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ABSTRACT

Single-step genomic prediction models utilizing 
both genotyped and nongenotyped animals are likely 
to become the prevailing tool in genetic evaluations 
of livestock. Various single-step prediction models 
have been proposed, based either on estimation of in-
dividual marker effects or on direct prediction via a 
genomic relationship matrix. In this study, a classical 
pedigree-based animal model, a regular single-step ge-
nomic BLUP (ssGBLUP) model, algorithm for proven 
and young (APY) with 2 strategies for choosing core 
animals, and a single-step Bayesian regression (ssBR) 
model were compared for 305-d production traits (milk, 
fat, protein) in the Finnish red dairy cattle population. 
A residual polygenic effect with 10% of total genetic 
variance was included in the single-step models to re-
duce inflation of genomic predictions. Validation reli-
ability was calculated as the squared Pearson correla-
tion coefficient between genomically enhanced breeding 
value (GEBV) and yield deviation for masked records 
for 2,056 validation cows from the last year in the data 
set investigated. The results showed that gains of 0.02 
to 0.04 on validation reliability were achieved by using 
single-step methods compared with the classical animal 
model. The regular ssGBLUP model and ssBR model 
with an extra polygenic effect yielded the same results. 
The APY methods yielded similar reliabilities as the 
regular ssGBLUP and ssBR. Exact prediction error 
variance of GEBV could be obtained by ssBR to avoid 
any approximation methods used for ssGBLUP when 
inversion left-hand side of mixed model equations is 
computationally infeasible for large data sets.
Key words: Bayesian regression, prediction error 
variance, algorithm for proven and young (APY), 
reliability

Short Communication

Single-step genomic BLUP (ssGBLUP), developed 
by Legarra et al. (2009) and Christensen and Lund 
(2010), has opened a way to perform genomic predic-
tion using phenotype, pedigree, and genomic informa-
tion simultaneously on both genotyped and nongeno-
typed individuals via a combined relationship matrix 
(H). To use ssGBLUP, the genomic relationship matrix 
(G), which is derived from genotypes and reflects the 
realized genetic relatedness between individuals, has to 
be formed and inverted. With constantly decreasing ge-
notyping costs, more individuals are being genotyped. 
Consequently, computational costs for inverting the G 
in H−1 have increased and will soon reach their limit. 
Moreover, when the number of genotyped individuals 
exceeds the number of markers, the genomic relation-
ship matrix is singular. To overcome the singularity of 
matrices and reduce the computational burden, Misz-
tal et al. (2014) proposed an approximation named 
“algorithm for proven and young” (APY), where the 
genotyped individuals are divided into groups of core 
and noncore animals. In the APY method, the regular 
inverse of G is computed only for the core animals, not 
for all genotyped individuals. Studies using field data 
have shown that as long as the number of core animals 
is large enough, APY can obtain close approximations 
of genomically enhanced breeding value (GEBV; 
Fragomeni et al., 2015; Lourenco et al., 2015; Masuda 
et al., 2016; Strandén et al., 2017).

It has been suggested that the computational chal-
lenges caused by the large number of genotyped in-
dividuals in ssGBLUP could be solved by equivalent 
models without the G matrix. Fernando et al. (2014) 
proposed a single-step Bayesian regression (ssBR) 
model requiring explicit imputation of markers for non-
genotyped individuals and then fit the marker effects 
in the model. For nongenotyped individuals, a residual 
vector accounting for the remaining part of EBV, which 
could not be modeled by imputed markers (imputation 
error), was added to marker-based breeding value to 
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obtain the final GEBV. In ssBR, all the unknowns were 
suggested to be estimated using Markov-chain Monte 
Carlo (MCMC) techniques, which may be compu-
tationally challenging. However, the matrix inverse 
needed in the regular ssGBLUP model is avoided and 
ssBR has the potential to be extended to variable selec-
tion models putting differential weight on individual 
markers (e.g., Bayes alphabet; Gianola et al., 2009).

