
MANY-ELECTRON EFFECTS IN
HIGH-ORDER HARMONIC GENERATION
FROM ATOMS, MOLECULES AND SOLIDS

KENNETH C. K. HANSEN
PHD DISSERTATION



Colophon

Many-Electron Effects in High-order Harmonic Generation from Atoms, Molecules
and Solids

PhD thesis by Kenneth C. K. Hansen.

The manuscript was typeset using LATEX (memoir class). All figures were
made using Matlab or Inkscape.

PDF version



M a n y - E l e c t r o n E f f e c t s i n
H i g h - o r d e r H a r m o n i c G e n e r a t i o n

f r o m At o m s , M o l e c u l e s a n d S o l i d s

K e n n e t h C . K . H a n s e n
P h D D i s s e r t a t i o n

J a n u a r y 2 0 1 9

Supervisor: Lars Bojer Madsen

Department of Physics and Astronomy
Aarhus University

http://phys.au.dk/bojer/
http://phys.au.dk/
http://www.au.dk/


To my son Hjalte,
create the world you want.



English Summary

High-order harmonic generation (HHG) has been utilized widely in ultra-
fast physics over the last decades, with its use of generating attosecond
pulses opening up new fields of physics. HHG has mainly been studied
in gas phase systems and has been found to be well described by one-
electron models, with its intrinsic energy-to-time mapping enabling the
study of time dependent processes.

In this thesis we first address an intrinsically multi-electron process,
the nonsequential double recombination (NSDR) in gas phase HHG.
Using the time-dependent Schrödinger equation in a low-dimensional
model we study the NSDR HHG signal from molecular systems. From
these quantum mechanical calculations we determine that a new signal
appears for large internuclear distances in the form of the same-period
emission and recombination (SPEAR) NSDR HHG. Using a classical
model we were also able to determine that the NSDR HHG process
encodes structural information about the molecular system through the
correlation between the two electrons involved in the NSDR HHG process.
We then address the HHG signal from solid-state systems. Using time-
dependent density functional theory we create model systems to study
the HHG signal from a slab of solid-state material. Here we find that a
many-electron model is needed for the solid-state material to adequately
describe the HHG process as all electrons in the system contribute to
the HHG signal. We then study finite size effects on the HHG signal
in solids. Here we find that the energies emitted in the HHG process
are limited by the system size. Furthermore we find that changing the
solid-state system, topological states can be created in a finite size system
that greatly enhance the emittance of low harmonics. Finally, HHG
from doped solid-state systems is studied. Here it is found that the
donor-doped material has its HHG signal dominated by the donor state.
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Dansk Resumé

Høj-orden harmonisk generation (HHG) er i de sidste årtier blevet brugt
i ultra-hurtig fysik til at lave attosekund pulse, hvilket har ført til nye
felter af fysik. HHG er hovedsageligt blevet studeret i gasser, hvor den er
fundet til at være godt beskrevet af en en-elektronmodel, og til at have
en direkte sammenhæng imellem energien og udsendingstiden. Denne
sammenhæng kan bruges til at studere tidsafhængige processer.

I denne afhandling studerer vi først mange-elektronprocessen, ikke-
sekvensiel dobbelt rekombination (NSDR) i gasfase-HHG. Ved brug af den
tidsafhængige Scrödinger ligning i en en-dimensionel model, studerer vi
NSDR HHG signalet fra molekylære systemer. Fra disse kvantemekaniske
udregninger finder vi, at et nyt signal opstår for store internukleære
afstande, i form af samme-periode udsendelse og rekombination (SPEAR)
NSDR HHG. Ved brug af en klassisk model, finder vi også at NSDR HHG
processen indeholder information omkring strukturen af det undersøgte
molekyle. Dette skyldes korrelationen imellem de to elektroner i NSDR
HHG processen.

Derefter undersøger vi HHG signalet fra faststofsystemer. Ved at
bruge tidsafhængig tæthedsfunktionalteori (DFT) laver vi modelsystemer
til at studere HHG signalet fra en blok af faststof. Her finder vi at en
mange-elektronmodel er nødvendig for at beskrive HHG processen i
faststof, da alle elektroner bidrager til HHG signalet. Vi studerer derefter
effekten af systemer med endelig størrelse på HHG signalet. Her finder
vi, at energierne udsendt er begrænset af systemstørrelsen. Endvidere
finder vi, at vi kan danne topologiske kanttilstande i endelige systemer.
Disse tilstande bliver fundet til at forstærke de lave harmoniske. Endeligt
studerer vi doterede faststof systemer. Her finder vi at et donor-doteret
faststof har dets HHG signal domineret af signalet fra donorelektronen.
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Part I

Review
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1 Introduction

Light has always been of great interest for humanity, its nature bewilder-
ing scientists for centuries, with it having been described successfully as
both waves and particle rays. In our now enlightened time we understand
that light is both, and is in fact made up of oscillating electric and mag-
netic fields propagating at the speed of light, a fundamental constant in
our universe. Understanding these properties of light makes it perfect as
a tool to study the universe, with the lasers in our laboratories emitting
precise beams as useful to a scientist as a scalpel to a surgeon.

The story of modern atomic physics is in many ways the story of the
development and improvement of experimental devices. Among these
the laser takes a prominent role. Using lasers, scientists were able to
reach a new level of understanding of atoms and molecules and with each
new generation of lasers new discoveries have been made. In the 1980’s
it became possible to make laser pulses with an unprecedented short
length, making it possible to study processes in atomic and molecular
systems time-resolved. The achievement of producing such short and
high-intensity pulses being awarded the Nobel prize in 2018 [7, 8]. Like
lowering the shutter speed on a camera, using short laser pulses makes
it possible to see fast phenomena, but instead of taking a picture of a
fast car, physicists try to unravel the motion of electrons in their natural
environment in atoms, molecules and solids.

The innovation of table top lasers capable of producing laser pulses
of peak intensities of 1013− 1015 W/cm2 and pulse lengths of picoseconds
(10−12 s) and femtoseconds (10−15 s), opened up the field we now know
as strong field physics. Experimentalists have the ability to control the
phase of the produced pulses, and to create pulses with pulse lengths ap-
proaching the single cycle limit for frequencies ranging from the infrared,
through the visible spectrum, towards the ultraviolet spectrum [9, 10].
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1.1 Strong field physics 3

Such precise instruments enable the crafting of pulses for specialized
probing of the processes in strong-field physics [11]. Such precise control
of the pulses created, has enabled the processes in strong field physics to
be used as “instruments” themselves. Electrons emitted from a system
can recollide to either scatter, which gives valuable information about
the system and the pulse [12, 13], or to be reabsorbed resulting in the
emission of light that can be used to produce even shorter pulses [14, 15].
High-order Harmonic Generation (HHG) is an example of a recollision
process in strong field physics [16–18]. While HHG might be best known
for its use as a coherent ultraviolet light source from which attosecond
pulses can be created, the HHG signal also contains valuable information
about the system it is emitted from [19–24]. Recently a two electron
version of the normal HHG process was predicted theoretically in atomic
systems [25]. This process is strongly correlated therefore requiring a
full description of both electrons in the process. The two electron nature
of this new HHG process raises a lot of questions, especially in molecular
systems, where the two-electron nature of the process could lead to new
phenomena not seen in the normal HHG process.

Many of the processes known in strong field physics were first dis-
covered in atomic and molecular gas-state systems, but in recent years
interest has emerged in taking the knowledge from the gas phase to solid
state systems [26, 27]. Solid-state systems are very different from gas
phase systems as they intrinsically are many-particle systems with many
interacting parts, but nonetheless have properties that could make them
ideal for applications in strong field physics, like the high densities and
strong periodicities. While these properties are encouraging, strong field
processes in solids are still not well understood and are therefore inviting
new approaches to study the laser-matter interactions in the strong field
regime for solids [28–31].

We will here give a short overview of strong field physics with an
introduction to high-order harmonic generation, first in atomic systems
with one and then two electrons and then move on to HHG in solid-
state systems. The concepts presented here are essential for the work
performed in this thesis.

1.1 Strong field physics
A signature of strong field physics is the use of laser pulses with electric
fields of comparable strength with the electric field electrons experience
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when bound in atomic and molecular systems. Such strong electric fields
change the dynamics of processes, e.g. ionization, leading to many new
nonlinear phenomena.

Many processes in strong field physics can be understood using a
three-step model for the electron dynamics [18]. The three-step model
consists of the following steps: (1) the emission of an electron from a
system into the continuum by either tunneling or multiphoton ionization,
(2) the electron then propagates freely in the field not interacting with
other parts of the system and (3) the electron can recollide with the
system.

The first step in the three-step model has been studied extensively
both in the tunneling and multiphoton regime in strong field physics [32,
33]. Different models have been developed for the multiphoton [34, 35]
and tunneling [36–39] processes, with the strong field approximation
having been a particularly successful model in strong field physics [40–
43].

The third step in the three-step model can lead to different pro-
cesses. High-order above threshold ionization can be observed if the
electron elastically rescatters. Here, the electron can reach far higher
kinetic energies than is possible through normal propagation in the field,
leaving a characteristic plateau in the photo-electron spectrum [44–47].
The emitted electron will also contain information about the orbital
from which it was emitted, which can be studied through strong field
holography or in laser-induced electron diffraction (LIED) [13, 48, 49].
Using the time-energy correlation in the rescattering process, by iso-
lating certain electron energies, time-dependent information can even
be obtained through LIED [50]. Further, through inelastic scattering a
second electron can be emitted in what is known as nonsequential double
ionization (NSDI), which was one of the hallmark discoveries in strong
field physics [51, 52]. Lastly, the electron can recombine in the system
emitting its kinetic and potential energy as a photon. This process is
high-order harmonic generation and will be discussed in Sec. 1.1.1.

Further methods and processes became available with the introduction
of attosecond pulses generated using HHG. Using a combination of strong
femtosecond infrared pulses and attosecond pulses, it became possible to
obtain time-resolution in many processes by changing the delay between
the pulses. This has been used to make methods that characterize pulses
themselves [11, 53–55], and as pump-probe style experiments studying
dynamics in systems [56, 57]. Direct measurements of the tunneling time,
or more correctly, the delay, have been performed using pump-probe
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techniques with attosecond pulses [58, 59].
Strong field physics in solid-state systems has expanded over the last

decade, with the emergence of long wavelength lasers that are strong
enough to be able to induce dynamics in dielectrics and semiconductors
without damaging the material. Most of this research has been focused
in a tunneling regime where many of the processes can be understood
by a three-step model similar to the gas phase systems. The interband
transition to the conduction band in these systems, acting as the ion-
ization step, has been studied first theoretically [32, 60, 61] and now
measured time-dependently experimentally by using attosecond pulses
to determine the dynamics in solid-state systems [62–66]. The electrons
excited to the conduction band are still bound in the system after the
transition and will in many cases dominate the response to the external
field in the form of the predicted Bloch oscillations [67, 68] or, as will be
explored more in Sec. 1.1.3, the emission of HHG [69]. Because of the
control of the dynamics in the systems that the external field offers, the
strong field interaction has the possibility to control electronics directly
at optical frequencies [9, 70–72]. The strong field interaction with solids
still offers many questions but also many opportunities for further study
that certainly will give interesting results over the coming years.

1.1.1 High-order harmonic generation in gases
High-order harmonic generation in gaseous systems is a consequence
of electrons returning to their origin after tunneling and recombining,
emitting a photon of higher frequency than the driving laser frequency.
The process was first observed experimentally in 1988 and was found to
be well described by the three-step model [17, 18, 73].

As described above, will, in the three-step model, an electron first
tunnels out from the system into the continuum because of the interaction
with the external field, see Fig. 1.1. This is possible when the laser field
is slowly varying and when the Keldysh parameter [32], γ < 1. After
tunneling, the electron propagates freely in the external field until it
returns to the system. At recollision the electron emits its kinetic energy,
K, and the binding energy, Ip, in a single photon with energy Ω = K+Ip.
The emitted photon will be of higher frequency than the driving frequency
but limited in energy by the kinetic energy the electron can obtain in the
external field. Calculating electron trajectories for different tunneling
times, one finds that the maximum energy the electron can have at the
point of return is bound by the ponderomotive energy of the external
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e

(1)

(2)

(3)

Figure 1.1: The three-step model of HHG, (1) the electron tunnels
out into the continuum because of the interaction with the laser,
(2) the electron propagates according to the external field, (3) the
electron returns and recombines emitting its kinetic and potential
energy into a single high energy photon.

field, obtaining a maximum photon energy of Ω = Ip + 3.17Up. This
energy is the well known cutoff in HHG spectra limiting the energy to
the driving field parameters.

