The interaction is characterized by a zero-sum game over an allocation v

in [0, 1]. In period 1, nature draws an allocation vo according to the uniform distribution

with distribution function F , density f , and full support. This allocation will be referred

to as the outside option. Sender then observes vo and is allowed to suggest an alternative

allocation vs together with a transfer t ∈ R+. Such a pair will be referred to as Sender’s

offer. Receiver then observes this offer and adjusts her belief and hence her expectations

accordingly. In period 2, Receiver observes the outside option. The interaction ends and

payoffs are realized as soon as Receiver decides whether the outcome of the game should be

the outside option or Sender’s offer. All aspects of the game are common knowledge.

-

Period 1 Period 2
p q p q⊥ ⊥ ⊥ ⊥

Sender observes vo

and makes offer
〈vs, t〉

Receiver observes
〈vs, t〉 and
makes a plan

Receiver learns vo Receiver chooses
〈vs, t〉 or 〈vo, 0〉

Figure 1: Timeline

Preferences. We refer to any pair w = (v, t) in W = [0, 1] × R+ as an outcome of our

game and the sum v + t as the value of w. Denote by wo the outside option and by ws

Sender’s offer.3 The players’ ”consumption utility” is given by

uR(w) = v + t and uS(w) = 1− v − t

To model Receiver’s expectation-based loss aversion, we follow Kőszegi and Rabin (2006,

2007). Her payoff from accepting outcome w then depends on her period-1 expectations. It

consists of two components: the value of w and her ”gain-loss” utility” from comparisons of

the actual outcome to a reference-point given by her period-1 expectations. Suppose that in

period 1, Receiver expects to accept an outcome w̃ with certainty in the next period. If she

3We will sometimes refer to the outside option as vo and sometimes as wo. The context should be clear.
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indeed accepts w, her utility equals

UR(w | w̃) = v + t+ µ(v − ṽ) + µ(t− t̃) (1)

The function µ captures gain-loss utility. We assume that µ is piecewise linear with slope η for

gains and slope ηλ for losses; η > 0 is the weight of gain-loss utility relative to consumption

utility, and λ > 1 is the degree of loss aversion.

Receiver may have stochastic expectations over outcomes. Let the distribution functions

Gv and Gt be Receiver’s expectation regarding her utility from allocation v and transfer t

respectively. Her utility from accepting w in period 2 is

UR(w | Gv, Gt) = v + t

∫
µ(v − ṽ)dGv(ṽ) +

∫
µ(t− t̃)dGt(t̃) (2)

Thus, gains and losses are weighted by the probability with which Receiver expects them

to occur. This preference model captures the following intuition. If Receiver expects to

get either 0 or 1 in the allocation dimension, each with probability 50 percent, then an

allocation of 0.6 feels like a gain of 0.6 weighted with 50 percent probability, and a loss of

0.4 also weighted with 50 percent probability.

Strategies and Equilibrium. Sender’s strategy defines an offer conditional on the

outside option, i.e., σs : [0, 1] → W .4 Thus, Sender’s offer is potentially informative about

the outside option. Upon observing Sender’s offer, Receiver updates her belief about the

outside option to F̂ ≡ F ( · |ws). She then makes a plan under what circumstances she

accepts either the outside option or Sender’s offer. This plan must be credible. Given

the expectations it generates, it must be rational for Receiver to follow it through; that

is, a credible plan constitutes a personal equilibrium (Kőszegi and Rabin 2006). Formally,

Receiver’s plan is a strategy σr : [0, 1]×W → W that defines Receiver’s choice in period 2

based on the outside option and Sender’s offer. Given Sender’s strategy σs, Sender’s offer

ws, and Receiver’s strategy σr, we can then define Receiver’s expectations about period 2

outcomes as Gi ≡ Gi( · |σs, σr, ws) for i ∈ {v, t}.

Definition 1 Fix Sender’s strategy σs. Receiver’s strategy σr is a personal equilibrium (PE)

if for any wo we have that

UR(σr(wo, ws) | Gv, Gt) ≥ UR(w | Gv, Gt)

for all w ∈ {wo, ws}.
4We can without loss of generality restrict ourself to pure strategies where Sender only makes one offer.
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The fact that Receiver is able to choose among different PE plans implies that she acts

optimally by choosing the PE plan that maximizes her expected utility.

Definition 2 Fix Sender’s strategy σs. Receiver’s strategy σr is a preferred personal equilib-

rium (PPE) if it is a personal equilibrium and for any wo and alternative personal equilibrium

σ̃r, we have that

EF̂ [UR(σr(wo, ws) | Gv, Gt)] ≥ EF̂ [UR(σ̃r(wo, ws) | G̃v, G̃t)]

We now have all the tools to define an equilibrium of our game. The solution concept

used is perfect Bayesian equilibrium combined with preferred personal equilibrium. We will

assume that any indifference on Receiver’s side is broken in the favour of accepting Sender’s

offer.

Definition 3 Fix a triple σ = 〈σs, σr, F̂ 〉. σ is then a perfect Bayesian equilibrium if for

any wo: Sender’s offer σs(wo) maximizes his expected utility; σr is a preferred personal

equilibrium; and F̂ is derived from σs and Bayes’ rule whenever possible.

This model describes a signaling game with signaling through Sender’s offer. When

Sender makes his offer to Receiver, he simultaneously reveals some information about the

outside option. This implies non-trivial strategic interactions between Sender and Receiver.

This is further complicated by the fact that there may be an infinite number of personal

equilibria to choose from. But even though Receiver’s PPE could in principle be quite

complex, e.g., she may adopt a cut-off PE where she chooses Sender’s offer when vo ≤ v∗

and the outside option when vo > v∗, it turns out that for any equilibrium strategy σs the

PPE has a somewhat simple structure.

Lemma 1 Suppose Receiver gets equilibrium offer ws. Receiver’s preferred personal equilib-

rium then specifies to either choose Sender’s offer or the outside option with certainty.

This lemma characterizes Receiver’s strategy as articulated by the concept of preferred

personal equilibrium. In general, we see that the basic trade-off Receiver faces after observing

Sender’s offer is whether she should plan to accept the certain option ws or plan for the

uncertain outside option wo. The former strategy has the appeal that all uncertainty is

eliminated immediately; however, the alternative strategy may lead to a superior outcome.

Depending on Sender’s strategy, waiting for a better outcome may expose Receiver to the

threat of disappointments.
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3 Does Sender Benefit From Early Offers?

In this section we will consider to what extent (if at all) Sender can benefit by making early

offers. We will say that Sender benefits from early offers if there exists an equilibrium where

he gets ex-ante expected utility exceeding EF [1− vo]. Notice that if such an equilibrium

exists, Receiver has to accept at least one offer from Sender for a measurable subset of

outside options. Further, the value of this offer needs to be smaller than the value of all the

outside options in the set. That is, there is no equilibrium where Receiver accepts an offer

from Sender with a value larger than the outside option. This is trivial as Sender can always

guarantee himself the payoff from the outside option.