Only a few published studies have compared different 
single-step methods with a remaining polygenic effect 
included in the model (Liu et al., 2016). The objective 
of this study was to compare genomic predictions us-
ing a regular ssGBLUP model, APY methods with 2 
different strategies of choosing core individuals, and an 
ssBR model based on records of 3 production traits of 
Finnish red dairy cattle.

Milk, fat, and protein test-day records of first-
lactation Finnish red dairy cows were compiled to 
305-d records, which were used as the phenotypes in 
this study. Only herds with at least 10 genotyped cows 
during the study period were included in the analysis, 
which comprised a total of 73,730 yield records of cows 
that calved between 1988 and 2016 in 294 herds. Four 
seasons were defined: January to March, April to June, 
July to September, and October to December. Geno-
types on 46,914 SNP markers were available for 14,067 
individuals (10,889 cows and 3,178 bulls) and the pedi-
gree consisted of 136,613 individuals. After masking the 
records from the last production year, a reduced data 
set was generated, with a total of 71,674 yield records 
for model validation.

Four single-trait models were used for prediction of 
breeding values: pedigree-based best linear unbiased 
prediction (PBLUP), regular ssGBLUP, ssGBLUP us-
ing APY, and ssBR. Fixed effects included herd-year of 
calving, year-season of calving, and age at calving. An 
extra polygenic effect with 10% of total genetic vari-
ance was included in all single-step models to reduce 
inflation of GEBV (Liu et al., 2011).

The regular ssGBLUP model (Legarra et al., 2009; 
Christensen and Lund, 2010) uses a H matrix that 
combines the marker-based (G) and pedigree-based (A) 
relationship matrices to replace the numerator relation-
ship matrix (A) in the classical animal model (Hender-
son, 1984). The mixed model equations (MME) need 
inversion of H (Aguilar et al., 2010):
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where A22 is the pedigree-based relationship matrix 
for the genotyped individuals. A residual polygenic ef-
fect was included via a combined relationship matrix  

Gw = (1 – w)G + wA22, where w is the ratio of residual 
polygenic variance over total additive genetic variance, 
and the regular G above is replaced by Gw. To improve 
the convergence, we set w equal to 10%.

The model of ssGBLUP using APY was the same as 
the ssGBLUP model, but the full Gw

−1 was approxi-
mated using a recursive algorithm with core and non-
core genotyped individuals (Misztal et al., 2014). Two 
scenarios based on strategies for choosing core individu-
als were investigated: (1) random sampling of 5,000 
individuals from all genotyped individuals (APY_
ran), or (2) choosing the top 5,000 individuals based on 
the number of progeny in the data (APY_np).

A single-trait ssBR model based on BayesC (Habier 
et al., 2011) with assumption of all markers having 
nonzero effects (Fernando et al., 2014) was as follows:
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where subscript 1 denotes nongenotyped individuals 
and subscript 2 denotes genotyped individuals. Thus, y 
represents a vector of phenotypes; β is a vector of fixed 
effects; X, Z, and W are design matrices; matrix M2 
contains observed marker covariates for genotyped indi-
viduals; matrix M1 contains imputed marker covariates 
for nongenotyped individuals via a linear relationship 
with M2; α is the vector of random marker effects 
α ~ ,  ;N 0 2Iσα( )  where I is the identity matrix; ε is the 
vector of imputation residual deviations 
ε ~ , N w g0 111 12 22

1
21

2A A A A−( ) −( )





− σ  due to the inaccu-

racy of imputation (Fernando et al., 2014), where A11, 
A12, A22, and A21 are the sub-matrices of A; σα