While the three-step model assumes a neutral groundstate atomic
system, HHG is also emitted from molecules [74–78], excited atoms [79]
and ionized atoms [80]. The HHG process can also be controlled by using
two-color pulses [81, 82], attosecond pulse trains [83, 84] or nanostruc-
tures [85, 86] to enhance the HHG signal. Because of the time-dependence
in the HHG process, it can also be used for direct study of time-dependent
processes [87, 88].

1.1.2 Nonsequential double recombination high-order
harmonic generation

As will be presented in Chap. 3, will we in this work study nonsequen-
tial double recombination (NSDR) in HHG. Traditional HHG can be
understood from a single particle picture with little correlation to the
other electrons present in most cases. Nonsequential double recombi-
nation HHG is an HHG process involving two electrons recombining at
the same time, emitting a single photon with the combined kinetic and
potential energy of both electrons, enabling the NSDR HHG process
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to emit photons of higher energy than the traditional HHG process. It
was found that for atomic systems the NSDR HHG process could reach
photons energies of Ω = I(1)

p + I(2)
p + 5.5Up, where I(1)

p and I(2)
p are the

ionization potentials for each electron sequentially [25].
The two electron nature of the NSDR HHG process opens up for

new usages compared with the traditional HHG process. The previous
studies of NSDR HHG were performed in atomic systems, limiting the
variety of effects that could interplay in the signal. We have therefore
chosen to further investigate the case of NSDR HHG in the simplest
molecular system, H2. Because the many steps involved in the NSDR
HHG process depend strongly on the location of the nuclei in the molecule,
even the classical model of NSDR HHG will have to be appended to
further increase the understanding of the NSDR HHG signal. From
this approach we found that for large internuclear distances, an entirely
new signal emerges; the same-period and emission and recombination
(SPEAR) NSDR HHG [1]. The NSDR HHG process is also found to
encode structural information about the system through the correlation
between the two generating electrons [2].

1.1.3 HHG in solid-state systems
In Chap. 4 we will study solid-state HHG. Compared with HHG from gas
systems, HHG from solids is a relatively new field, gaining much interest
after the first experimental discovery of HHG from a solid-state target by
Ghimire et al. in 2011 [89]. High-order harmonic generation from solids
was found to exhibit a plateau with a characteristic cutoff similar to
HHG from gases but the cutoff was found to scale linearly with the field
strength in solids, in contrast with the gas phase where the cutoff scales
quadratically with the field strength. This indicated that a different
process was generating the HHG in solids from the scattering process
of HHG in gases. After the first detection of HHG from ZnO it was
detected from other semiconductor materials [27, 90, 91], thin films [92–
94] and more exotic solids like argon crystals [95] and graphene [96, 97]
all showing similar characteristics with some even having several HHG
plateaus. These experimental results also indicate solid-state HHGs
potential to be a viable ultraviolet sources [98, 99].

The linear dependence of the cutoff in the solid-state HHG signal has
lead to the development of a new three-step model for HHG [100]. The
model is illustrated in Fig. 1.2 where the three-step model of HHG in
solids is juxtaposed with the three-step model of HHG in gases. The three-
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Figure 1.2: The three-step model solid-state HHG juxtaposed with
the three-step model of HHG in gases. Here the blue part (to the
left) is the gas model and the red part (to the right) is the solid-
state model. The gas system has a ground state, GS, the ionization
potential, Ip, and the free space parabola, k2/2. The solid-state
system has the valence band, VB, the minimum bandgap, Eb, and
the conduction band, CB. The motion of the electron and hole are
indicated by the dashed lines and the recombination indicated by
the vertical solid line.

step model in solids is, (1) an electron is excited at the minimum bandgap,
Eb, to the conduction band leaving a hole in valence band, (2) they both
propagate in the solid with their momentum being k(t) = k0 + A(t),
whereA(t) is the vector potential, and their velocity given by the gradient
of the band at k(t) and (3) they can recollide emitting the bandgap
energy at the momentum k(tr) at the instant of recollision, tr. This
three-step model of HHG in solids has clear parallels to HHG in gases,
with first a barrier being crossed, and then the electron propagating until
recollision. A significant difference is the motion of the hole in the solid,
but there is actually a hole in the gas system but it would not be able to
move as its bound to the position of the nuclei of the gas. The three-step
model for solids was able to explain the linear dependence on the field
strength and show a time-dependence on the emitted harmonics similar
to what is used in HHG from gases to produce attosecond pulses.

While the three-step model has been successful at explaining results
from solid-state systems, it is based on an interband HHG process
where electrons “jump” between bands to emit radiation which does
not encompass the intraband HHG process where the movement of
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electrons within the valence and conduction bands lead to the emittance
of radiation. Different methods have been used to model the full response
of the solid-state systems quantum mechanically with the semiconductor
Bloch equations (SBE), one of the traditional solid-state techniques,
having been successful at modeling the signal from real systems [101, 102].
Using low dimensional models it has also been found that using TDSE
with a Bloch basis or with real space grid, is able to calculate the HHG
signal from solids state systems [103–105].

A many particle approach to HHG in solids is time-dependent density
functional theory (TDDFT) with which it is possible to create self-
consistent systems in full dimensionality [106, 107]. We will in the present
work use one-dimensional model systems using TDDFT that emulate
the behavior of full-dimensional solid-state systems. TDDFT enables us
to create a wide variety of different setups emulating different effects like
doping and finite size effects. Other approaches include Wannier-Bloch
states [108, 109], Floquet theory [110, 111] and time-dependent Hartree-
Fock [112] who all have different analytical strengths with the ability to
separate the HHG signal into intra- and interband being interesting as it
is impossible in straight forward TDSE and TDDFT methods.

Because of the strong dependence of the HHG process on the band
structure, HHG has also been proposed as a way to reconstruct the
band structure [113, 114] or as an alternate way to measure the crystal
structure [115].

It has also recently been proposed to use low dimensional systems
to enhance the emission of HHG solids [116, 117] and similarly the use
of plasmons has been proposed in order to increase the HHG signal in
different systems [96, 118].

To answer questions about HHG from solids we have in this work used
TDDFT in low dimensional models to effectively address problems that
can be hard to answer using other methods. We have first shown that
the low dimensional model correctly produces HHG as expected from
solid-state systems [3]. We subsequently study the change of the HHG
signal as the system transitions from being an atom and small molecule
to a true solid-state system. Here it was found that the system began
emitting solid-state HHG at relatively small system sizes but the emitted
energies were suppressed by the limitation upon the motion of hole and
electron by the system size [4]. We then studied the emittance of HHG
from a topological edge state where it was found that the below bandgap
HHG signal was enhanced greatly by the topological state, pointing
towards topological systems as effective emitters of HHG [5]. Lastly we
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studied both acceptor- and donor-doping finding that the donor type
doping greatly increased the HHG yield, with the emitted HHG signal
from the donor state dominating the HHG spectrum [6].

1.2 Outline
This thesis is separated into two parts. In Part I, I will give an overview
of the methods used to study HHG in atomic, molecular and solid-state
systems and give an in depth analysis of the processes producing the
HHG in these systems.

In Chapter 2, the numerical methods used to study HHG in atomic,
molecular and solid-state systems will be presented. Procedures to solve
the time-dependent Scrödinger equation are explored together with tools
to analyze the results.

The remaining Chapters 3-5 include discussions of the models and
results related to the research papers enclosed in Part II.

In Chapter 3, nonsequential double recombination (NSDR) HHG
will first be presented for an atomic system and then expanded to a
molecular system. Representative results are shown and expanded upon
with classical models for the same-period emission and recombination
(SPEAR) NSDR and molecular NSDR. Here we find that the NSDR
HHG process depends on the structure of the molecule and that a change
in the NSDR HHG signal can be observed coinciding with a change in
the charge transfer process in the model molecule used. We also observe
a new NSDR HHG signal after this transition in the form of SPEAR
NSDR HHG.

In Chapter 4, HHG from solid-state systems is discussed. Different
model systems are created to study a range of different effects whereafter
the HHG signal from these systems are studied. Classical models sup-
porting the quantum results will then be implemented expanding further
upon the results. From these studies it is found that using TDDFT
models we are able to create systems that produce solid-state HHG.
Modifying the system we are then able to study finite size effects on the
HHG signal, the effect of topological edge states and how doping affects
the HHG signal.

Chapter 5, concludes on the present work along with an outlook.
In Part II, the publications constituting the foundation of this thesis

are appended, with explanations for my specific contribution to each
work.



2 Numerical Methods

Depending on the problem that is being addressed, the best numerical
method has to be chosen carefully in order to adequately describe the dy-
namics of the systems in question and to extract the relevant information
from the calculation.

For most real systems, like atoms or molecules, the full dimensional
time-dependent Schrödinger equation (TDSE) describing all particles
and interactions in the system is unwieldy and impossible to work with
directly. Therefore, depending on the problem, different methods and
approximations will be used to reduce the problem to a manageable size.
In the current work we will be addressing atomic and molecular systems
to study the nonsequential double recombination (NSDR) high-order
harmonic generation (HHG). In atomic and molecular systems methods
like Configuration Interaction (CI) [119], Coupled Cluster (CC) [120],
Multiconfigurational self-consistent field theory (MCSCF) and multi-
configurational Hatree-Fock (MCHF) all strive towards reducing the
complexity of the problem by using appropriate bases that handle corre-
lation and geometries in elegant ways. These methods have shown great
success in dealing with complicated systems but for the precision needed
to model NSDR HHG in even the simplest atomic or molecular systems
they are expected to be too heavy numerically, in a full dimensional
analysis. A well known method that has been widely used in strong field
physics is the strong field approximation (SFA), which has had great
success at elegantly calculating quantum mechanical results in strong
field physics [40–43]. The SFA is able to address many problems in a
semi-analytical way by making appropriate assumptions for the process
in question. SFA has previously been used to study NSDR HHG in
atomic systems but has by us been assumed too cumbersome to address
NSDR HHG in molecular systems in a satisfying manner [25]. We have

11
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therefore chosen to address the production of NSDR HHG by solving
the TDSE directly in a low dimensional model where correlation is taken
fully into account but where only one spatial dimension is modeled. Such
an approach is similar to how NSDR HHG was originally predicted [25].

For solid state systems Density Functional Theory (DFT) has been a
powerful tool for many years to determine the ground state and band
structure in bulk materials and large systems. Though not limited to solid
state systems, DFT is the foundation of many solid state techniques for
time-dependent calculation, like semiconductor Bloch equations [101, 102]
or time-dependent density functional theory (TDDFT) [106]. In contrast
to many other numerical approaches for calculating the HHG signal
from solid-state systems, the TDDFT method offers the opportunity
to address finite size systems and introduce real space perturbations to
systems and study their effect on the HHG signal. We will therefore be
using TDDFT to model HHG in finite size systems.

The goal of the present work was first to look at the NSDR HHG
signal emitted from atomic and molecular systems and then use some of
these same methods in solid-state systems. We will therefore first present
the numerical methods used to solve the TDSE in the case of atomic and
molecular systems with two electrons and then show how these methods
can be implemented for solid-state systems using TDDFT.

2.1 Atomic and molecular systems
We will here present a model for studying the NSDR HHG signal from a
molecular system. The simplest model able to reproduce NSDR HHG
requires at least two fully correlated electrons. This is difficult, if not
impossible, to do in full dimensionality, even in the simplest case of
only having two electrons. We therefore use a reduced dimensionality
model confining the electrons to only one spatial dimension. Such a
model has previously been found to work well for modeling the normal
HHG signal as the motion of the electrons in the field mainly happens in
the polarization directions of the external field, which in many cases is
linearly polarized. We also only address the simplest possible molecule
H2, were we assume the nuclei have infinite mass and therefore cannot
move time-dependently. This model was used in Paper I [1] and Paper
II [2].