Now, define V as any measurable set of outside options, with v = inf(V ) and v̄ = sup(V ),

such that all offers wsi , w
s
j ∈ σs(V ) have value vsi + ti = vsj + tj ≤ v and are accepted by

Receiver. In the rest of the paper we will keep referring to three conditions that are seen

to be necessary for an equilibrium where at least one set V exists; in other words, they are

necessary for Sender to benefit from early offers.

1. The Uncertainty Effect. Suppose Sender makes an offer ws with a strictly lower

value than the outside option vo. If this offer reveals the outside option to Receiver, she

could then expect to take the outside option and get the payoff vo > vs + t. Receiver would

therefore never accept Sender’s offer. It follows that Sender needs to include some noise in his

offer-strategy. Formally, Sender needs to leave enough uncertainty to satisfy the inequality

vs + t ≥
∫ v̄

v

f̂(v)vdv − η(λ− 1)

∫ v̄

v

f̂(v)

∫ v̄

v

f̂(ṽ)(ṽ − v)dṽdv (3)

This inequality says that expecting to take Sender’s offer should be preferred to expecting to

take the outside option. If this inequality is satisfied, we see that it is optimal for Receiver to

expect to choose the certain outcome from Sender’s offer instead of realizing the uncertainty

over V . This uncertainty effect may render it optimal for Receiver to choose a certain option

even though the worst outcome from V has a higher value.

2. The Attachment Effect. While Sender’s offer needs to satisfy the uncertainty

effect in equation (3), his offer-strategy cannot have too much noise in it. Suppose that after

observing Sender’s offer, Receiver expects to take it. When she learns the true value of the

outside option in period 2, it will only be optimal for her to accept Sender’s offer for any

vo ∈ V if

vs + t ≥ v̄ + η(v̄ − vs) + ηλ(0− t) (4)

This equation hints at two things. First, using the definition of V together with equation

(4), we see that the difference v̄−v can’t be too large; that is, we get an upper bound on the

48



difference between the value of the lowest and the highest outside option in any V . Second,

we see that Sender has to include a positive transfer in his offer strategy; that is, he needs

to create an attachment effect to the transfer dimension.

3. Sender’s Incentives. Sender should not want to deviate on the equilibrium path.

Clearly, Sender would never want to deviate and make an offer with a higher value than he

could get by staying on the equilibrium path. But if there exists an offer on the equilibrium

path that has a lower value and satisfies the attachment effect, then Sender would clearly

have an incentive to deviate. We must therefore ensure that if Sender deviates on the

equilibrium path, his offer will not satisfy the attachment effect; that is, Receiver would

prefer the outside option even though she expected to accept Sender’s offer.

To be more specific, consider any vo > v̄. Suppose Sender offers ws ∈ σs(V ) and wsj =

σs(vo) with vsj + tj > vs + t. If Sender offers ws when the outside option is vo, it should be

optimal for Receiver to deviate in period 2 for any vo > v̄. If this is not the case, Sender

would have an incentive to deviate. Hence, we must require

vs + t ≤ v̄ + η(v̄ − vs) + ηλ(0− t) (5)

Notice how this inequality mirrors equations (4), and so it must hold with equality. However,

if 1 ∈ V , equation (5) does not have to be satisfied as there is no vo > v̄.

From these conditions it follows that Sender will never benefit from early offers in a

pooling- or separating equilibrium. First, in any pooling equilibrium, Sender has to make

the same offer for any outside option. But the only offer that Sender wants Receiver to accept

for any outside option is ws = 〈0, 0〉. Hence, such an offer will never satisfy the attachment

effect as it requires a positive transfer. Second, in any separating equilibrium, Sender has to

propose a distinct offer for each outside option. Hence, such an offer will never satisfy the

uncertainty effect as it requires Sender to leave some noise in his offer-strategy.

For Sender to benefit from early offers, we therefore have to look in the class of semi-

separating equilibria; that is, Sender’s offer-strategy needs to leave some uncertainty, but

not too much. The following result shows how Sender can exploit this trade-off.

Proposition 1 If η(λ − 1) < 3, Sender never benefits from early offers. If η(λ − 1) ≥ 3,

Sender benefits from early offers. Any such equilibrium is characterized by a collection of

disjoint intervals {Vi}i∈I , for some I ⊆ N̄, such that if vj ≥ v̄i then vs,j + tj ≥ vs,i + ti.

This result shows two things. First, for Sender to benefit from early offers, the factor

η(λ − 1) needs to be above a certain lower bound. This was to be expected from the

uncertainty effect. Since the value of Sender’s offer needs to be below the value of vi, the
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loss-aversion parameters must be high enough to accommodate the fact that the expected

value over Vi is higher than the value of the offer. Second, any situation where Sender does

benefit from early offers can be described by disjoint intervals with corresponding offers of

decreasing value. This observation shows that when something ”interesting” happens in

equilibrium, the equilibrium must have a neat interval-structure.5

4 The Sender-Preferred Equilibrium

In this section we will construct the sender-preferred equilibrium. It follows trivially from

proposition 1 that if η(λ − 1) < 3, Sender is indifferent among all equilibria. In this case

we can just think of the sender-preferred equilibrium as Sender offering wo for any outside

option. Now, assume for the rest of this section that η(λ − 1) ≥ 3. We will show that a

sender-preferred equilibrium exists, consisting of an infinite number of half open intervals

where: (i) Sender offers nothing in the allocation dimension, (ii) Sender offers the lowest

transfer consistent with the attachment effect, and (iii) the lower bound of each interval is

the highest outside option that satisfies the uncertainty effect given the value of the offer.

To illustrate how the sender-preferred equilibrium looks like, consider the following se-

quence of half-open intervals: For all outside options in (vl1, v
h
1 ] , Sender offers ws1 with value

t1 ≤ vl1, for all outside options in (vl2, v
h
2 ], Sender offers ws2 with value t2 ≤ vl2, and so forth.

Receiver’s expected utility from planning to accept offer wsi with certainty is then ti, while

her expected utility from planning to accept the outside option is

1

2

(
vhi + vli

)
− 1

6
η(λ− 1)

(
vhi − vli

)
(6)

Notice that Receiver learns from getting offer wsi that the outside option gives an allocation

in the interval (vli, v
h
i ]. Under what circumstances is it then rational for Sender to make these

offers, and for Receiver to accept them? As was argued in section 3, we must require each

interval to satisfy the uncertainty effect, the attachment effect, and Sender’s incentives; in

fact, using these conditions we will be able to characterize the sender-preferred equilibrium.

To illustrate further, suppose we are going to construct the first interval (vl1, 1]. Assume

Sender offers the lowest value consistent with the attachment effect. We may then ask the

question: What is the highest vl1 that is consistent with the uncertainty effect? To answer

5Notice that we can ignore what happens outside of ∪Ii=1Vi as any constellation provides an identical
outcome.
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this, define the constant

ν ≡
(

1+η
1+ηλ

+ 1
6
η(λ− 1)− 1

2

1
2

+ 1
6
η(λ− 1)

)
(7)

This constant is then exactly the lower bound on our interval that ensures Receiver is indif-

ferent between expecting to take Sender’s offer and the outside option. Using this constant

repeatedly, we characterize the unique sender-preferred equilibrium in proposition 2 below.