2 and σg
2 

are marker variance and total genetic variance, respec-
tively; w is the ratio of residual polygenic to total addi-
tive genetic variance (10%); u is a vector of residual 
polygenic effects u A~ , N w g0 2σ( ) that are not captured 

by markers; and e is a vector of residuals e I~ ,  .N e0 2σ( )
Variance components used in all methods were esti-

mated by REML (Patterson and Thompson, 1971) using 
the classic animal model with pedigree information and 
phenotypes using the average information algorithm 
(AIREML; Jensen et al., 1997) as implemented in the 
DMU package (Madsen and Jensen, 2013). Analyses of 
regular ssGBLUP and APY methods were conducted 
using the MiX99 package (Strandén et al., 2017). For 
ssBR, a program was written in Fortran 95. Gibbs sam-
pler was used to obtain MCMC samples, and the length 
of the MCMC chain was set to 50,000 with a burn-in of 
20,000 iterations. Convergence diagnostics for MCMC 
were assessed using the R package boa (Smith, 2007), 
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and all parameters investigated had converged to the 
posterior distribution.

To validate the genomic prediction and compare dif-
ferent methods, yield deviation (YD) was calculated 
based on full data set using MiX99 (Strandén and Li-
dauer, 1999). Reliability of genomic prediction was cal-
culated as the squared Pearson correlation coefficient 
(r2) between genomic breeding values (GEBV) or EBV 
and YD for masked records for 2,056 validation cows. 
Unbiasedness of genomic predictions was evaluated as 
the regression of YD on the (G)EBV for the validation 
individuals. For unbiased predictions, the regression 
coefficient is expected to be 1.0; regression coefficients 
smaller or larger than 1.0 indicate inflated or deflated 
(G)EBV variation, respectively (Mäntysaari et al., 
2010). Prediction error variance (PEV) was computed 
to assess the accuracy of GEBV for regular ssGBLUP 
and ssBR. For ssGBLUP, PEV were computed by in-
verting the left-hand side (LHS) of MME (Henderson, 
1975) using exa99 from MiX99 (Strandén and Lidauer, 
1999). For ssBR, GEBV were calculated in each round 
of Gibbs sampler, and PEV were computed by the pos-
terior variance of GEBV samples.

Table 1 presents the validation reliabilities of genomic 
predictions based on different methods. As expected, 
the validation reliabilities of genotyped individuals were 
higher than those of nongenotyped individuals in all 
single-step methods. Gains of 0.02 to 0.04 on validation 
reliability were achieved by using single-step methods 
compared with PBLUP over the 3 traits. In particular, 
for nongenotyped individuals, reliabilities improved 
by up to 0.01 compared with the PBLUP model. 
The regular ssGBLUP and ssBR models achieved the 
same reliabilities, and the APY method (APY_ran 
and APY_np) yielded similar reliabilities as regular 

ssGBLUP and ssBR. The 2 strategies of choosing the 
core individuals for APY led to negligible differences 
in reliabilities. For validation individuals, correlations 
of GEBV between regular ssGBLUP and ssBR were 
0.998, correlations of GEBV between regular ssGB-
LUP and APY_ran ranged from 0.987 to 0.992, and 
correlations of GEBV between regular ssGBLUP and 
APY_np ranged from 0.984 to 0.989 across all traits.

Similar results were reported by Lee et al. (2017) 
using a Julia package (Cheng et al., 2018), where the 
regular ssGBLUP performed equally in terms of predic-
tion accuracy compared with ssBR (based on BayesC 
where all markers were assumed to have nonzero ef-
fects) for carcass traits in the South Korean Hanwoo 
beef cattle population, although a remaining polygenic 
effect was not considered in their models. Specifically, 
with the assumption of multivariate normality, ssGB-
LUP and ssBR use the same mechanism that markers 
of nongenotyped individuals were imputed via a pedi-
gree-based linear system: M A A M1 12 22

1
2= −  (Legarra et 

al., 2009; Fernando et al., 2014), where subscript 1 de-
notes nongenotyped individuals and subscript 2 geno-
typed individuals, and M2 has the observed markers. In 
ssGBLUP, this information transmission is clearly 
shown in the blocks of the H matrix (Shabalina et al., 
2017), although there is no need to construct the H 
matrix in ssGBLUP but the inverse of H matrix (H−1). 
The ssBR approach implemented the imputation pro-
cess explicitly instead of implicit imputation via the H 
matrix as in ssGBLUP. Moreover, ssBR used a more 
efficient sparse system for the imputation A11M1 = −
A12M2, where the sparse matrices A11 and A12 are cor-
responding submatrices of A−1. In addition, we assumed 
that the markers could not explain all the genetic vari-
ance. The latter was achieved by including an extra 