The TDSE for a collinear model of H2, where the nuclei are fixed and
the internuclear axis is along the polarization direction of the external
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field, then reads

i
∂

∂t
Ψ(x1, x2) = H(t)Ψ(x1, x2), (2.1)

where Ψ(x1, x2) is the many-body wavefunction of the two electrons only
dependent on the position of the two electrons, and H(t) is the time-
dependent Hamiltonian of the system. Because of the long wavelengths
used to produce HHG from atomic and molecular systems we will be
using the dipole approximation in the laser interaction. The velocity
gauge will be used for the laser interaction because of the large box
required to model the movement of the emitted electrons before their
return and recollision with the nuclei. The time-dependent Hamiltonian
is then

H(t) =
2∑
i=1

(
[pi + A(t)]2

2 + VR(xi)
)

+W (x1 − x2), (2.2)

where pi is the momentum of electron i, A(t) is the vector potential of
the external field, VR(xi) is the Coulomb interactions with the nuclei
for electron i and W is the Coulomb interaction between the electrons.
In one dimension the Coulomb interactions have to be modeled using
a softened Coulomb potential to avoid the Coulomb singularity. The
electron-nuclei Coulomb interaction then takes on the form

V (xi) = − 1√
(x−R/2)2 + εei

− 1√
(x+R/2)2 + εei

, (2.3)

where εei is the softening factor determined by the system one wants to
model. The electron-electron interaction similarly reads

V (xi) = − 1√
(x1 − x2)2 + εee

, (2.4)

where εee is the Coulomb softening of the electron-electron interaction,
also determined by the model system.

Solving the TDSE directly can be done using a wide range of different
methods including the Arnoldi-Lanczos propagator using the Krylov
subspace [121], the split-step Fourier transform [122], the Chebyshev
propagator using Chebyshev polynomials [123] and the Crank-Nicolson
propagator [124, 125] which all have advantages and disadvantages. We
found that the split-step Fourier transform method could not reach the
level of accuracy needed to model NSDR HHG and we instead chose to
use the Crank-Nicolson method.
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2.1.1 The Crank-Nicolson solver
To solve the TDSE for the model of the collinear H2 system we employ
the Crank-Nicolson (CN) method. First we will address the case of a
one-electron system and then expand to the two-electron case. For an
excellent and more in-depth explanation of the CN algorithm and its
details see Chap. 1 in Ref. [125].

The TDSE for one electron in one dimension is

i
∂

∂t
Ψ(x, t) = H(t)Ψ(x, t) =

[
− ∂2

∂x2 − iA(t) ∂
∂x

+ V (x)
]

Ψ(x, t), (2.5)

where the constant phase A(t)2 has been omitted as it is a global phase
in the dipole approximation. When solving the TDSE numerically, the
time axis is discretized and the problem broken down into steps of using
the known wavefunction, Ψ(ti), at time ti to find the wavefunction at
ti+1 = ti + ∆t, where ∆t is the timestep of the discretization. The CN
propagator for finding Ψ(ti+1) is

Ψ(ti+1) = U(ti + ∆t, ti)Ψ(ti) =
1− 1

2iH(ti + ∆t/2)∆t
1 + 1

2iH(ti + ∆t/2)∆tΨ(ti), (2.6)

where U(ti + ∆t, ti) is the time propagation operator and H(ti + ∆t/2) is
the Hamilton of the system at t = ti + ∆t/2. This propagator is unitary
and therefore conserves the norm of the system. The CN propagator
is a combination of implicit and explicit propagation scheme and has
the great property of being unconditionally stable and correct to second
order in time, O(∆t2). In practice the problem will be rewritten as[

1 + iH(ti + ∆t/2)∆t
2

]
Ψ(ti+1) =

[
1− iH(ti + ∆t/2)∆t

2

]
Ψ(ti), (2.7)

where the right-hand side is known and the equality is solved for Ψ(ti+1).
For the CN algorithm to be numerically viable, the representation

of operators and choice of gauge have to be chosen to suit the problem.
For problems like HHG and photo-electron spectra, where a large box
is needed, the velocity gauge has been found to be best because of the
large value of the laser interaction in the length gauge for large box
sizes [126]. We will be using a finite-element approach to represent the
wavefunction, Ψ(xi) = Ψi, discretizing the spatial axis in a box of size L
with a discretization step of ∆x. The lowest order approximation of the
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first and second order differential in Eq. (2.5) are
∂

∂x
Ψn ≈ ∆1Ψn = Ψn+1 −Ψn−1

2∆x , (2.8)

∂2

∂x2 Ψn ≈ ∆2Ψn = Ψn+1 − 2Ψn + Ψn−1

∆x2 . (2.9)

To achieve the best accuracy for a certain timestep we will be using
the Numerov boost to improve the finite difference representation of the
differentials [126],

∂2

∂x2 Ψn ≈
(

1 + ∆x2

12 ∆2

)−1

∆2Ψn, (2.10)

∂

∂x
Ψn ≈

(
1 + ∆x2

6 ∆2

)−1

∆1Ψn. (2.11)

These operators are not tridiagonal in a matrix representation and result
in dense matrices because of the inverse in Eq. (2.10) which would be a
problem for numerical efficiency if not handled correctly. We alleviate
this problem by using operator splitting [127], splitting the Hamiltonian
in Eq. (2.5) into an atomic part and a laser part, then using the well
known O(∆t3) method of operator splitting

UA+B(∆t) = UB(∆t/2)UA(∆t)UB(∆t/2) +O(∆t3),

where A and B are operators and Ui is the time propagation operator
using operator i. Each part of the time propagation operator is then
applied in succession on the wavefunction using the CN algorithm and
then solved efficiently using forward-backward substitution.

Hence, it is possible to do effective one-dimensional calculations with
one particle. Moving to multidimensional or many particle problems, as
seen in Eq. (2.2), is handled by using an alternating direction implicit
(ADI) method [128]. The Hamiltonian in Eq. (2.2) is split up into

H(x1, x2, t) = Hatom,1 +Hatom,2 +Hlaser,1 +Hlaser,2 +Hinter, (2.12)

where Hatom,i is interaction between electron, i, and the nuclei, Hlaser,i
is the interaction between the laser and electron, i, and Hinter is the
interaction between the electrons. Using operator splitting, each part
is then solved using the CN algorithm with the exception of Hinter =
W (x1 − x2) that can be applied directly in its exponential form of the
time propagation operator.

The CN algorithm is implemented in the Qprop package, which all
quantum calculations made in this thesis is based upon [129].
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Figure 2.1: The binding energy and ionization potentials for H2 and
H+

2 as a function of the internuclear distance. Reproduced with
permission from my Progress Report, 2016.

2.1.2 Groundstate determination
An initial state is required to do time-dependent calculations. In a re-
duced dimensionality model it is wanted that the initial state will address
a similar problem as what would be addressed for a full dimensionality
calculation, and we therefore have to choose the parameters in the model
to obtain such an initial state. For the molecular and atomic potential
chosen, seen in Eq. (2.3), in the model, only the two softening parame-
ters are to be set. We choose to set these parameters as constant as a
function of the internuclear distance, R, and set the softening parameters
to εei = 0.5 and εee = 0.329. In the limit of R = 0 these parameters will
let the model recreate the ionization potential of He, Ip(He) = 0.903,
and He+, Ip(He) = 2.0.

The ground state is then obtained for all internuclear distances of
interest using imaginary time propagation. The binding energy and
ionization potential as a function of the internuclear distance for H2 and
H+

2 can be seen in Fig. 2.1.
It is then possible to do time-dependent calculations using these

groundstates to the determine the HHG signal emitted by the systems.
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2.1.3 Complex absorbing potentials
The CN algorithm used in Sec. 2.1.1 results in reflecting boundary
conditions. It can be modified to have periodic boundary conditions but
neither would be the correct behavior for atomic or molecular systems.
We therefore implement a complex absorbing potential (CAP) of the
form

VCAP(x) = 50
∣∣∣∣∣ xL/2

∣∣∣∣∣
16

. (2.13)

The VCAP is included in the electrostatic part of Eq. (2.2) when solving
the TDSE using CN. The CAP removes part of the wavefunction close
to the edge of the box indiscriminately so no part of the wavefunction is
reflected at the edge of the box. When modeling HHG, the box therefore
has to be big enough to contain the motion of the electrons in the HHG
process, which is pulse dependent.

2.1.4 Laser parameters
When using the velocity gauge in the laser-atom interaction the laser
field is described using the vector potential, A(t), which, when using the
Coulomb gauge, relates to the electric field, F (t), as A(t) = −∂F (t)

∂t
. We

will in this work be using two different vector potentials, a short pulse
and a long pulse.

For a short n-cycle pulse the vector potential takes on the form,

A(t) = F0

ω
sin2

(
ωt

2n

)
sin(ωt+ ϕCEP), (2.14)

where F0 is the electric field amplitude, ω is the driving frequency
of the laser, n is the number of cycles in the pulse and ϕCEP is the
carrier-envelope phase (CEP) of the pulse. We will in this thesis also be
referencing the amplitude of the vector potential, A0, which is given as
A0 = F0/ω. The CEP is important when using short pulses but will in
all cases be set to ϕCEP = 0 in this thesis.

A long pulse takes on the form,

A(t) =


F0/ω sin(ωt) sin2

(
π
2
t
Tu

)
0 < t < Tu

F0/ω sin(ωt) Tu < t < Tu + Tn
F0/ω sin(ωt) cos2

(
π
2
t−Tu−Tn

Tu

)
Tu + Tn < t < 2Tu + Tn

(2.15)
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where Tu = 2πm/ω is the ramp-up and ramp-down time of the pulse
and Tn = 2πn/ω is length of the n-cycle flat top of the pulse.

Both for the short pulse and the ramp-up and ramp-down of the long
pulse a sin2-envelope has been found to behave well numerically.

2.1.5 High-order harmonic generation spectra
To obtain the HHG spectra from TDSE calculations we calculate the
dipole acceleration expectation value,

adip(t) ≡ d2

dt2 〈d(t)〉 , (2.16)

where d(t) is the dipole of the system. The HHG spectrum is then found
by Fourier transforming the dipole acceleration. The dipole acceleration
should obtain identical results to the dipole after the Fourier transforma-
tion but it has the advantage that it goes to zero quickly after the pulse
has finished and the calculation therefore can be stopped after fewer
timesteps [130, 131].

For the two electron model with static ions, the dipole acceleration
can alternatively be calculated using the Ehrenfest theorem as

adip(t) ≡ d2

dt2
〈x1 + x2〉 (2.17)

= 〈ψ(x1, x2, t) | −∇x1V (x1, x2)−∇x2V (x1, x2) |ψ(x1, x2, t)〉 ,
(2.18)

where ∇xi is the gradient with respect to coordinate xi (i = 1, 2),
V (x1, x2) is the static potential and ψ(x1, x2, t) is the electronic wave-
function at time t. Having the gradient of the potential with respect
to both electron coordinates results in the electron-electron interaction
in Eq. (2.4) canceling out, leaving back only the gradient of the nuclei-
electron interaction in Eq. (2.3). In Eq. (2.18) the electric field is omitted
since it would only contribute to the spectrum at the order of ω.

To obtain more information from the dipole acceleration we use a
window function when Fourier transforming. There are several different
classes of window functions with different characteristics but the main
feature sought in the case, where several plateaus in a HHG spectra is
studied, is the reduction of the "leakage" of the low harmonic signal into
the higher harmonics, masking them in the signal. For this purpose we
have found the Nuttall window function to obtain the best result in the
atomic and molecular case [132].
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By calculating the dipole acceleration, using the TDSE, we will be
able to study the HHG signal from the model systems. These results are
presented in Chap. 3 with analysis of the obtained spectra.