Proposition 2 If η(λ − 1) ≥ 3, the unique sender-preferred equilibrium is characterized

by an infinite number of decreasing intervals where Sender offers nothing in the allocation

dimension. Formally, {Vi}i∈N̄ = {(νi, νi−1]}i∈N̄ such that σs(Vi) = 〈0, νi−1 1+η
1+ηλ
〉 for all i ∈ N̄.

The result shows that in general the most profitable equilibrium for Sender consists of

an infinite number of half-open intervals. In each of these intervals, Sender offers nothing

in the allocation dimension and the lowest transfer consistent with the uncertainty- and

attachment effect. Receiver then accepts an offer that provides a strictly smaller value than

the outside option (excepts for vo = 0). We also see that if we keep increasing the loss

aversion parameters, then ν will converge towards one, while the value of the offers will

converge towards zero. In other words, the larger the loss aversion parameters, the better

off Sender is.

As an example of a sender-preferred equilibrium, assume η = 1 and λ = 4; that is,

η(λ − 1) = 3. From proposition 2, we get Vi =
(
(2

5
)i, (2

5
)i−1
]

and σs(Vi) = 〈0, (2
5
)i〉 for each

i ∈ N̄. This equilibrium is illustrated in figure 2 below.

-

〈0, 8
125
〉

↑
vo ∈ (2

5
, 1]

↗

〈0, 4
25
〉

↑
vo ∈ ( 4

25
, 2

5
]

↗

〈0, 8
125
〉

↑
vo ∈ ( 8

125
, 4

25
]

↗
ad infinitum

...

...

...⊥ ⊥ ⊥ ⊥ ⊥
0 8

125
4
25

2
5

1

Figure 2: An equilibrium partition

It should be noted that, as is often the case in signaling games, the solution in proposition

2 relies heavily on the assumptions we make off-the-equilibrium-path. As the consistency

condition of perfect Bayesian equilibria allows us to freely choose beliefs off-the-equilibrium-

path, we can in principle just assume that Receiver thinks vo = 1 if Sender deviates. The

infinite number of consistent beliefs we can choose off-the-equilibrium-path is a general weak-

ness that our model shares with a large proportion of the literature on signaling games.
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5 Creating Time Pressure

In this section we will look at Sender’s incentives to create time pressure. By this we mean

any situation where Sender is able to condition his offer on immediate acceptance; that is,

Receiver needs to accept or reject the offer before she is able to observe the outside option.

We will ask two questions: (i) what is Sender’s optimal offer if he can choose to condition

it on immediate acceptance, and (ii) how much would he be willing to pay for the privilege.

We will define what Sender would pay as the difference between the expected utility from

his optimal offer if he can condition on immediate acceptance and the expected utility from

the Sender preferred equilibrium from section 4. Using this definition, the following result is

straightforward to derive from proposition 1 and 2.

Corollary 1 Pick vo ∈ (νi, νi−1] for some i ∈ N̄, and assume Sender can condition his offer

on immediate acceptance.

(i) If η(λ− 1) < 3, it is optimal for Sender to offer wo. Sender would pay nothing.

(ii) If η(λ − 1) ≥ 3, it is optimal for Sender to condition the offer 〈0, 0〉 on immediate

acceptance. Sender would pay νi−1 1+η
1+ηλ

.

This result shows that as soon as Sender observes the outside option, he still won’t be

able to extract any benefit from being able to reach Receiver early when the loss aversion

parameters are too small. This follows from the fact that the uncertainty effect never will be

satisfied. However, if the loss aversion parameters are high enough, we see that Sender can

extract an even higher surplus from his interaction with Receiver. As we saw in the proof of

proposition 1, if the uncertainty effect is satisfied for one interval, it will be satisfied for any

other interval too. As such, Receiver is willing to accept an offer with the lowest possible

value in order to eliminate the uncertainty.

Now, assume Sender is uncertain about the outside option; that is, consider the time

before Sender learns the value of the outside option.

Corollary 2 Let Sender be uncertain about the outside option, and assume he can condition

his offer on immediate acceptance.

(i) If η(λ− 1) < 3, it is optimal for Sender to condition an offer with value 1
2
− 1

6
η(λ− 1)

on immediate acceptance. Sender would pay 1
6
η(λ− 1).

(ii) If η(λ− 1) ≥ 3, Sender’s optimal strategy is to condition the offer 〈0, 0〉 on immediate

acceptance. Sender would pay 1+η
1+ηλ

1
1+ν

.
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This result shows that if Sender has not observed the true value of the outside option yet,

he will want to pay a positive amount in order to settle immediately. This is the case even

when the loss aversion parameters are arbitrary small. The reason for this is simple. Since

Sender only considers the distribution over outside options, he is willing to offer Receiver an

offer with positive value for any outside option. Another way to frame this is to say that

Sender’s offer does not reveal anything about the outside option. Hence, Receiver won’t be

able to extract any information from the offer. As she does not want to face the uncertainty

over the entire unit interval, she accepts Sender’s offer.

It should be noted that Sender cannot credible condition his offer on immediate accep-

tance when η(λ− 1) ≥ 3. If Receiver rejects such an offer, Sender would almost always have

an incentive to make a new offer. We see this observation as strengthening the case for the

model-structure proposed in section 2.

6 Extensions

In this section we will take a brief look at two generalizations of our model. The complete

details or our arguments are to be found in the proofs of Lemma 1 and proposition 1-2, and

will therefore not be repeated here in full detail.

6.1 General Distribution Function

Suppose the outside option is distributed according to an arbitrary distribution function F

with density f and full support. Assume for any interval (a, b] ⊆ (0, 1], offer ws with value

a, and cut-off PE v∗ that

η(λ− 1)

≥

sup
(a,b)∈(0,b)×(a,1]

(
F̂ (v∗)(vs + t) +

∫ b
v∗ f̂(v)vdv − a

F̂ (v∗)(1− F̂ (v∗))t+ F̂ (v∗)
∫ b
v∗ f̂(ṽ)(ṽ − vs)dṽ +

∫ b
v∗ f̂(v)

∫ b
v
f̂(ṽ)(ṽ − v)dṽdv

)

It then follows directly from the proofs of proposition 1 and 2 that Sender benefits from early

offers. Further, any such equilibrium is characterized by a collection of disjoint intervals

{Vi}i∈I , for some I ⊆ N, such that if vj ≥ v̄i then vsj + tj ≥ vsi + ti. Since any connected set of

outside options in (0, 1] where Receiver chooses the outside option must be an interval, the

sender preferred equilibrium must consist of a collection of disjoint, non-degenerate intervals

with corresponding decreasing offers.
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6.2 Multiple Dimensions

Extending our analysis to situations with multiple dimensions is straightforward. First,

it is trivial to see that the transfer dimension can be split into an arbitrary number of

dimensions without affecting the model in any way. This is seen by the fact that Receiver

always gets nothing in any transfer-dimension if she rejects Sender’s offer. If, for example,

Receiver expected to take Sender’s offer but deviated, her gain-loss utility from the transfer

dimensions could then be aggregated as follows

n∑

i=1

ηλ(0− ti) = ηλ(0−
n∑

i=1

ti)

Second, consider the allocation dimension. Suppose we split it into n dimensions; that

is, we consider the set6

{v ∈ [0, 1]n :
n∑

i=1

vi ≤ 1}

If we define the equivalence relation v ∼ v′ if
∑n

i=1 vi =
∑n

i=1 v
′
i, the sender-preferred equi-

librium from proposition 2 is straightforward to derive using the equivalence classes. The

interval partition is then done over the sum over each allocation.