Table 1. Validation reliabilities of genomically enhanced (G)EBV from PBLUP, ssGBLUP, APY_ran, APY_np, and ssBR based on different 
groups of validation cows1

Trait  Validation group2
Individuals  
in validation PBLUP ssGBLUP APY_ran APY_np ssBR

Milk  All 2,056 0.084 0.124 0.119 0.121 0.123
  Genotyped 1,116 0.097 0.165 0.158 0.162 0.164
  Nongenotyped 940 0.070 0.081 0.078 0.079 0.081
Fat  All 1,992 0.053 0.084 0.079 0.081 0.085
  Genotyped 1,092 0.064 0.120 0.110 0.113 0.119
  Nongenotyped 900 0.040 0.046 0.045 0.045 0.047
Protein  All 1,992 0.081 0.101 0.100 0.101 0.101
  Genotyped 1,092 0.066 0.102 0.099 0.101 0.100
  Nongenotyped 900 0.091 0.096 0.095 0.096 0.096
1PBLUP = traditional pedigree-based BLUP; ssGBLUP = regular single-step genomic BLUP; APY_ran = algorithm for proven and young 
(APY) with 5,000 core animals randomly sampled from all genotyped individuals; APY_np = APY with 5,000 core animals from top 5,000 in-
dividuals based on the number of progenies; ssBR = single-step Bayesian regression. Reliabilities were calculated by squared correlation between 
(G)EBV and yield deviation divided by heritability.
2All = all cows in validation data set with records masked; Genotyped = genotyped cows in validation data set; Nongenotyped = nongenotyped 
cows in validation data set.



Journal of Dairy Science Vol. 101 No. 11, 2018

SHORT COMMUNICATION: COMPARISON OF MAINSTREAM SINGLE-STEP METHODS 10085

random effect with a mean of zero and covariance ma-
trix proportional to A instead of using a blending rela-
tionship matrix from G and A22 as in ssGBLUP. An 
alternative marker-based single-step model called sin-
gle-step SNP-BLUP was proposed by Taskinen et al. 
(2017), the advantage of which, over ssBR, is that the 
imputation for nongenotyped individuals is conducted 
“on the fly” during the iterative solution process instead 
of calculating it explicitly and storing the dense blocks 
in the MME.

Selection of the core individuals is a key step in 
the APY approximation. In the current study, we ob-
served no difference between APY_ran and APY_np. 
This result is in line with the studies from Fragomeni 
et al. (2015), Masuda et al. (2016), and Strandén et 
al. (2017), where the random selection approach was 
shown to perform as well as other selection approaches 
in terms of GEBV accuracies. In those 3 studies, the 
authors also pointed out that 10,000 to 20,000 could be 
a sufficiently large number of core individuals, which 
would yield the same prediction accuracy as the regular 
ssGBLUP model. A similar study was conducted by 
Pocrnic et al. (2016b), in which eigenvalue decomposi-
tion for G matrix was used to infer the optimum num-
ber of core individuals. They reported that the largest 
eigenvalues, explaining 98% of variation of G, were 
11,500 and 14,026 for Jersey and Holstein, respectively. 
A smaller number of genotyped individuals was used 
in the current study, followed by a smaller number of 
core individuals. Corresponding to this data limitation, 
APY would not be needed in this study.