2.2 Solid-state systems
We will here present a method to model solid-state systems that emit
HHG. Traditionally, when working with solids, periodic boundary condi-
tions are assumed and electrons are represented in a Bloch-basis which
is a good approximation when treating bulk solids with no edges or
impurities. In strong field physics similar approaches have been used
to address HHG emission from solids using the semiconductor Bloch
equations [101]. In these approaches DFT is used to first determine a
band structure for a system and the dynamics are then modeled using
the semiconductor Bloch equations. This method has been successful at
reproducing features in HHG spectra from solids and has the advantage
that it is easy to use on real world examples provided the groundstate of
those systems can be determined through DFT. We decided to approach
the problem using time-dependent density functional theory (TDDFT),
which is a time-dependent extension of DFT using the Kohn-Sham equa-
tions to propagate the system as determined through traditional DFT
under the influence of the laser. Other groups have demonstrated the fea-
sibility of such an approach in a in a three dimensional model [106, 107]
but the numerical accuracy was insufficient to show certain interesting
phenomena that have been found with other methods, such as multiple
HHG plateaus [103, 104]. We will therefore restrict ourselves to one-
dimensional models with the goal of modeling the three dimensional
systems. A one-dimensional model is expected to produce representative
results because of the linearly polarized external field, where similarly
to the atomic case, it has been found that the dynamics in the HHG
process only happens in the polarization directions [93, 99].

We will be doing this in a "slab" model treating a localized system
without periodic boundary conditions. The slab will be made of a linear
chain of N infinitely heavy ions which, in the general case, are spaced
equidistantly at positions xi with a lattice constant, a0,

xi =
[
i− 1

2(N − 1)
]
, i ∈ [1, .., N ]. (2.19)
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Each nuclei generates a softened Coulomb potential with the total static
potential

vion(x) = −
N−1∑
i=0

Zi√
(x− xi)2 + εi

, (2.20)

where Zi is the charge of nuclei i and εi is the softening of the i’th
nucleus’ Coulomb potential. Here the Coulomb interaction is again
softened to remove the singularity of the three dimensional interaction.
The parameters of the model will then be chosen depending on what
phenomenon is wished modeled.

We will find the groundstate of the systems using DFT and then
propagate the system under influence of the external field using TDDFT.
These methods will presented in the following.

2.2.1 (Time-dependent) Density Functional Theory
We will here first describe the time-indepedent method, DFT, and then
expand to TDDFT. The uses of DFT have been many and varied, with
a Nobel prize being awarded for its achievements [133]. Both DFT and
TDDFT work by reducing the many-body wavefunction into a single-
particle density at the expense of correlation becoming non-trivial to
describe accurately. It can be shown through the Hohenberg-Kohn
theorem that that for a given scalar potential acting on the many-body
electron system, there exists an unique density that describes the system
from which all observables can be recovered. The problem then reduces
into finding the densities and how to calculate the exchange-correlation
of the interacting electrons, which is now only described using their
combined density.

Formally the density is defined as

nσ(x) = Nσ

∑
σ2,...,σN

∫
dx2 . . . dxN |Ψ(x, σ, x2, σ2, . . . , xn, σN)|2 (2.21)

for each spin σ =↑, ↓, with Ψ being the many-body wavefunction fulfilling
the Scrödinger equation for the system and Nσ being the number of
spin-σ electrons. The total density is then

n(x) =
∑
σ

nσ(x), (2.22)
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fulfilling ∫
dxn(x) = N, N =

∑
σ

Nσ. (2.23)

To be able to effectively work with the density of the system we employ
an auxiliary system of noninteracting particles called the Kohn-Sham
system consisting of N orbitals, ϕσ,i(x), i = 1, . . . , Nσ. This auxiliary
system will aim to reproduce the real density, nKS(x) = n(x), with the
density being calculated as

nσ =
Nσ−1∑
i=0
|ϕσ,i(x)|2. (2.24)

Each orbital will obey the time-indepedent Kohn-Sham equation

εσ,iϕσ,i(x) =
{
−1

2
∂2

∂x2 + vKS[{nσ}](x)
}
ϕσ,i(x), (2.25)

where εσ,i is the orbital energy and vKS[{nσ}](x) is the Kohn-Sham
potential. The Kohn-Sham potential in the time-independent case is

vKS[{nσ}](x) = vion(x) + u[n](x) + vxc[{nσ}](x) (2.26)

where vion(x) is the static potential in the system, vxc[{nσ}](x) is the
exchange-correlation potential and u[n](x) is the Hartree potential,

u[n](x) =
∫ n(x′)dx′√

(x− x′)2 + ε
, (2.27)

with ε being the softening factor as we will be working in one dimension.
While the static potential and Hartree potential are known for most

systems, the exchange-correlation (xc) potential has the tough job of
making sure the Kohn-Sham system reproduces the true density of the
system. For some simple systems the xc-potential is known precisely but
in most cases creating a functional that is able to describe the correct
exchange symmetry of the fermionic system and the correlation of the
interacting particles is difficult and in practice impossible. This has
lead to a range of xc-potentials being developed with different classes of
complexity. The most complex xc-potentials have been carefully crafted
for specific problems whereas others are used in a wide range of different
problems to varying degrees of success. In our treatment of solid-state
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systems we will be using one of the most used exchange-correlation
potentials, an extension of the local density approximation, called the
local spin density (LSD) approximation:

vxc[{nσ}](x) ' vx[{nσ}](x) = −
[ 6
π
nσ(x)

]1/3
. (2.28)

When the system is spin neutral with N↓ = N↑ the exchange-correlation
energy simplifies to vx[{n}](x) = −

[
3
π
n(x)

]1/3
. The use of a more

complex class of exchange correlation functional, the generalized gradient
approximation, is discussed in appendix A.

The energy of the system is found using the functional

E = T [nσ] + U [n] + Exc[nσ] +
∫
dxn(x)vion(x) (2.29)

where Exc is the exchange-correlation energy where in LSD only the
exchange energy is used,

Exc[nσ] = (Ex[2n↑] + Ex[2n↓])
2 , (2.30)

Ex[n] = −3
4

( 3
π

)1/3 ∫
dx{n(x)}4/3, (2.31)

U [n] is the Hartree energy calculated as

U [n] = 1
2

∫
dxu[n](x)n(x) (2.32)

and T [nσ] is the kinetic energy that is approximated from the Kohn-Sham
orbitals as

T [nσ] = −1
2
∑
σ

Nσ∑
i=1

∫
dxϕ∗σ,i(x) ∂

2

∂x2ϕσ,i(x). (2.33)

To obtain the ground state of the system using DFT we apply imag-
inary time propagation to minimize the system energy and relax the
electrons upon the static potential from the ions. The imaginary time
propagation is done by using Eq. (2.25) to propagate the Kohn-Sham
orbitals one timestep separately and then orthonormalizing the orbitals.
We solve Eq. (2.25) using the Crank-Nicolson algorithm, as described
in Sec. 2.1.1, as Eq. (2.25) has the same structure as the Schrödinger
equation in Eq. (2.5). From this we determine the groundstate of the
system which then is used for the time-dependent calculations.
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In order to do time-dependent calculations we employ TDDFT to
model the interaction between the system and an external field. We
let the density and Kohn-Sham orbitals become time-dependent and
propagate the orbitals using the time-dependent Kohn-Sham equation:

i
∂

∂t
ϕσ,i(x, t) =

{
− 1

2
∂2

∂x2 − iA(t) ∂
∂x

+ ṽKS[{nσ}](x, t)
}
ϕσ,i(x, t),

(2.34)

where we again use the velocity gauge and dipole approximation for the
interaction with the external field, described by the vector potential, A(t).
The Kohn-Sham potential also becomes time-dependent as it depends
on the now time-dependent density,

ṽKS[{nσ}](x, t) = vion(x) + u[n](x, t) + vxc[{nσ}](x, t), (2.35)

with the Hatree potential, u[n](x, t), and exchange-correlation potential,
vxc[{nσ}](x, t), having the same forms as in Eq. (2.26) and Eq. (2.28)
respectively but with the now time-dependent density. Here we have
used the adiabatic approximation for the exchange-correlation potential
resulting in it only depending on the instantaneous time-dependent
density. Using the initial state determined from DFT we then propagate
each orbital using the Crank-Nicolson algorithm. In this thesis we have
used both the so-called "dynamical" time-dependent Kohn-Sham potential
and the "frozen" time-independent Kohn-Sham potential. The frozen
Kohn-Sham potential equates to propagating each orbital independently
as separate particles in the effective potential created by the total density.
The frozen Kohn-Sham potential is a good approximation when the total
density is almost constant under influence of the pulse, which is true
when most electrons stay in the valence band in our solid-state systems.
For dynamical Kohn-Sham potentials we re-calculate the Kohn-Sham
potential in each timestep. To increase the accuracy of the method
we apply a predictor corrector to calculate the Kohn-Sham potential
increasing the timestep needed for convergence.

We will be working with slab systems with no periodic boundary
conditions and we therefore add a complex absorption potential in the
TDDFT calculations to remove electrons before they reflect on the
boundaries of the box of the same form as in Eq. (2.13).
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Figure 2.2: The band structure of system B in Article III from Part
II of the thesis found by Fourier transforming the eigenfunctions
of the groundstate Hamiltonian, found using DFT, plotted on a
logarithmic scale at the state energies. The two valence bands are
indicated by VB1 and VB2, the conduction bands are indicated by
CB1, CB2, CB3 and CB4 and the free space parabola is indicated
by FS. Reproduced with permissions from Phys. Rev. A 96, 053418
(2017) [3]. Copyright 2017 American Physical Society.

2.2.2 System Determination
After a static potential, vion(x), has been selected for study and DFT
used to determine the groundstate of the system, we use the Kohn-Sham
orbitals for the ground state to determine the band structure for the solid
system. By Fourier transforming the real-space orbitals, ϕi,σ(x, t0), we
can plot the Fourier transformed orbitals at their energies, εσ,i, and from
this observe a pseudo band structure of the system. Instead of using
the Kohn-Sham orbitals, the eigenstates of the ground state Kohn-Sham
potential in Eq. (2.26) will give not only the occupied valence bands
but also the unoccupied conduction bands and the free-space box states.
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Since we are working with finite systems the bands will not be precise
bands as is observed for periodic systems, but instead have a width in
momentum space which will be found to be related to the size of the
system.

For an example of such a pseudo band structure (henceforth termed
the band structure) found from the Kohn-Sham potential see Fig. 2.2.
In Fig. 2.2 the valence bands and conduction bands can be observed as
indicated by VBi and CBi respectively.

Using the groundstate system created using DFT we now use TDDFT
to calculate the dipole or current of the system to find the HHG signal
emitted by the system.

2.2.3 Time-dependent density functional theory
observables

Calculating observables in TDDFT can be difficult but when studying
HHG we only need the dipole or current which can be calculated directly
from the density. In practice we calculate the dipole, d(t), or current,
j(t), for each Kohn-Sham orbital and add them coherently

d(t) =
∑
i,σ

dϕi,σ(t) =
∑
i,σ

∫
dx|ϕi(x, t)|2x. (2.36)

j(t) =
∑
i,σ

jϕi,σ(t)

=
∑
i,σ

−i

[
ϕ∗i,σ(x, t)∂xϕi,σ(x, t)− ϕi,σ(x, t)∂xϕ∗i,σ(x, t)

]
2 . (2.37)

As in the atomic and molecular case, we obtain the HHG by tak-
ing the modulus square Fourier transforming the time-dependent ex-
pectation values where the dipole, |d(Ω)|2 = abs(FFT[d(t)])2, and
current, |j(Ω)|2 = abs(FFT[j(t)])2, are related by a factor of Ω2 as
|j(Ω)|2 = Ω2|d(Ω)|2. Here we also use a window function when Fourier
transforming to obtain more information from our HHG spectra, though
not the Nuttall window used in the atomic and molecular systems.

The results of the TDDFT calculations are presented in Chap. 4 were
the HHG spectrum from a variety of different systems are calculated.