7 Conclusion

In this paper, we have studied a simple zero-sum game with asymmetric information between

a risk neutral Sender and a loss-averse Receiver. The game had a predetermined outcome

that the informed Sender could potentially change by making an early offer to Receiver. We

saw that if Receiver is sufficiently loss-averse, Sender can use these early offers to his own

advantage. Through a combination of the uncertainty- and attachment effect, we showed

that any equilibrium where Sender benefits from being able to make these offers must have

the same structure: they are characterized by disjoint intervals where Sender makes different

offers. The sender-preferred equilibrium were determined and shown to consists of an infinite

collection of intervals where Sender offers the lowest value to Receiver that satisfies the

uncertainty effect. We also considered Sender’s incentives to create time pressure. The

conclusion was that Sender will often want to pay a significant amount to be able to force

Receiver to accept his offer immediately. However, such an offer will not be credible if the

loss-aversion parameters are large enough.

6Actually, any zero-sum game with support in [a, b]n will work.
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Appendix

Proof of Lemma 1.

Suppose Receiver gets the equilibrium offer ws. She then updates her belief to F̂ with

support H ⊂ [0, 1]. Denote h = inf(H) and h̄ = sup(H). Suppose that for some v∗ ∈ (h, h̄),

Receiver’s strategy σr specifies to choose Sender’s offer if vo ≤ v∗ and the outside option if

vo > v∗. The expected utility from σr equals

EF̂ [UR(σr(wo, ws) | Gv, Gt)] = F̂ (v∗)(vs + t) +

∫ h̄

v∗
f̂(v)vdv − η(λ− 1)F̂ (v∗)(1− F̂ (v∗))t

−η(λ− 1)F̂ (v∗)

∫ h̄

v∗
f̂(ṽ)(ṽ − vs)dṽ − η(λ− 1)

∫ h̄

v∗
f̂(v)

∫ h̄

v

f̂(ṽ)(ṽ − v)dṽdv

We show that by planning either to choose ws or wo with certainty, Receiver achieves a

strictly higher level of utility. We differentiate Receiver’s expected utility with respect to

the cut-off allocation v∗:

f̂(v∗)(vs + t)− f̂(v∗)v∗ − η(λ− 1)f̂(v∗)(1− 2F̂ (v∗))t

−η(λ−1)

[
f̂(v∗)

∫ h̄

v∗
f̂(ṽ)(ṽ − vs)dṽ − F̂ (v∗)f̂(v∗)(v∗ − v)

]
+η(λ−1)f̂(v∗)

∫ h̄

v∗
f̂(ṽ)(ṽ−v∗)dṽ

We can simplify this to

f̂(v∗)(vs + t− v∗)− η(λ− 1)f̂(v∗)(1− 2F̂ (v∗))(v∗ − vs + t)

Since in equilibrium we have vs + t ≤ h ≤ v∗, this term is strictly negative for all v∗ > h

with F̂ (v∗) ≤ 1
2
. Define

Γ(v∗) =
1

f̂(v∗)

∂

∂v∗
EF̂ [UR(σr(wo, ws) | Gv, Gt)]

We have that ∂
∂v∗EF̂ [UR(σr(wo, ws) | Gv, Gt)] is positive (negative) if and only if Γ(v∗) is

positive (negative). Consider the derivative

∂Γ(v∗)

∂v∗
= 2η(λ− 1)f̂(v∗)(v∗ − vs + t) + η(λ− 1)(2F̂ (v∗)− 1)− 1.

Since f is constant in v∗, this expression strictly increases in v∗. Hence, if Γ(v∗) is positive

at v∗ = v, it is positive for all v∗ > v, which yields us the result.
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Proof of Proposition 1.

Recall from Lemma 1 that in equilibrium Receiver either picks the outside option or

Sender’s offer with probability one.

Step 1. Let Vi ⊂ [0, 1] be non-degenerate. We show that Vi must be an interval. Suppose

by contradiction it is not. Then there exists v′ ∈ (vi, v̄i) for which Receiver either picks the

outside option or an offer wsj with vsj + tj 6= vsi + ti. First, suppose Receiver picks the outside

option when vo = v′. Then Sender would want to deviate and offer wsi . Second, suppose

Receiver chooses the offer wsj when vo = v′. If vsj + tj > vsi + ti, then Sender would want to

deviate and offer wsi . If vsj + tj < vsi + ti, then Sender would want to deviate and offer wsj for

all vo < v′. Hence, we arrive at a contradiction.

Step 2. Consider any Vj and Vi such that vj ≥ v̄i. Suppose vsj + tj < vsi + ti. By the

attachment effect, vsj + tj ≥ v̄j + η(v̄j − vsj ) + ηλ(0 − tj). But this implies that if Sender

offers wsj when vo ∈ Vi, Receiver would still want to accept it in period 2. Hence, Sender’s

incentives are not satisfied.

Step 3. Fix an interval Vi, and suppose, without loss of generality, that σs(Vi) is sin-

gleton. Suppose Receiver holds the belief F̂i after observing the corresponding offer for Vi.

Then

vi ≥
∫ v̄i

vi

f̂i(v)vdv − η(λ− 1)

∫ v̄i

vi

f̂i(v)

∫ v̄i

v

f̂i(ṽ)(ṽ − v)dṽdv

⇔

vi ≥
1

2
(v̄i + vi)− η(λ− 1)

1

6
(v̄i − vi)

⇔

η(λ− 1) ≥ 3

Hence, if η(λ− 1) < 3 the uncertainty effect can never be satisfied. This implies that Sender

will not benefit from early offers. If η(λ− 1) ≥ 3 the uncertainty effect is satisfied for any Vi

if the value of its corresponding offer is in the closed interval
[
EF̂i

[UR(wo | Gt, Gv)], vi
]
.

Step 4. Suppose η(λ− 1) ≥ 3. Sender’s offers need to satisfy the attachment effect and

Sender’s incentives. Combining these requirements with step 2 and 3, we get the following

conditions:

EF̂i
[UR(wo | Gt, Gv)] ≤ vsi + ti ≤ vi and v̄i = vsi + ti

1 + ηλ

1 + η

(If 1 ∈ Vi then the second constraint becomes v̄i ≤ vsi + ti(
1+ηλ
1+η

).