The APY method is an approximation to overcome 
the limitation of directly inverting a large size of G 
matrix in the regular ssGBLUP model. A simulation 
study from Pocrnic et al. (2016a) found that the APY 

method outperformed regular ssGBLUP model in terms 
of GEBV accuracy. However, Fernando et al. (2016) 
pointed out that APY may lead to an ill-conditioned 
MME and subsequently result in a GEBV that deviates 
from the exact predictions. An exact ssGBLUP model 
was proposed by Fernando et al. (2016) by finding the 
linearly independent rows from genotyped animals in 
marker covariates matrix M (QR decomposition) and 
then constructing the remaining dependent rows as a 
linear function of this subset. Vandenplas et al. (2018) 
showed that using the QR decomposition strategy for 
selecting core individuals resulted in similar accuracy 
and convergence rate as the random selection strategy 
with sufficient number of individuals; however, QR 
decomposition is more computationally expensive. Re-
cently, an alternative exact single-step model (named 
ssGTBLUP) was derived by Mäntysaari et al. (2017b), 
where an extra T matrix was introduced to reduce the 
computational effort when solving MME by precondi-
tioned conjugate gradient method. Mäntysaari et al. 
(2017a) showed that APY and ssGTBLUP performed 
similarly with ~160,000 genotyped animals in terms of 
prediction accuracy but required less computation time 
than regular ssGBLUP.

Table 2 shows the regression coefficients of YD on 
(G)EBV for validation individuals and unbiasedness 
assessed by the deviation from the expected value of 1 
(i.e., regression coefficients closer to 1 indicate less bias 
of GEBV). The regression coefficient was closer to 1 
with PBLUP than with the single-step models averaged 
over the 3 traits. The single-step models had similar 
results in terms of prediction bias. The standard errors 
indicate that the regression coefficients of PBLUP were 
not significantly different from 1; however, overestima-
tion of GEBV was observed for all single-step methods 

Table 2. Regression coefficients (SE) of yield deviation on genomically enhanced (G)EBV from PBLUP, ssGBLUP, APY_ran, APY_np, and 
ssBR based on different group of validation cows1

Trait  Validation group2 PBLUP ssGBLUP APY_ran APY_np ssBR

Milk  All 0.96 (0.07) 0.94 (0.06) 0.94 (0.06) 0.96 (0.06) 0.94 (0.06)
  Genotyped 1.05 (0.10) 0.99 (0.07) 0.99 (0.07) 1.02 (0.07) 0.99 (0.07)
  Nongenotyped 0.87 (0.10) 0.88 (0.10) 0.87 (0.10) 0.87 (0.10) 0.88 (0.10)
Fat  All 0.88 (0.08) 0.86 (0.06) 0.85 (0.07) 0.87 (0.07) 0.86 (0.06)
  Genotyped 1.03 (0.12) 0.97 (0.08) 0.95 (0.08) 0.98 (0.08) 0.96 (0.08)
  Nongenotyped 0.74 (0.12) 0.71 (0.11) 0.71 (0.11) 0.71 (0.11) 0.71 (0.11)
Protein  All 0.92 (0.07) 0.83 (0.06) 0.84 (0.06) 0.85 (0.06) 0.82 (0.05)
  Genotyped 0.92 (0.10) 0.81 (0.07) 0.82 (0.08) 0.84 (0.08) 0.80 (0.07)
  Nongenotyped 0.91 (0.10) 0.87 (0.09) 0.88 (0.09) 0.88 (0.09) 0.87 (0.09)
1PBLUP = traditional pedigree-based BLUP; ssGBLUP = regular single-step genomic BLUP; APY_ran = algorithm for proven and young 
(APY) with 5,000 core animals randomly sampled from all genotyped individuals; APY_np = APY with 5,000 core animals from top 5,000 in-
dividuals based on the number of progenies; ssBR = single-step Bayesian regression. Reliabilities were calculated by squared correlation between 
(G)EBV and yield deviation divided by heritability.
2All = all cows in validation data set with records masked; Genotyped = genotyped cows in validation data set; Nongenotyped = nongenotyped 
cows in validation data set.
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for fat and protein. For milk, unbiased predictions were 
obtained regardless of the used model.