3 Nonsequential Double
Recombination High-order
Harmonic Generation

The traditional high-order harmonic generation (HHG) process has been
found to be well described by the three-step model presented in Sec. 1.1.1.
The three-step model is a single electron model where any other elec-
trons present in the system studied will only impact the HHG signal
through their influence on the ionization potential, Ip. The success of the
three-step model underlines the single particle nature of the traditional
HHG process and while it did not limit the HHG process in being a
hugely successful tool, correlation can be used as an important tool in
experiments and theory. Nonsequential double recombination (NSDR)
HHG was first predicted in atomic systems where it presented itself at
a second plateau in the HHG spectrum at higher frequencies than the
normal cutoff of 3.17Up + Ip. The NSDR process was found to originate
from two electrons recombining at the same time emitting their com-
bined kinetic and potential energy into a single photon [25]. NSDR HHG
being a process involving two electrons makes it possible to produce new
interesting effects in both atomic and molecular systems.

We will in this chapter first present the classical model for NSDR
HHG in both atomic and molecular systems. We will then present
quantum mechanical results, first for atomic and then molecular systems
showing the change in the NSDR HHG signal for molecular systems and
the emergence of the same period emission and recombination (SPEAR)
NSDR HHG signal for large molecular systems.
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Figure 3.1: The return energy in NSDR HHG in units of the pon-
deromotive energy, Up, as a function of return time, t, in units of the
external field period, T . The dashed black curve (1) shows electrons
emitted in the first half period, dashed orange curve (2) shows elec-
trons emitted in the second half period and dashed green curve are
electrons emitted in the third half period. The NSDR HHG return
energies are the solid black curve (SPEAR), solid orange curve (1+2)
and the solid green curve (1+3) created respectively by adding up
return energies for two electrons returning both for the first time,
first and second time and first and third time. Reproduced with
permissions from Phys. Rev. A 96, 013401 (2017) [2]. Copyright
2017 American Physical Society.

3.1 Classical model for nonsequential double
recombination high-order harmonic
generation

We start by addressing the atomic case and will then expand the classical
model to account for molecular effects in NSDR HHG. We will assume the
external field is continuous wave with frequency ω0 and amplitude A0 =
F0/ω0, though the analysis will be independent from these parameters.
The model presented here are also partly presented in Paper I [1] and
Paper II [2].

Assume an electron tunnels into the continuum from the atom at
time, ti. The electron will be located around the nucleus at x(ti) = 0
with velocity v(ti) = 0. The electron will then be accelerated by the
external field with momentum p(t) = A(t) − A(ti), where A(t) is the
vector potential of the external field. The position of the electron is found
by integration as r(t) = α(t)− A(ti)(t− ti), where α(t) =

∫ t
ti
dt′A(t′) is
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the quiver motion of the electron in the external field. We then determine
return times where r(tr) = 0 again and calculate the return kinetic energy
at these moments for all initial emission times, ti. The return kinetic
energies as a function of return time can be seen in Fig. 3.1 as the dashed
black curve. There can be several return events for each emission time,
ti, though they never reach a higher return kinetic energy than the well
known HHG cutoff of 3.17Up. These second and tertiary return events
are the return kinetic energies of the dashed black curve after the first
period. For two electrons to recombine at the same moment and emit
NSDR HHG, they cannot be emitted in the same period as there is a
one-to-one mapping between emission and return times for the electron
trajectories in the pulse. Two electrons will therefore have to be emitted
in different half cycles to recombine at the same moment. To obtain the
NSDR HHG cutoff we therefore combine the return kinetic energies of
electrons emitted in different half cycles of the laser, shown in Fig. 3.1
as the solid orange curve marked 1 + 2 and the solid green curve marked
1 + 3 for electrons return for the first and second time, and first and
third time respectively. Also indicated in Fig. 3.1 is the SPEAR NSDR
HHG return energies which are two electrons both returning for the first
time. It will be seen later that this becomes possible for sufficiently large
molecules. From these classical calculations we then obtain maximum
return kinetic energies of 4.70Up for the 1+2 NSDR HHG, 5.55Up for the
1 + 3 NSDR HHG and 6.34Up for SPEAR NSDR HHG. For short pulses
these maximum return kinetic energies change slightly as was observed
in Ref. [1].

This analysis ignores all Coulomb interactions, both the electron-
electron repulsion and the electron-nuclei attraction. It was originally
found that the electron-electron repulsion was not needed to predict the
NSDR HHG cutoffs with a high degree of accuracy, but in Ref. [1] it was
found that the electron-nuclei interaction becomes important when the
electrons actually pass over bare nuclei in their propagation. This does
not happen in traditional HHG and can therefore safely be ignored in
that case.

The interaction between the electron and the bare nuclei introduces
molecular effects where the internuclear distance will affect the NSDR
signal. We will now include Coulomb effects in the Coulomb-corrected
three-step model (CC-TSM) expanded to molecular systems.

We will consider a homonuclear molecule with an internuclear distance
of R in the collinear case where the molecular axis is parallel with the
linearly polarized external field. In the limit of R = 0 this is the atomic
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(a)

(b)

(c)

(d)

(e)

Figure 3.2: Illustration of the 1+3 NSDR HHG process in our
homonuclear model. (a)–(d) shows the path of the first electron
emitted from the front nucleus until recombination. The blue cloud
on the nucleus indicates whether the electron interacts with the
nucleus in that pass or if it is screened and therefore does not
interact with the electron. (e) shows the path and interaction of the
second electron emitted from the back nucleus. Reproduced with
permissions from Phys. Rev. A 96, 013401 (2017) [2]. Copyright
2017 American Physical Society.
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case. We will assume that electrons are emitted at the nuclei and that
they do not interact with the nucleus of emission when leaving the nucleus
and when returning for recombination, as is assumed in the three-step
model. We include interactions with the nuclei in the propagation in the
following way: (i) the electrons propagate past the molecule and do not
recombine but instead interacts with one or both nuclei, (ii) for large
internuclear distances the second nucleus is included from the time of
emission but not for small and (iii) the nucleus of emission with respect to
the field orientation matters when including interaction with the second
nucleus and therefore needs to be addressed.

(i) Depending on the time in the NSDR process the second electron
might not have been emitted from the nucleus and the first electron will
therefore not interact with that nucleus when it traverses the molecule.
This is illustrated in Fig. 3.2 where the 1+3 NSDR process is shown.
On the first pass over the molecule by the electron emitted first, shown
in Fig. 3.2(b), the second electron still has not been emitted and the
free electron therefore only interacts with one nucleus as the second is
screened by the bound electron. This is not true for the second pass over
the molecule by the electron emitted first, shown in Fig. 3.2(c) where the
second electron has been emitted and the first electron then interacts
with both nuclei. These interactions will differ for the 1+2 NSDR and
the 1+3 NSDR and be taken into account in the modeling.

(ii) In large systems the the second electron emitted can propagate
past a nucleus that it interacts with from the moment of emission, as
shown in Fig. 3.2(e). This interaction needs to be included for large
internuclear distances. In small systems this interaction would bind the
electron and would also already be included in the ionization potential.
There will then be a transition around certain internuclear distances
where the interaction needs to be included.

(iii) Whether the second electron traverses the bare nucleus depends
on the orientation of the field at the time of emission and whether
modeling 1+2 NSDR or 1+3 NSDR. We therefore have to do distinct
calculations depending on where the first electron was emitted from.
Depending on the emission point of the first electron we will be using
"Front" and "Back", as seen in Fig. 3.3, to talk about each process.

From these three points we conclude that we have to do separate
classical calculations for 1+2 NSDR and 1+3 NSDR and that we have to
distinguish whether the electron emitted first was emitted from the front
or back nucleus in the system giving us 4 different classical maximum
return kinetic energies for NSDR HHG. Also from step (ii), depending
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Figure 3.3: The combined electric field and Coulombic potential
for molecular systems with large and small internuclear distances.
Because of the field orientation there is a "Front" and "Back" nucleus
with different electron dynamics. The dashed line shows the energy
level of the bound electron mainly located at the "Back" nucleus. Re-
produced with permissions from Phys. Rev. A 96, 013401 (2017) [2].
Copyright 2017 American Physical Society.

on the the internuclear distance, an interaction with one of the nuclei
has to be included in the calculations from the time of emission.

For large internuclear distances the SPEAR NSDR process also be-
comes observable. When both electrons are emitted in the same half-cycle
of the laser one electron will propagate past a bare nucleus as described
in step (ii). This interaction needs to be included when modeling SPEAR
NSDR HHG.

The classical calculations are pulse dependent. Here they are eval-
uated using the long pulse described in Eq. (2.15) with ω = 0.0584
and F0 = 0.119 and the Coulomb potential in Eq. (2.3). The classical
maximum return energies for NSDR HHG can be seen in Fig. 3.4 as
function of R. It was found from quantum mechanical calculations that
the system changed characteristics at R ≈ 8 where if an electron was
originally located at one nucleus, as would be expected for the system
after the emission of the first electron, it was not able to tunnel between
the nuclei on a timescale smaller than the laser frequency. From R = 8.0
we therefore include the interaction with the second nucleus from the
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(a)

No Coulomb

No Coulomb

(b)

Figure 3.4: (a) The return kinetic energies in the SPEAR NSDR HHG
as a function of the internuclear distance, R. (b) The return kinetic
energies of both electron in NSDR HHG as a function of internuclear
distance, R. See text for explanation of labels. (a) reproduced with
permissions from Phys. Rev. A 93, 053427 (2016) [1]. Copyright
2016 American Physical Society. (b) reproduced with permissions
from Phys. Rev. A 96, 013401 (2017) [2]. Copyright 2017 American
Physical Society.
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time of emission, if needed according to step (ii).
Also included in Fig. 3.4 is the two-electron three-step model without

the Coulomb interaction in the propagation, there label "No Coulomb".
We observe that the inclusion of the Coulomb interaction changes little
for small internuclear distances which shows why they were found to be
omittable in the original classical model in Ref. [25]. We also observe in
Fig. 3.4 that the difference between the front and back NSDR process is
negligible for all but the largest internuclear distances studied.

3.2 Quantum mechanical model of
nonsequential double recombination
high-order harmonic generation

Following the results presented in Paper I [1] and Paper II [2] we solve
the two electron TDSE as described in Sec. 2.1. We use a box of size
L = 400 with a step size of ∆x = 0.2 and a real time-propagation
step size of ∆t = 0.075. We obtain spectra using a 21-cycle flat top
pulse, as described in Eq. (2.15), with F0 = 0.119 and ω = 0.0584. The
ionization potential changes with the internuclear distance which is taken
into account in the classical cutoffs shown in the following spectra. The
spectra have been smoothed to make the plateaus and cutoffs easier
to observe. We will start the analysis by looking at the edge case of
the atomic case of helium and then move on to molecular systems first
for intermediate internuclear distances and then for large internuclear
distances.

3.2.1 Nonsequential double recombination HHG in
atomic systems

The HHG spectra for helium can be seen in Fig. 3.5. The first plateau
presents up to around 80 harmonics is the expected one-electron HHG
signal with the predicted cutoff of Ω = 3.17Up + I(1)

p . The second plateau
from around 110 to 150 harmonics is the NSDR HHG signal which can
better be observed in the insert in Fig. 3.5. The NSDR signal amplitude
is a lot lower than the HHG signal as it is a two electron process but
also because the pulse strength is low to avoid total ionization of the
molecular systems.
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Figure 3.5: The HHG spectrum for R = 0 (helium) in units of
the harmonic order obtained from an interaction with a 21 cycle
flattop pulse with ω = 0.0584 and F0 = 0.119. In the lower left
corner is a zoom-in of the second plateau indicated by the black box.
The vertical lines indicate the classically predicted cutoff for the
no-Coulomb three-step model (TSM) and the Coulomb-corrected
three-step model (CC-TSM) for 1+2 and 1+3 NSDR. Reproduced
with permissions from Phys. Rev. A 96, 013401 (2017) [2]. Copyright
2017 American Physical Society.