Step 5.

We then need to show that such an equilibrium actually exists. Suppose then that Sender
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offers wo for any vo ∈ [0, 1+η
1+ηλ

] and 〈0, 1+η
1+ηλ
〉 for any vo ∈ ( 1+η

1+ηλ
, 1]. We can then choose beliefs

off-the-equilibrium path such that Receiver thinks the outside option is 1 with probability

one if Sender makes an offer that is not on the equilibrium path.

Proof of Proposition 2.

Step 1. In the sender-preferred equilibrium, we can without loss of generality chose vs =

0 for all Sender’s offers. To see this, notice that for any Vi, the requirement v̄i = vsi + ti(
1+ηλ
1+η

)

(or inequality if 1 ∈ Vi) can be satisfied with a lower value if vsi = 0. This follows since

(1+ηλ
1+η

) > 1. Since Sender’s expected utility decreases in the value of the offers he makes, the

conclusion follows.

Step 2. max(Vi) = v̄i for all i ∈ I. If this was not the case, then Sender could offer ti

when vo = v̄i. Receiver would accept this offer in period 2. Hence, Sender’s incentives are

not satisfied.

Step 3. In the sender-preferred equilibrium, if there is a connected set of outside options

in (0, 1] where Receiver chooses the outside option, it must be a non-degenerate interval.

First, any connected set in (0, 1] is an interval by definition. Second, suppose such an

interval is degenerate. Then there exists, for some i ∈ I, an outside option vo = v̄i where

Receiver chooses the outside option. By Step 2, this is a contradiction.

Step 4. From proposition 1 and step 1-3, we know that the sender-preferred equilibrium

must consist of a collection of intervals where we can assume Sender offers nothing in the

allocation dimension. We will now construct intervals and offers that are optimal from

Sender’s perspective.

Interval 1 : To satisfy the attachment effect, the first interval must have the form (vl1, v
h
1 ]

for some vl1 in [ 1+η
1+ηλ

, 1) and vh1 = 1. For any such interval, the optimal offer must offer the

lowest transfer such that the uncertainty- and attachment effect is satisfied:

t1 = max{1

2
− 1

6
η(λ− 1) + vl1

(
1

2
+

1

6
η(λ− 1)

)
,

1 + η

1 + ηλ
}

Interval 2 : In the second interval, given the choice of vl1, the attachment effect uniquely

determines the value of Sender’s offer:

t2 = vl1(
1 + η

1 + ηλ
)

Since the value of the offer is fixed, the Sender preferred equilibrium must require the second

interval to be (vl2, v
h
2 ] with vh2 = vl1 and

vl2 = vl1ν
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which is the highest possible vl2 such that the uncertainty effect is still satisfied for offer t2.

Interval i : In interval i ≥ 3, following the logic from interval 2, the value of Sender’s offer

is uniquely determined by

vli−1

(
1 + η

1 + ηλ

)

such that (vli, v
h
i ] with vhi = vli−1 and

vli = vl1ν
i−1

Step 5. Now, using our construction from step 4, Sender’s ex-ante expected utility may

take two forms. First, assume vl1 ∈ [ 1+η
1+ηλ

, ν]:

1− [1− vl1]
1 + η

1 + ηλ
− [vl1 − vl1ν]vl1

1 + η

1 + ηλ

−[vl1ν − vl1ν2]vl1
1 + η

1 + ηλ
ν − [vl1ν

2 − vl1ν3]vl1
1 + η

1 + ηλ
ν2 − .....

=

1− [1− vl1]
1 + η

1 + ηλ

− 1 + η

1 + ηλ
(vl1)2

[
1− ν + ν2 − ν3 + ν4 + .....

]

Notice that in the brackets we have an infinite alternating geometric sum. Since ν < 1, this

sum converges. Hence, we get

−(vl1)2 1 + η

1 + ηλ

1

1 + ν
+ vl1

1 + η

1 + ηλ
+
η(λ− 1)

1 + ηλ
(8)

Notice that this function is strictly increasing when vl1 <
1+ν

2
. Hence, it is maximized at

vl1 = ν.

Second, assume vl1 ∈ [ν, 1]. Using the same method as before, we can write Sender’s

ex-ante expected utility as

(vl1)2

(
1

2
+

1

6
η(λ− 1)− 1 + η

1 + ηλ

1

1 + ν

)
− vl1

1

3
η(λ− 1) +

1

2
+

1

6
η(λ− 1) (9)

Since this is a strictly convex function, it is maximized at the end-points. But since the

end-points in [ν, 1] give us exactly the same equilibrium, we can without loss of generality

choose vl1 = ν.

Step 6. We can choose beliefs off-the-equilibrium path such that Receiver thinks the
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outside option is 1 with probability one if Sender makes an offer that is not on the equilibrium

path.

Proof of Corollary 1.

Pick vo ∈ (νi, νi−1] for some i ∈ N̄, and assume Sender can condition his offer on imme-

diate acceptance.

Assume η(λ− 1) < 3. From step 3 in the proof of proposition 1, we know that Receiver

will never accept an offer with a smaller value than the outside option for any degree of

uncertainty. Hence, Sender cannot do better than offering wo. As a result he will pay

nothing.

Assume η(λ − 1) ≥ 3. If Sender offers 〈0, 0〉 for any outside option, Receiver learns

nothing. From step 3 in the proof of proposition 1, Receiver will take Sender’s offer. Sender’s

utility is then 1. If he does not condition on immediate acceptance, the Sender preferred

equilibrium from proposition 2 gives utility 1 − νi−1 1+η
1+ηλ

. As a result he will pay νi−1 1+η
1+ηλ

.

Proof of Corollary 2.

Let Sender be uncertain about the outside option, and assume Sender can condition his

offer on immediate acceptance. Since Sender is uncertain about the outside option, his offers

won’t contain any information about vo.

Assume η(λ − 1) < 3. The expected utility for Sender is then 1
2

and 1
2
− 1

6
η(λ − 1) for

Receiver. Receiver will then accept any offer with value 1
2
− 1

6
η(λ − 1) or higher. Hence,

Sender would pay 1
6
η(λ− 1).