Figure 1 represents a scatterplot for PEV of GEBV 
from ssBR (ssBR_PEV) and PEV of GEBV from regu-
lar ssGBLUP (Exact_PEV) based on genotyped and 

nongenotyped individuals in the validation data set. 
Correlations between ssBR_PEV and Exact_PEV and 
regression coefficients of Exact_PEV on ssBR_PEV 
were computed and annotated on the scatterplot. In 
general, the correlations between these 2 PEV and the 

Figure 1. Scatterplot, correlation coefficient (r), and regression coefficients (b) of prediction error variance (PEV) of genomically enhanced 
breeding value (GEBV) from single-step Bayesian regression (ssBR) (ssBR_PEV) via computing the posterior variance of GEBV samples versus 
the exact PEV of GEBV from regular single-step genomic BLUP (ssGBLUP) (Exact_PEV) via direct inverting the left-hand side (LHS) of 
mixed model equations based on genotyped and nongenotyped individuals in validation data set. Color version available online.



Journal of Dairy Science Vol. 101 No. 11, 2018

SHORT COMMUNICATION: COMPARISON OF MAINSTREAM SINGLE-STEP METHODS 10087

regression coefficients were close to 1, indicating ssBR 
with Gibbs sampling provided an exact alternative for 
PEV computation.

Our results confirmed that the regular ssGBLUP and 
ssBR adopted in this study led to the same predictions 
and validation results. Exact PEV of GEBV could be 
obtained by ssBR by computing the posterior variance 
of GEBV samples when MCMC converged. This could 
avoid any approximation methods when the system is 
large and inversion is not feasible in ssGBLUP (Misztal 
and Wiggans, 1988; Misztal et al., 2013). Garrick et al. 
(2018) applied the same PEV calculation approach by 
computing the posterior variances of MCMC samples 
and demonstrated that the approach provided a com-
putationally feasible way to compute the prediction 
accuracies of individuals in national genomic evalua-
tions with a large number of individuals. In this study, 
the second approximation method (called “Approx2”), 
proposed by Misztal et al. (2013), was also implemented 
to compute PEV in SSGBLUP based on the same data 
set using apax99 from MiX99 (Strandén and Lidauer, 
1999) by concerning the computational infeasibility of 
inverting large coefficient matrix. In Approx2, only the 
diagonal elements of G−1 and A22

1−  were used, and the 
approximation method led to a significant deviation 
from the Exact_PEV. The PEV were underestimated 
as illustrated by Misztal et al. (2013), and differences 
between PEV from nongenotyped and genotyped indi-
viduals were overestimated by this approximation 
method. Therefore, ssBR provides a precise solution for 
breeders to select parents with the most accurate 
GEBV among candidates that have similar predicted 
breeding values instead of spreading the risk by select-
ing groups of parents with high predicted breeding 
values and ignoring the accuracy among them. More-
over, ssBR is a marker-based model where SNP effects 
are directly estimated to assemble the final GEBV, and 
it is computationally feasible for the situation where 
the number of genotyped individuals exceeds the num-
ber of markers. The ssBR approach allows specification 
of more flexible prior distributions for marker effects 
(such as Student’s t distribution or a mixture of Stu-
dent’s t distribution and normal distribution). This can 
be utilized to conduct variable selection analyses based 
on the genetic architecture of the trait; that is, if the 
trait is more polygenic or is most likely controlled by a 
few genes with large effects.

In conclusion, single-step methods can greatly im-
prove the prediction reliability compared with PBLUP. 
We confirmed that regular ssGBLUP and ssBR with 
an extra polygenic effect led to the same predictions. 
As an approximation of regular ssGBLUP, the APY 
method yielded similar reliabilities as the regular ssG-

BLUP and ssBR. The ssBR approach ensures a precise 
computation of PEV of GEBV when inversion of the 
left-hand side of mixed model equations is computa-
tionally infeasible for large system, although running 
MCMC in ssBR is computationally demanding. There-
fore, the choice of models for genomic evaluation is 
highly dependent on the practical situation.
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