The 1+2 and 1+3 NSDR HHG cutoff can be observed by the dashed
red and blue vertical lines in Fig. 3.5. There are no back and front
distinction as there only is one nucleus in the atomic case. The vertical
dashed lines are the classical predictions from the CC-TSM and can be
observed to fit perfectly with the observed cutoffs. The no-Coulomb
TSM is marked with dashed and dashed-dotted black vertical lines. The
1+2 TSM can be seen to not predict the cutoff as well as the CC-TSM
but as was seen in Fig. 3.4(b) does the TSM and CC-TSM predict the
same cutoff for 1+3 NSDR HHG for helium and both predict the cutoff
well.
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(a)

(b)

Figure 3.6: The HHG spectrum for R = 8.0 and R = 9.0 in (a) and
(b), respectively, as a function of the harmonic order. See Fig. 3.5
for explanation of labels. Reproduced with permissions from Phys.
Rev. A 96, 013401 (2017) [2]. Copyright 2017 American Physical
Society.
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3.2.2 Nonsequential double recombination high-order
harmonic generation in molecular systems

When using the same softening factors for the ionic potential for all
internuclear distances, the ionization potential decreases with increasing
internuclear distance. This results in the NSDR HHG signal growing in
amplitude for the small molecular systems compared with the atomic case.
It is also observed that there is charge-resonance-enhanced ionization
for R ∈ [1, 5] which further enhances the NSDR HHG signal for these
internuclear distances [134]. The difference between back and front
NSDR HHG was predicted to be very small and no observable structures
are observed in the HHG spectrum. The NSDR process changes around
R ≈ 8 as outlined in Sec. 3.1, where a shift in the NSDR part of
the HHG signal is observed. Figure 3.6(a) and (b) shows the HHG
spectrum for R = 8.0 and R = 9.0, respectively, with the classical cutoffs
from the no-Coulumb three-step model and the CC-TSM indicated with
vertical lines. The no-Coulomb three-step model is independent of the
internuclear distance and remain constant between the two spectra. It
can be observed that the 1+2 NSDR HHG cutoff moves 10 harmonics
from R = 8.0 to R = 9.0 in a fashion not seen between R ∈ [0, 8.0]. In
the CC-TSM this can be explained by including the interaction between
the secondly emitted electron and the non-emission nucleus from the
time of emission. As explained in Sec. 3.1, this change in the NSDR
process can be understood quantum mechanically by studying the charge
transfer in the molecule around internuclear distances of R = 8.0. This
can be seen in Fig. 8 in Article II in Part II. The change in the NSDR
HHG signal shows how the NSDR HHG signal can be used to study
charge transfer processes in molecules in a time-dependent way using the
two electron character of the process. Also in Fig. 3.6(b) the SPEAR
NSDR HHG signal becomes observable, indicated by the dashed orange
vertical line around 150 harmonics.

The HHG spectrum for R = 16.0 is shown in Fig. 3.7. From R ≈ 9
the NSDR HHG cutoff change continuous with increasing internuclear
distance where at R = 16.0 the NSDR HHG cutoffs have morphed into
a single straight line dropping off linearly on the logarithmic scale. This
behavior contrasts the smaller molecules where the NSDR HHG signal
exhibited several clear cutoffs. This change in the cutoffs is a molecular
effect resulting from the multitude of different processes that contribute
to the NSDR HHG signal for such large systems. There are the four
processes of NSDR HHG 1+2 and 1+3 for both front and back emission
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Figure 3.7: The HHG spectrum for R = 16.0 as a function of the
harmonic order. See Fig. 3.5 for explanation of labels. Reproduced
with permissions from Phys. Rev. A 96, 013401 (2017) [2]. Copyright
2017 American Physical Society.

but also molecular exchange orbitals where the electrons recombine at a
different nucleus from the nucleus of emission. These different processes
results in slightly varying maximum return kinetic energies all contribut-
ing with a cutoff in the spectrum if their signal would be distinguishable.
Combined these processes result in the characteristic behavior in the
energy range of the cutoffs of the different NSDR processes.

3.3 Outlook
We have here shown how the NSDR HHG signal has an intrinsic depen-
dence on the system structure, by using a classical model to analyze the
results obtained through a reduced dimensionality TDSE calculation.
Studying the change in the NSDR HHG signal for different internuclear
distances it was shown that the two-electron nature of the NSDR HHG
process makes it possible for the second electron to probe charge transfer
dynamics in molecular system. This change in the charge transfer leads to
a shift in the NSDR HHG signal which can be seen at the transition from
R = 8 to R = 9. This dependence on the internal dynamics of the system
makes NSDR HHG a candidate for how to observe these dynamics. The
dependence on the internuclear distance of the observed cutoffs in the



3.3 Outlook 38

NSDR HHG signal could also be used to study time-dependent processes
that involve movement of the nuclei similar to what has already been
done with electron rescattering [13].

One of the challenges of NSDR HHG is the low signal strength of
the NSDR HHG process. Because of the time-dependence in the NSDR
HHG process it could be hypothesized that attosecond pulse trains could
be used to enhance the NSDR HHG signal, which was already done for
the normal HHG signal [83, 84]. Attosecond pulses could also be used
to further strengthen the ability of the NSDR HHG process to probe
dynamics in molecules.

We now move from atomic and molecular systems to solid-state
systems. In solid-state systems the HHG signal originates from a different
process to the one generating HHG i gaseous systems, so new methods
are needed to address this new process. But, although there are many
differences between the two processes, much of the experience from HHG
in gas phase systems can be brought over to HHG in solid-state systems.



4 High-order Harmonic Generation
in Solid-State Systems

Since the first experimental detection of HHG from a solid-state system,
many different theoretical models have been put forward, which all in
different degrees are able to describe the solid-state HHG process. While
certain methods, like the semiconductor Bloch equations, are able to
directly calculate the HHG spectrum from real materials [101], model
systems have been found to produce HHG with the characteristics of the
HHG signal from real systems [103, 104].

Here we use time-dependent density functional theory (TDDFT) to
create self-consistent model systems to study the HHG process. Where
many other numerical methods, addressing HHG from solid-state systems,
assume periodic boundary conditions, we remove this limitation by
studying slabs of solid-state material. We will in most cases create
systems so large that they are able to produce bulk solid-state HHG.
This limit can be reached by observing the convergence of the HHG signal
with system size. The TDDFT approach will include all interactions,
at least on a mean-field level, and will therefore be modeling several
conduction bands without them being explicitly included in the model.
The cost of this inclusiveness is the loss of the ability to distinguish
between the intra- and interband HHG signals, which is possible with
certain other methods. In addition to the TDDFT models, we will use
the three-step model of solid-state HHG.

We first present the three-step model of HHG from solid-state systems
and its extension, the extended semiclassical hole-electron (ESCHE)
model. These will later be used to analyze the quantum mechanical
results from model systems. We then move on to the quantum mechanical
model systems that have been created, and present the HHG signal.
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Figure 4.1: The movement of an electron and a hole in a band
structure of a solid-state system is shown with black arrows. VB is
the valence band and CBi is the i’th conduction band. Reproduced
with permissions from Phys. Rev. A 97, 043424 (2018) [4]. Copyright
2018 American Physical Society.

4.1 Three-step model of high-order
harmonic generation in solids

Insight into the solid-state HHG process can be obtained through a
classical three-step model that has been found to be able to predict the
first cutoff in the HHG spectrum. The model assumes that the system is
in the limit of an infinite bulk with a precise band structure such that
electrons and holes can move unhindered in the solid.

In the three-step model of HHG in solids, we first (i) assume an
electron is excited into the conduction band at time ti from the valence
band at the minimum band gap located at k = k0, seen in Fig. 4.1
at k0 = 0. This leaves a hole in the valence band. Since all states are
occupied in the valence band of a semiconductor or an insulator there will
exist an occupied state located at k = k0, but it will not necessarily be
the same state located there in the absence of a field. In the second step
(ii) the electron and hole move in the conduction band and valence band,
respectively, according to their momentum k(t) = k0+A(t)−A(ti), where
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A(t) is the vector potential. They follow the band as shown in Fig. 4.1,
changing their momentum with the vector potential. The movement in
real space can be determined from classical dynamics as:

∂H
∂k

= ∂r

∂t
= v(t),⇒ (4.1)

r(t)− r0 =
∫ t

ti
v(τ)dτ =

∫ t

ti
∇kE[k(τ)]dτ, (4.2)

where H is the classical Hamilton of the system which is the band energy
of the system, E[k(τ)], and∇kE[k(τ)] is the gradient in momentum space
of the band energy. We assume that the hole and electron are created at
the same position, r0 in real space, and we determine their movement
by solving the integral for their position. This is done separately for
the hole and the electron, moving in the valence and conduction band,
respectively. In the third step (iii) the hole and electron recollide in real
space at some later time tr, indicated in Fig. 4.1. At recollision, the band
gap at k(tr) between the conduction band and valence band is released
as a single photon, emitting the HHG signal.

From such a classical model, the maximum energy emitted in the
HHG process can be predicted in gases but it has been found that the
classical model is only able to describe the first of many cutoffs observed
from HHG in solids. Because the energy emitted in HHG from solids is
related to the band gap between the valence band and the conduction
band in which the electron is located, one has to include more than one
conduction band to explain the entire HHG signal.

Several conduction bands are included in the extended semiclassical
hole-electron (ESCHE) model for HHG in solids. In the ESCHE model
we allow the electron to jump instantaneously between conduction bands
at the minimum band gaps if one of these are reached by the electron.
The movement into the second conduction band is illustrated at t12 in
Fig. 4.1, where the electron reaches the minimum band gap between the
first and second conduction bands. Such a transition is only available
when the vector potential is large enough to drive electrons over the
entire Brilloiun zone. The electron moving into the second conduction
band implies that the energy emitted at recollision is the band gap
between the second conduction band and the valence band. The emitted
energy is therefore larger than what is emitted in the normal three-step
model. The movement to the tertiary and higher conduction bands are
also included in the ESCHE model, but as the conduction bands become
higher in energy they become more linear and less well-defined in the
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(a)

(b)

Figure 4.2: (a) The band gap at recollision of the hole and electron
in the ESCHE model as a function of the recollision time is shown as
blue dots with a scaled return kinetic energy from atomic three-step
model of HHG shown as the solid black curve. (b) The band gap at
recollision between the hole and electron in the ESCHE model as a
function of the maximum distance between the hole and electron in
their propagation is shown as blue dots with an approximate linear
relation between the maximum propagation distance and band gap
shown with the solid orange line. Reproduced with permissions from
Phys. Rev. A 97, 043424 (2018) [4]. Copyright 2018 American
Physical Society.

solid. This creates some complications in the classical modeling, but as
there is a direct mapping to the energy released from these higher bands,
the associated energies can be clearly identified in the HHG spectra.

We will now present the results for the ESCHE model when using the
band structure of the one-dimensional model presented in Sec. 4.2. The
band structure is exactly the one presented in Fig. 4.1. The band gap at
recollision as a function of the recollision time is shown in Fig. 4.2(a),
where the scaled kinetic recollision energy from the three-step model of
HHG in atoms is also shown. Here the motion of the hole and electron
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have been calculated for a range initial times ti in the first half-cycle of
the pulse. The emitted energy from the ESCHE model depends explicitly
on all parameters of the laser pulse, which has been chosen as a cosine
with ω = 0.02305 and A0 = 0.4. This is in contrast to the atomic three-
step model where the energies scale directly with the ponderomotive
potential of the pulse. It can be observed that the solid-state three-step
model has a much more complicated relationship between the recollision
time and the emitted energy compared to atomic systems, where there
is a one-to-one correspondence between the return time and the emitted
energy for collisions in the first period. In solids, this becomes more
complicated because of the contribution to the signal from many different
bands and the memory of the system where electrons emitted in one
cycle is able to “climb” the conduction bands over the following cycles.

The cutoff energy predicted by the three-step model of HHG from
solids and from the ESCHE model is the peak energy from the first
cycle of the pulse, seen in Fig. 4.2(a) at tr/T ≈ 0.7. This cutoff can be
found to scale approximately linearly with field intensity, as is expected
from experimental results. Later half-cycles have other maximum peak
energies that can be found to fit approximately with other cutoffs in the
spectrum for certain field intensities, though this has not been explored
extensively.

Another feature of the three-step and ESCHE model, is that the
maximum propagation distance of the hole and electron can be studied
to find classical results for finite size systems. In Fig. 4.2(b), the band
gap at recollision is plotted as a function of the maximum distance
propagated by the hole and electron, xmax, given as

xmax = abs (xHole)max + abs (xElectron)max , (4.3)

where abs (xi)max is the maximum distance away from the point of origin
that the hole or electron has moved. In Fig. 4.2(b), it can be observed
that the minimum distance propagated to emit a certain energy scales
approximately linearly with the emitted energy, indicated in Fig. 4.2(b)
by the orange line. This will later be observed, in Sec. 4.2, to fit well
with what is observed from finite size quantum systems.