Assume η(λ− 1) ≥ 3. If Sender offers 〈0, 0〉, step 3 in the proof of proposition 1 implies

Receiver will accept it. Sender’s utility is then 1. If he does not condition on immediate

acceptance, the sender-preferred equilibrium from proposition 2 found by inserting equation

(7) into equation (8). Hence, Sender would pay 1+η
1+ηλ

1
1+ν

.
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Abstract

This paper proposes an extension of the classic model of Bayesian Persuasion, Ka-

menica and Gentzkow (2011), where Sender is restricted to generating beliefs from a

compact subset of the probability simplex. It is shown how this approach is able to

capture a wide range of models of Bayesian Persuasion with added features. A new

method for finding optimal information structures is developed. This approach severely

limits the belief-space from which optimal information structures can be supported. In

many situations, as in the baseline model with no restrictions on beliefs, this trans-

forms the search for optimal information structures into a finite program.
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1 Introduction

The theory of persuasion is often formulated as a use of information structures that generate

new information in order to modify beliefs with the intent of influencing the actions people

take. If we consider a game with two players who have ex ante symmetric information, then

one player (Sender) has partial control over the informational environment while the other

(Receiver) has full control over an action that affects both players. The baseline model for

such a game was formalized by Kamenica and Gentzkow (2011)(henceforth KG) in their

model of Bayesian Persuasion. In their model, Sender is able to induce any distribution

over posterior beliefs as long as the average equals the prior. This paper will consider an

extension to this baseline model by assuming that Sender can only induce beliefs from a

compact subset of the probability simplex. It will be illustrated how this generalization can

be used to model Bayesian Persuasion with motivated attention, costly information, coarse

reasoning, etc. This way of modeling provides a unified framework and leaves out the messy

part of specifying various psychological restrictions and cost structures.

In the baseline model it has proven hard to derive Sender’s optimal information structure

for arbitrary preferences. In KG the authors propose a method using the concave closure of

Sender’s indirect utility function.1 However, this method becomes almost intractable when

working in higher dimensions. This paper develops a new method for deriving Sender’s

optimal information structure. It makes use of the fact that Sender’s indirect utility function

is convex on the set of beliefs where Receiver prefers a given action. This in turn implies

that Sender weakly prefers to induce the most extreme beliefs in these subsets. Often, this

transforms the problem of finding an optimal information structure into a finite program.

While building directly on the work of KG, this paper also relates to a growing body of

literature on Bayesian Persuasion. The work most closely related to this paper is Lipnowski

and Mathevet (2017) who have independently worked out a similar method for deriving

optimal information structures; albeit only for the baseline model. More broadly, several

papers have started to look at extensions of the baseline model where Sender can be thought

of as being restricted in his choice of information structure. In Tsakas and Tsakas (2017)

and Treust and Tomala (2017) the authors study a situation where Sender has to commu-

nicate through a noisy channel. This is shown to be equivalent to Sender choosing from a

compact subset of signals. In Matyskov (2018), Lipnowsky et al. (2018), Bloedel and Segal

(2018), and Wei (2018) the authors consider a Receiver with strains on attention. As such,

Sender can be thought of as being restricted in the beliefs he can get Receiver to consider.

1In this context, the concave closure is defined as the smallest concave function that that is weakly
greater than Sender’s indirect utility function.
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In Kamenica and Gentzkow (2014a), it is costly for Sender to generate information. Some

information structures may then never be feasible to induce due to their high costs. Beauch-

ene et. al (2018) consider a Sender who can choose to communicate through an ambiguous

communication-device. They characterize eligible posteriors that can be induced through

such a device.

The rest of the paper is organized as follows. Section 2 introduces the formal model.

Section 3 presents the result of the paper and argues how this result is able to substantially

reduce the difficulty of finding optimal information structures. Section 4 goes through some

graphical and computational examples. Section 5 concludes.

2 The Model

Consider a set of states Ω and a set of actions A, both finite with at least two elements.

There are two players: Sender (he) and Receiver (she). For each w ∈ Ω, Sender and Receiver

have preferences over actions a ∈ A, characterized by utility functions v(a, w) and u(a, w)

respectively. Initially, all information is contained in the common prior µ0 that belongs to

the interior of the probability simplex ∆ (Ω). We consider a model where Sender can publicly

generate additional information and Receiver, given her posterior belief, chooses an action

that affects both players. All aspects of the model are considered common knowledge.

Sender can publicly generate additional information through a signal π. A signal consists

of a collection of conditional distributions {π(·|w)}w∈Ω over a finite signal realization set S.

Upon observing a signal realization s ∈ S, the players update their belief according to Bayes’

rule. We will assume that Sender is able to choose among all signals that generate beliefs in

a compact set M ⊆ ∆(Ω). In other words, Sender will not be able to generate information

that would lead a rational Bayesian to hold a belief outside M . Each signal then leads to

a distribution over posterior beliefs denoted τ ∈ ∆ (M). Say that a signal π induces the

distribution over posteriors τ if its support is {µs}s∈S, with each µs derived according to

Bayes’ rule, and

τ(µ) =
∑

s:µs=µ

∑

w′∈Ω

π(s|w′)µ0(w′)

for all µ. Further, say that a distribution of posteriors is Bayes Plausible if

∑

µ∈∆(Ω)

µ τ(µ) = µ0

Bayesian rationality puts an affine restriction (Bayes Plausibility) on the set of distribu-

tions over posteriors that Sender can possibly induce through a signal. In KG it is shown
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that this is actually the only restriction imposed by Bayesian rationality. As long as a distri-

bution of posteriors is Bayes Plausible, there exists a signal that induces it. In the rest of the

paper, therefore, the notation τ will refer to a Bayes Plausible distribution of posteriors, also

referred to as an information structure, with the understanding that there exists a feasible

signal that actually induces it. In fact, we can completely ignore signals and work directly

with beliefs from M and the information structures that induce them. This approach is used

in the rest of the paper.

The game uses the solution concept Sender-preferred subgame perfect equilibrium. It

proceeds as follows: Sender chooses τ ; a belief µ is generated from the support of τ ; Receiver

updates her belief according to Bayes’ rule and chooses Sender’s preferred action from

Â(µ) = argmax
a∈A

Eµu(a, w)

Let â(µ) denote Sender’s preferred action from Â(µ), where an arbitrary element is picked if

there is more than one element that maximizes Sender’s utility. Since Receiver picks a single

action for each belief she considers, each τ determines a distribution over Receiver’s actions.

For any µ in the support of τ , we can therefore define the functions

v̂ (µ) ≡ Eµv(â(µ), w) and û(µ) ≡ Eµu(â(µ), w)

Sender’s expected utility under τ , written as Eτ v̂(µ), is referred to as the value under

that distribution. An information structure τ is called optimal if no other τ ′ has a higher

value. In equilibrium, Sender picks an optimal τ .

3 Optimal Information Structures

This section will derive a new method for finding optimal information structures in the

generalized model of Bayesian Persuasion. Notice that, as is common in models of Bayesian

Persuasion, optimality is considered solely from Sender’s perspective. The problem then

becomes one of finding a finite number of elements from M such that (i) their convex hull

contains the prior, and (ii) the value is maximized.

Now, consider the convex and compact set

Ma = co({µ ∈M : a ∈ Â(µ)})

This set is the convex hull of all beliefs in M where Receiver weakly prefers to take action

a ∈ A. By the logic of Sender-preferred equilibrium, Sender’s indirect utility function v̂ is
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linear on the interior with possible upward jumps at the boundary. As will be demonstrated

in the proof of Theorem 1 below, this implies that v̂ is weakly convex on each Ma, which in

turn implies that Sender weakly prefers mean-preserving spreads in beliefs. In other words,

he prefers to induce extreme points from Ma. Since the extreme points of a convex hull of a

compact set are members of the compact set itself, these beliefs can actually be induced.