With the three-step model of HHG in solids, and by extension the
ESCHE model, certain aspects of the HHG spectrum can be understood
and predicted. Examples of this are certain cutoffs and changes in
the HHG signal observed for different intensities, where the motion of
electrons suddenly allows them to move more easily into other conduction
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bands. On the other hand, at low intensities where ESCHE reproduces
the outcome of the three-step model, tunneling between conduction
bands seem to play a large role. Tunneling is a process that is difficult to
include in a classical model, limiting the abilities of the three-step and
ESCHE models ability to explain higher energy cutoffs observed in HHG
spectra from solids.

We will now move on to the quantum mechanical method used to
model solid-state systems in a self-consistent way, enabling a vast range
of different effects to be studied.

4.2 Model solid-state systems
There are many different approaches to explore the HHG signal from
solids. Modeling has been successfully performed with the semiconductor
Bloch equation and even full dimensional TDDFT calculations of real
materials, but these methods come with limitations. We will here employ
a one-dimensional model with nonreciprocal boundary conditions which
is employed to have the most flexibility when creating new systems. Using
TDDFT, we will create systems that will be found to have solid-state
behavior and then analyze their HHG signal. Only treating one spatial
dimension is acceptable as it has been found that, similar to HHG in
gases, when using linearly polarized light, electrons only explore one
direction in the material and band structure therefore limiting the effect
to one dimension. We will first analyze the simplest case of a chain of
nuclei and then modify this to include new effects, which will have an
unknown impact on the HHG signal.

The goal with these studies is not to simulate specific real solid-
state systems, but rather to create model systems that can easily be
manipulated to extract the precise impact of certain phenomenon, e.g.
doping. The strength of the TDDFT approach becomes apparent when
introducing these phenomenon because of how straightforward it is
to introduce the phenomenon to the model. This is in contrast to
other models where the introduction of real space perturbations can be
complicated. As will be seen, a vast variety of systems can be created
using TDDFT. A limiting factor is the dimensionality of the model,
which results in only linearly polarized light being applicable and only
certain band structures creatable. The first challenge is determining a set
of parameters corresponding to systems with real world characteristics.

In the following different, model systems will be presented, starting
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Figure 4.3: (a) The Kohn-Sham potential of the ground state of a
system with a0 = 7.0 and Z = 4 is shown as the red curve. The
positions of the nuclei and the static potential from only the nuclei
are shown as the grey curves. (b) The band structure of the system
in (a), found as described in Sec. 2.2.2. Reproduced with permissions
from Phys. Rev. A 96, 053418 (2017) [3]. Copyright 2017 American
Physical Society.

with the simplest case of a chain of identical nuclei. This model will
be used as a benchmark for the perturbations and effects introduced in
other models.

Simplest system: A chain of identical nuclei

The simplest solid-state system in one dimension is a chain of identical
nuclei with charge Z and internuclear spacing a0 as described in Sec. 2.2,
resulting in a slab of solid-state material. The following model was
presented in Paper III.

A chain of N nuclei is in one spatial dimension be described by the
potential

vion(x) = −
N−1∑
i=0

Z√
(x− xi)2 + ε

, (4.4)
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where ε is the Coulomb softening and xi is the position of the i’th nuclei
located at

xi =
[
i− 1

2(N − 1)
]
. (4.5)

Using DFT as described in Sec. 2.2.1, with the electron-electron
interaction being treated on a mean-field level using the LDA exchange-
correlation functional, the ground state can be determined for a given
set of parameters N , Z, ε and a0. While the parameter N is only limited
by the numerical cost, it should be so large that the system is converged
to a bulk solid like system. We will here only treat spin neutral systems
which can be obtained by restricting N to be even. The other parameters
all change the band structure of the system in different ways, so to make
a semiconductor system, they all have to be chosen together. In this
simplest case, whether the solid behaves as a metal or a semiconductor
(insulator) is defined by the parity of the charge of the nuclei. Metals
are created when the charge of the nuclei are chosen as odd. This can
be seen as the band structure of the system has its upper band only
half filled. We will therefore concentrate on systems with even charged
nuclei. This results in either a semiconductor or insulator, depending
on the remaining parameters. In one dimension the form of the band
structure is limited and will always have the form seen in Fig. 4.1 and
Fig. 4.3(b), with minimum band gaps always located at the Brillouin
zone edge and at k = 0. By tuning the softening factor or changing
the lattice constant, the band structure can be scaled to have different
band gaps and energy differences between the bands. A defining factor
of the band structure in one dimension is the width of the Brillouin zone.
In the one-dimensional model, the Brillouin zone boundary is always
located at BZ = π/a0 and, as was seen in Sec. 4.1, the HHG process is
very dependent on the position of the minimum band gap, making the
internuclear distance important for the HHG process.

It was found that Z = 4, ε = 2.25, N = 80 and a0 = 7.0 result
in a system with a semiconductor-like band gap of ∆E = 0.235 and
an appropriately sized Brillouin zone. The resulting effective potential
can be seen in Fig. 4.3(a), where the red curve shows the Kohn-Sham
potential of the system after imaginary time propagation. The potential
is very sine-like, validating some of the SAE approaches used by others
in one-dimensional models [103, 135]. Using Z = 4 results in two bands
being occupied in the ground state, putting the minimum band gap
at k = 0, as can be seen in Fig. 4.3(b). While having Z = 4 means
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Figure 4.4: The HHG spectra from a chain of identical ions inter-
acting with a 15-cycle sin2-pulse with ω = 0.023 and A0 = 0.24,
using a frozen or a dynamic Kohn-Sham potential. Reproduced with
permissions from Phys. Rev. A 96, 053418 (2017) [3]. Copyright
2017 American Physical Society.

propagating twice as many electrons as Z = 2, it was found that the
band structure for Z = 2 has a very energetic first conduction band
resulting in a very large first plateau in the HHG spectrum, which is not
observed in experimental results.

To generate a HHG signal we use TDDFT as described in Sec. 2.2.1
and use a sin2-pulse, as seen in Eq. (2.14), with ω = 0.023, A0 = 0.24 and
n = 15. The HHG signal is calculated with both a frozen and a dynamic
Kohn-Sham potential and both spectra can be seen in Fig. 4.4. First,
ignoring the specifics of the spectra, it can observed that there is very
little difference between them. This can be understood by observing that
most electrons stay in the valence band of the system throughout the
calculation, making the resulting density almost constant in time. Since
the Kohn-Sham potential is calculated from the density, this results
in very little difference between the frozen and dynamical potentials
and therefore little difference in the HHG spectra. Working without
reciprocal boundary conditions allows us to look at the loss of norm in
the system after the pulse and estimate the damage to the solid from the
pulse. It was found that for the intensities used, 99.99% of the electrons
are contained in the system after interaction with the pulse, indicating
that the system is undamaged.

Using a frozen Kohn-Sham potential, it is possible to study the
signal from a single orbital as no mixing occurs between the orbitals,
as happens with the time-dependent potential in the dynamical case.
We can therefore look at the signal from each band separately, but the
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(a)

(b)

(c)

Figure 4.5: HHG spectra from the system using a frozen Kohn-Sham
potential and the same pulse length and frequency as in Fig. 4.4. (a)
the HHG spectra from only the only the highest occupied orbital
with A0 = 0.2. The blue vertical lines indicate the classical cutoffs
for a single orbital, the red vertical line is the cutoff predicted by
the three-step model of solids and the green vertical lines indicate
the maximum band gap between valence band and, from the left,
conduction band one, two and three. (b) The HHG signal from all
orbitals with A0 = 0.2 and the verticals lines indicating the same
as in (a). (c) The HHG signal from all orbitals with A0 = 0.24 and
the verticals lines indicating the same as in (a). Reproduced with
permissions from Phys. Rev. A 96, 053418 (2017) [3]. Copyright
2017 American Physical Society.
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Figure 4.6: The band structure in units of the laser frequency, ω,
of a chain of identical ions with the movement of the highest oc-
cupied state indicated with black lines. VB2 is the highest energy
valence band and CB1, CB2 and CB3 is the first, second and third
conduction bands, respectively. The highest occupied state, initially
located at k = 0, can tunnel to both the first and second conduction
band, indicated with vertical black lines, and therefore emit photons
from all three bands, indicated with the two pink vertical lines. Re-
produced with permissions from Phys. Rev. A 96, 053418 (2017) [3].
Copyright 2017 American Physical Society.

corresponding spectra are not shown here. Studying the signal from each
valence band, it can be concluded that the signal observed for the entire
system originates from the highest valence band only, and while the
lowest valence band does produce HHG, it is at too low of an amplitude
to be observed in the total signal.

Looking at the signal from only the highest occupied orbital in the
highest valence band has previously been used to model the HHG signal
for the entire system because it could be hypothesized that it would
produce most of the signal. The HHG spectrum for the highest occupied
orbital can be seen in Fig. 4.5(a). Here the green vertical lines indicate
the maximum band gap between the highest valence band and, from
the left, the first, second and third conduction bands. The vertical red
line indicates the cutoff predicted with the three-step model of HHG
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from solids, which can be observed to not fit well with the observed
cutoff. Lastly, the two blue vertical lines are the maximum band gap
energies for the classical movement of the highest occupied state in
the band structure. The state initially located at k = 0 will only be
able to move between −A0 < k(t) < A0, even if it tunneled to the
conduction band. The movement of the highest occupied state in the
band structure is shown in Fig. 4.6. From this it can be observed
that the maximum band gap between the valence band and the first
conduction band is EVB2-CB1 = ECB1(A0)−EVB2(A0), which is indicated
by the left most vertical blue line in Fig. 4.5(a). It is observed that
this energy fits perfectly with the cutoff observed in the spectrum in
Fig. 4.5(a), unlike the cutoff predicted by the three-step model. A
second cutoff can be observed at the right most vertical blue line which
indicates the maximum band gap between the third conduction band
and valence band for the highest occupied state, as seen in Fig. 4.6
at EVB2-CB3 = ECB3(A0) − EVB2(A0). Here the electron has tunneled
to the second conduction band but because of the almost nonexistent
band gap between the second and third conduction band, the electrons
move freely to the third conduction band when moving with the pulse,
and are able to emit high energy photons from there. This cutoff is
observed to also fit well with the single orbital spectrum in Fig. 4.5(a).
From this it can be concluded that the single tunneling event included
in the three-step model is inadequate to explain the full HHG process in
solids, as it is only be able to capture the HHG signal originating from
single-tunneling-event processes.

While the HHG signal of the highest occupied orbital is interesting,
the true HHG signal is comprised of the coherently combined signal
from all orbitals, which can be observed in Fig. 4.5(b). The vertical
lines are identical to the ones presented in Fig. 4.5(a). The total signal
has significantly different features to the one orbital signal. The lowest
harmonics, which have previously been found to stem from intraband
HHG and are clearly present in the one orbital signal, have disappeared
when the total signal is considered. This can be explained by the
destructive interference between the orbitals that move symmetrically
in the valence band. It can be observed that for the full signal, the
three-step model, indicated with the vertical red line, fits perfectly with
the first cutoff of the many-electron HHG signal. Studying the signal
from each orbital separately shows that the observed cutoff does not
originate from any single orbital, but only appears when looking at the
entire signal of the system, further indicating the necessity of treating
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Figure 4.7: The HHG signal in arbitrary units as a function of
the field strength. The cutoff predicted by the ESCHE model is
indicated by the red line and the green lines indicate the maximum
band gap between the valence band and the, from the left, first,
second and third conduction band. Reproduced with permissions
from Phys. Rev. A 96, 053418 (2017) [3]. Copyright 2017 American
Physical Society.

all electrons in the system when calculating the HHG signal. For higher
intensities, as shown in Fig. 4.5(c), the signal changes significantly. The
three-step model still describes the first cutoff well but the higher energy
signal changes to have more plateaus with cutoffs around the maximum
band gaps.