Furthermore, by noting that the choice for an optimal information structure can be

written as a linear program for any fixed collection of beliefs, the fundamental theorem of

linear programming severely limits the number of beliefs that are needed in optimum, hence

significantly simplifying the search. These observations are formalized in the following result.

Theorem 1 There exists an optimal information structure that can be written as a unique

distribution over at most |Ω|+ 1 elements from ∪
a∈A

ext(Ma).

Proof.

Step 1: v̂ is convex on each Ma.

Fix a ∈ A. By definition of a convex hull, Ma must be a convex and compact subset of

the convex set ∆(Ω)a. Consider µ̄ = λµ+ (1− λ)µ′ for some µ, µ′ ∈Ma and λ ∈ (0, 1).

Suppose that â(µ̄) /∈ Â(µ) and/or â(µ̄) /∈ Â(µ′). Then

0 =
∑

w∈Ω

[u(â(µ̄), w)− u(a, w)] µ̄(w)

=

λ
∑

w∈Ω

[u(â(µ̄), w)− u(a, w)]µ(w) + (1− λ)
∑

w∈Ω

[u(â(µ̄), w)− u(a, w)]µ′(w) < 0

This is a contradiction. It follows that â(µ̄) ∈ Â(µ) and â(µ̄) ∈ Â(µ′). Linearity implies that

v̂(µ̄) ≤ λ max
ã∈Â(µ)

∑

w∈Ω

v(ã, w)µ(w) + (1− λ) max
ã∈Â(µ′)

∑

w∈Ω

v(ã, w)µ′(w)

=

λv̂(µ) + (1− λ)v̂(µ′)

Since µ, µ′, and λ were chosen arbitrarily, it follows that v̂ is convex on Ma.

Step 2: Support in ∪
a∈A

ext(Ma) .
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Consider any belief µ̄ ∈ Ma induced by some information structure τ . Assume µ̄ is not

an extreme point of Ma. By step 1 and the definition of extreme points, we can then find

µ, µ′ ∈Ma and λ ∈ (0, 1) such that µ̄ = λµ+ (1− λ)µ′ and

v̂(µ̄) ≤ λv̂(µ) + (1− λ)v̂(µ′)

We can do this until all elements of supp(τ)∩Ma are extreme points of Ma. Now, since the

extreme points of the convex hull of a compact set are members of the compact set itself,

these beliefs can be induced.

Step 3: A unique distribution over at most |Ω|+ 1 elements.

Fix any collection of beliefs {µi}ni=1 that can be induced by at least one information

structure. Consider the following linear program:

max
τ

n∑

i=1

τiv̂(µi) s.t.

((
1

µ1

)
, ... ,

(
1

µn

))
τ =

(
1

µ0

)
and τ ≥ 0

By the fundamental theorem of linear programming, we can find an optimal and linearly

independent subset of {(1 |µi)T}ni=1, indexed by I ⊆ {1, ... , n}, such that τi > 0 when i ∈ I
and τj = 0 when j /∈ I. Since {(1 |µi)T}i∈I are linearly independent, it follows that {µi}i∈I
are affinely independent. This further implies that (i) there exists a unique τ ∗ such that∑

i∈I τ
∗
i µi = µ0, and (ii) the set {µi}i∈I contains no more than |Ω|+ 1 elements.

An important thing to notice is that if Ma is a convex polytope for all a ∈ A, which is

for example the case in the baseline model, then Theorem 1 basically describes the optimal

information structure as a solution to a finite program. For small state- and action space,

all the feasible combinations of extreme points can even be checked by hand. As there

already exists several algorithms for finding extreme points of a convex polytope, Theorem 1

is important not only as a theoretical result but also as a practical one. These observations

are summarized in the following corollary.

Corollary 1 Assume Ma is a convex polytope for all a ∈ A. Optimal information structures

can then be derived by going through the following steps:

Step 1. Find the convex hull of {µ ∈ M : a ∈ Â(µ)} for each a ∈ A. If these sets are

already convex polytopes, move on to the next step.

Step 2. Find the extreme points of eachMa. This is a classic problem of vertex enumeration,

which can be solved by the Avis-Fukuda algorithm.
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Step 3. Calculate Sender’s expected utility from all combinations of extreme points with at

most n+ 1 elements.

When Ma is not a convex polytope for some a ∈ A, and the number of extreme points is

no longer finite, Theorem 1 clearly looses a lot of its appeal. However, although there will

no longer exists a clear algorithm for finding optimal information structures, the space of

relevant beliefs will still be significantly reduced.

4 Applications

In this section we will consider two examples. The first example is based on a 3× 3 - world,

where we will use a graphical approach to derive optimal information structures for different

choices of M . The second example takes a more computational approach, showing how

Theorem 1 can be applied to models with more than three dimensions.

4.1 A Graphical Example

Consider a world with three states Ω = {w1, w2, w3}, three actions A = {a1, a2, a3}, and prior

belief µ0 = (1
3
, 1

3
, 1

3
)T . The players’ preferences can be described by the utility functions

u(ai, wj) =




i if i = j

0 if i 6= j
and v(ai) > v(aj) if i < j

Assume first that Sender can choose any belief in the probability simplex; that is, M = ∆(Ω).

This situation is depicted in Figure 1 below, where ∆(Ω)a1 is illustrated by the yellow, ∆(Ω)a2

by the blue, and ∆(Ω)a3 by the red area. The green dots show the relevant extreme points.

Since there are only seven extreme points, finding the optimal information structure is a

straightforward problem of checking the feasible combinations:

τ =




11
18
5
18
2
18


 with Supp(τ) =








6
11
3
11
2
11


 ,




0
3
5
2
5


 ,




0

0

1








4.1.1 Motivated Attention

In contrast to the classic theory of updating and learning, an increasing body of literature has

documented how people often do not follow Bayesian updating; at least not perfectly. One
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Figure 1: The Standard Case

reason for this is what has commonly been referred to as motivated attention. In a review

of the current evidence in cognitive science, Sharot and Garret (2016) review evidence that

people in many situations actually follow Bayes’ rule when they receive ”desirable informa-

tion” but fail to respond to new information when they receive ”undesirable” information.

These observations have typically been modeled using psychological preferences where utility

depends not only on the physical outcome but also on the posterior beliefs themselves.

This subsection will show how motivated attention can be modeled in a more direct

way. Assume therefore that Receiver updates beliefs according to Bayes’ rule when she gets

”desirable” information but not when she gets ”undesirable” information. For simplicity,

we define undesirable information as any belief that gives strictly less expected utility than

under the prior. If Receiver is faced with such a belief, she will in a sense ignore it and act

according to the prior.

More formally, consider for any belief µ in ∆(Ω) the transformed belief

µp =




µ if û(µ) ≥ û(µ0)

µ0 else

and assume that for any belief µ in the support of some information structure τ , Receiver acts

according to the belief µp. This situation is illustrated in Figure 2 below. The important

thing to notice here is that from Sender’s perspective, the only thing important is which

action Receiver takes for a given belief. Hence, any belief in the yellow, light yellow, light

red, or light blue area of Figure 2 makes Receiver weakly prefer â(µ0). This situation is
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µ
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2
)

Figure 2: Motivated Attention

therefore technically similar to the basic model in Figure 1, except that we have to work with

more extreme points. However, as there are only 10 extreme points, the optimal information

structure can again be derived by checking all the feasible combinations:

τ =




3
9
5
9
1
9


 with Supp(τ) =








1

0

0


 ,




0
3
5
2
5


 ,




0

0

1








Here we see that Sender is in a sense ”forced” to provide more precise information for

Receiver to choose his preferred action a1. In fact, Receiver is actually better off if she

can credible convince Sender that she will be acting with motivated attention. However,

no matter the information structure, or the corresponding belief it generates, it will never

be rational for Receiver to act with motivated attention. Motivated attention can therefore

be seen as a strict commitment assumption on Receiver’s behalf. For this model to work,

Sender needs to be convinced that Receiver will follow through.

4.1.2 Costly Beliefs

In Kamenica and Gentzkow (2014a) the authors consider a situation where it is costly for

Sender to generate information. An example of their approach, first considered in Shannon

(1948), is to assume that the cost function is proportional to the expected reduction in

entropy. Another way to think of costly information is to assume that Sender can only

”afford” to induce beliefs that are not too far away from the prior. In other words, generating
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information that severely contradicts what we already know may be too expensive.

This can be modeled by considering the following set of eligible beliefs:

M = {µ ∈ ∆(Ω) : |µ− µ0| ≤ C}

where C is a constant in R++. This situation is depicted for C = 0.5 in Figure 3 below.

Sender can then only choose beliefs in the shaded area, with the green areas being the

relevant extreme points. We see immediately that the number of extreme points is infinite.

However, in this specific example, the simplification offered by Theorem 1 still leaves us

with a relatively straightforward solution-method. First, notice that the beliefs inducing a1

and a2 in the baseline model are still possible to induce. Second, these beliefs maximize the

probability that (i) Receiver chooses a1 over a2 and a3, and (ii) Receiver chooses a2 over a3.

From Sender’s preferences it follows that they must still be optimal.

The question now is which belief in Ma3 Sender should choose. Here we face a trade-off.

By moving along the arc in the lower left corner, running from (0, 1
12

(6−
√

6), 1
12

(6+
√

6))T to

( 1
12

(6−
√

6), 0, 1
12

(6+
√

6))T , the probability that (i) Receiver chooses a1 relative to a2 and a3

decreases, while (ii) the probability that she chooses a2 relative to a3 increases. The optimal

belief therefore depends on the exact choice of v. For any such choice, the optimal information

structure can be derived using mathematical software, as the optimization problem can be

formulated solely in terms of µ(w1).

µ(w1)

µ
(w

2
)

Figure 3: Costly Beliefs
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4.1.3 Coarse Reasoning

In Mullainathan et al. (2008) the authors combine a model of persuasion with the idea that

people ”think coarsely”. Coarse reasoning is formulated as a situation where people group

different outcomes into the same categories and apply the same model of inference to each

category. A more direct way to model coarse inference is to think of M as a finite set. An

example of this is shown in Figure 4 below. In this situation, Sender is able to choose among

all beliefs that are illustrated with black dots, while those who also have green dots are the

relevant extreme points.

Now, even though this optimization problem is already finite in nature, Theorem 1 still

provides a substantial reduction in complexity. Instead of checking all combinations of

eligible beliefs, we can just check all combinations of the ten green points with at most four

elements. The optimal information structure is then identified:

τ =




15
27
10
27
2
27


 with Supp(τ) =








3
5
1
5
1
5


 ,




0
3
5
2
5


 ,




0

0

1








This sub-model need not be interpreted as a psychological constraint on the players.

It seems plausible that, say, an investigation into some public matter would never report

arbitrary precise beliefs. For example, it is conceivable that a team of public investigators

would publish their work in whole percentage points.

µ(w1)

µ
(w

2
)

Figure 4: Coarse Reasoning
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4.2 A Computational Example

Let M = ∆(Ω). Consider a world with n states Ω = {w1, ... , wn} and n actions A =

{a1, ... an}. Assume Receiver’s preferences can be described by the utility function

u(ai, wj) =




K if i = j

0 if i 6= j

for some K ∈ R++. It follows that

∆(Ω)ai = {µ ∈ ∆(Ω) : µ(wi) ≥ µ(wj) for all j ∈ {1, ... , n}}

and

ext(∆(Ω)ai) = {µ ∈ ∆(Ω)ai ∩Qn : µ(wi) = µ(wj) for all µ(wj) > 0 with j ∈ {1, ... , n}}

To see this, notice first that µ(wi) = 1 and µ(wj) = 0 for all j ∈ {1, ... , n} \ {i} is clearly

an extreme point. Second, assume that 1 > µ(wi) > µ(wk) > 0 for some k 6= i, and let I

be an index over all dimensions where µ(wj) = µ(wi). We can then, for some ε > 0, choose

µ′, µ′′ ∈ ∆(Ω)ai such that

µ′(wj) =





µ(wj) if j /∈ I ∪ {k}
µ(wj) + ε

|I| if j ∈ I
µ(wj)− ε if j = k

and µ′′(wj) =





µ(wj) if j /∈ I ∪ {k}
µ(wj)− ε

|I| if j ∈ I
µ(wj) + ε if j = k

Since 1
2
µ′ + 1

2
µ′′ = µ, this is not an extreme point.

For any choice of n and v, the problem of finding the optimal information structure

has now been transformed into a problem of calculating a finite number of expected values.

Given the structure of each ext(∆(Ω)ai), it follows that the total number of unique extreme

points we need to consider is given by

n∑

i=1

n!

i!(n− i)!

As an example, assume n = 4, µ0 = ( 1
10
, 2

10
, 3

10
, 4

10
)T , and v(ai) > v(aj) when i < j. We

then have 15 extreme points, from which we need to check all combinations of at most five
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beliefs. This gives us the following optimal information structure:

τ =




4
10
3
10
2
10
1
10




with Supp(τ) =








1
4
1
4
1
4
1
4



,




0
1
3
1
3
1
3



,




0

0
1
2
1
2



,




0

0

0

1








5 Conclusion

This paper has considered a generalized version of the classic model of Bayesian Persuasion.

It was assumed that Sender can only induce beliefs from a compact subset of the probability

simplex. It was shown how this generalization can be used to add extra structure to the

baseline persuasion model. Further, a new approach to deriving optimal information struc-

tures was developed. This approach relied on the fact that Sender prefers mean-preserving

spreads in beliefs in all areas where Receiver weakly prefers a given action. The complexity of

the optimization problem may then be severely reduced by limiting the relevant belief-space

to a small, possibly finite, sub-space. In fact, finding optimal information structures in the

baseline model was shown to be equivalent to solving a finite program.
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