The HHG spectrum as a function of field strength is shown in Fig. 4.7.
The change between Fig. 4.5(b) and (c) can also be observed in Fig. 4.7,
indicating a low and high field strength regime for the HHG signal. The
change in the spectra coincides with the vector amplitude being half the
Brillouin zone boundary, thus enabling electrons to travel over the entire
band structure, but only tunneling up at the minimum band gaps. In the
strong field regime, the extra cutoffs seem to fit well with the secondary
peaks observed in the ESCHE model but this has not been examined
further than approximate agreement by visual confirmation.
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From these results it is clear that the slab behaves at it would be
expected of a solid. It exhibits a clear band structure and emits HHG in
agreement with previous theoretical many-electron results. We observe
multiple plateaus, as has been previously reported, with different regimes
that can be explained by simple classical arguments. It is also observed
that SAE approaches do not encompass the true response of the many-
electron system, further showing the advantage of using a self-consistent
many-electron method like TDDFT. These results also show the strong
dependence of the HHG signal on the band structure, hinting at how to
best affect the HHG by producing band structures with specific features,
but as previously mentioned, does limiting the model to one dimension
hinders fine tuning of the band structure to enhance the HHG signal.

We will now further examine finite system effects in systems that
are not producible with periodic boundary conditions. Leaving the bulk
limit and looking closer at the system size will help to further understand
the HHG process in real systems.

Finite size systems

Having shown that with TDDFT, solid-state HHG can be produced by a
one-dimensional system in the bulk solid limit, the question arises of how
a finite size system affects the HHG signal, and when a system transitions
from producing atomic HHG to producing solid-state HHG as it grows
in size. There have previously been studies of chains of ions but the
system sizes were limited to atomic clusters [136, 137], and solid-state
HHG was not as well understood at that time. To study this limit, we
analyze the HHG signal from a range of different system sizes using the
same parameters for the system used in Sec. 4.2. The following model
was presented in Paper IV.

Varying N from N = 1 to N = 100 we create systems that range
from an atom to molecules to, at some point, solids. While the atomic
limit of N = 1 does not represent any real world atom, it will model an
atomic system when studying the HHG signal.

As before, we use DFT to find the groundstate of the systems and
then use TDDFT to study the HHG signal. The N highest occupied
states in the band structure are plotted in Fig. 4.8 (a), (b) and (c) for
N = 4, N = 12 and N = 100, respectively. This is the highest valence
band for solid-state systems, but as is seen, even for N = 4 there is a
clear indication of a proto-band.
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(a)

(b)

(c)

Figure 4.8: Norm-squared of the Fourier transform of the N highest
occupied states of systems with (a) N = 4, (b) N = 12 and (c)
N = 100. The red dost indicate the maximum of the Fourier
transformed states at the state energy. Reproduced with permissions
from Phys. Rev. A 97, 043424 (2018) [4]. Copyright 2018 American
Physical Society.



4.2 Model solid-state systems 54

(a)

(b)

Figure 4.9: (a) The HHG spectra from systems with N = 8, 12,
20, 28 and 100 using a sin2-pulse with ω = 0.02305, 6 cycles and
A0 = 0.4. The vertical lines indicate the cutoff predicted by the
ESCHE model with growing size from left to right and matching
color with the HHG spectrum. (b) The observed largest cutoff in the
HHG spectrum as a function of system size are plotted as triangles
and circles for A0 = 0.6 and A0 = 0.4, respectively. The lines are
the predicted cutoffs from the ESCHE model. Reproduced with
permissions from Phys. Rev. A 97, 043424 (2018) [4]. Copyright
2018 American Physical Society.
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Using a sin2-pulse with ω = 0.02305, 6 cycles and A0 = 0.4 we
calculate the HHG spectra for the different system sizes, which can be
seen in Fig. 4.9(a). Not shown are the spectra for N ≤ 4, which all
only exhibit the HHG plateau expected from HHG from atomic and
molecular systems, with the cutoff at Ω = Ip+3.17Up. For larger systems,
the cutoff extends into higher harmonics continuously as can be seen in
Fig. 4.9(a). The solid-state HHG signal has many cutoffs, but the highest
energy cutoff is observed to grow with system size. This can be explained
with the ESCHE model, as described in Sec. 4.1. Because of the direct
relation between propagation distance for the electrons and holes and
the energy emitted in the HHG process, the size of the system limits the
energies that can be emitted from them. It could be conjectured that the
electrons or holes can be reflected at the edges of the system, but there
are no higher energy signals from such an effect and the smaller systems
can be observed to just converge uniformly towards the bulk limit at
N = 60. The bulk limit can here be concluded to be dependent on the
pulse used, as stronger fields or longer wavelengths will lead to electrons
and holes that move more extensively in the system. The conclusion from
the ESCHE model is further supported by changing the pulse intensity,
which can be seen in Fig. 4.9(b).

From this we conclude that atomic HHG is not directly observable in
systems with N > 6, and that the HHG signal from finite size systems
converges towards the bulk solid-state system signal. The atomic HHG
signal is probably still present for systems larger than N = 6, but with a
band gap significantly smaller than the ionization potential, the solid-
state HHG process is more dominant. The surprisingly small system
size needed for solid-state HHG is probably related to the build up of
the proto-band structure for the small systems. However, because of
the large energy difference between the states in the small systems, the
system will not behave as a solid-state system for N < 6.

We will now investigate another finite size effect where topological
states are created in the system because of its finite size.

Topological states

Topological matter and topological effects have been of great interest in
many fields because of their robustness to perturbations and imperfec-
tions. High-order harmonic generation has also recently been proposed
as a way to detect topological phase transitions [138]. We here find
that topological edge states can be created in the one-dimensional model
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(a) (b)

(d)(c)

Figure 4.10: (a) Total system energy as a function of the displacement
where phase A, δ = 0.265, and phase B, δ = −0.165, indicate the two
minima found. (b)-(d) Band structure of the systems with δ = 0.0,
δ = 0.265 and δ = −0.165. The gray areas indicate the occupied
states in the band structures. Shown above the band structures is
the dimerization of the systems. Reproduced with permissions from
Phys. Rev. Lett. 120, 177401 (2018) [5]. Copyright 2018 American
Physical Society.
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and that they greatly affect the HHG signal. The following model was
presented in Paper V.

The model system is created by using a linear chain of ions with
Z = 1, N = 100, a0 = 2.0 and ε = 1.0 as described in Eq. (4.4) but if
Z is odd for such a chain it will result in a metal. The position of each
nucleus is therefore changed as

xi → x′i = xi − (−1)iδ, i = 1, ..., N, (4.6)

which alternately shifts each nucleus to the left and right by the same
amount.

Again using DFT, the groundstates are determined for all different
shifts and total system energies are shown in Fig. 4.10(a), where it
can be seen that there are two minima in the total system energy at
δ = 0.265 and δ = −0.165, henceforth referred to as phase A and phase
B. The band structure for these systems are shown together with δ = 0.0
in Fig. 4.10(b)-(d). Shifting the nuclei results in dimerization of the
materials as shown above the band structures in Fig. 4.10(c)-(d). This
dimerization doubles the size of the unit cell in the crystal and makes
it behave like a Z = 2 system, resulting in a semiconductor with a full
valence band for both phase A and B. Phase B is different from phase A
mainly through its two band gap states whereof one is occupied. These
band gap states are topological edge states which are very delocalized in
k-space since they are highly localized in real space at the edges of the
system.

Using TDDFT with a dynamical Kohn-Sham potential and a sin2-
pulse with ω = 0.0075, A0 = 0.1 and 5 cycles we calculate HHG spectra
for the system, which can be seen in Fig. 4.11. The gray area indicates
the below band gap HHG energies which can be observed to be at
significantly higher intensities for phase B than phase A. These energies
cannot be generated with the interband HHG process and therefore needs
to be generated with the intraband HHG process. It was previously
observed that each Kohn-Sham orbital generates a strong intraband
HHG signal, which can also be observed here when each orbitals signal
is added incoherently, as seen in Fig. 4.11. When the HHG signal is
combined incoherently, both phase A and phase B is observed to have a
large HHG signal at energies below the band gap, but this is observed to
destructively interfere when looking at the total signal for each system.
This destructive interference is still observed for phase A but in phase B
it is less effective, where we observe a 14-order of magnitude increase in
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Figure 4.11: HHG spectra from the phase A and phase B systems are
shown as the thin curves. The incoherent sum of each of the Kohn-
Sham orbitals HHG spectra are shown as bold curves. Reproduced
with permissions from Phys. Rev. Lett. 120, 177401 (2018) [5].
Copyright 2018 American Physical Society.

the signal compared with phase A. This can be explained by the single
state occupied in the band gap leading to less destructive interference in
phase B where the two states in the band gap behave like a miniband
that is only half filled. If one adds a second virtual electron in this band,
thus filling it, the signal reduces in magnitude as expected.

This effect occurs because of the topological edge states showing how
such states can be extremely interesting as experimental targets for HHG.
While the one-dimensional system will probably be impossible to create,
there are topological edge states in real materials at interfaces between
materials.

We will now study how doping affects the HHG signal. Doping is a
very localized perturbation, similar to the edge states, but will be found
to reflect very differently in HHG.

Doped systems

Doping is a characteristic of solid-state materials that has been used
for many years in electronics to produce device with specific properties.
It is also present in many materials as an imperfection that has to be
considered. Since doping is known to be able to change the band structure
and conductivity properties of solid-state materials, its affect on HHG
could be very promising. Doping was previously addressed in a TDSE
model [139], but with a doping rate that is far from what is observed in
real systems. Here, using TDDFT, we are able to create a model system



4.2 Model solid-state systems 59

−2

−1.5

−1

−0.5

0

−5 −4 −3 −2 −1 0 1 2 3 4 5

(a)

K
S

 p
ot

en
ti

al
v K

S
[{

n σ
}]

(x
) 

(a
.u

.)

x / a

undoped
acceptor−doped

donor−doped

−1.6

−1.2

−0.8

−0.4

0

1 51 101 151 201 251

VB1

VB2

CB1(b)

K
S

 o
rb

it
al

 e
ne

rg
y

ε j
(a

.u
.)

KS orbital index j

undoped
acceptor−doped

donor−doped

Figure 4.12: (a) Kohn-Sham potential around the impurity nucleus
at x = 0 with Zd = 4 (undoped), Zd = 2 (acceptor-doped) or
Zd = 6 (donor-doped). (b) State energies of orbitals for the undoped,
acceptor-doped and donor-doped systems as a function of orbital
number, ordered according to energy. Reproduced with permissions
from arXiv:1809.06264 [6].

with a doping rate much closer to what is expected in real systems. The
following model was presented in Paper VI.

Doping can be introduced in the model by considering a chain of
nuclei with N = 101, a0 = 7.0, ε = 2.25 and Z = 4 and changing
the charge on the 51st nucleus to Zd = 2 or Zd = 6. These doping
rates retain spin-neutrality in the system, making the DFT calculations
less complicated. The doping rates considered here are relatively large
compared to real doping but the same conclusion is obtained when more
nondoping nuclei are added to make larger systems and to lower the
doping rate.

The total potential found using DFT can be seen in Fig. 4.12(a) where
the nucleus located at x = 0 is the doping. The doping only changes
the potential very locally and leaves most of the crystal unaltered. In
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Figure 4.13: (a) HHG spectra for undoped, acceptor-doped and
donor-doped systems. (b) HHG spectra from only the high-
est occupied orbital, all other orbitals and the total system in
the donor-doped system. Reproduced with permissions from
arXiv:1809.06264 [6].

Fig. 4.12(b), the state energies for the doped and undoped systems can
be seen. Both of the doped systems obtain band gap states that the
undoped system does not exhibit. In the Zd = 6 system the band gap
states are occupied and behave as donor states to the HHG process,
whereas the Zd = 2 system has the band gap states unoccupied which
thereby behave like acceptor states. Zd = 6 and Zd = 2 will therefore
henceforth be called donor-doped and acceptor-doped, respectively.

Using TDDFT with a frozen Kohn-Sham potential and a sin2-pulse
with ω = 0.0114, 6 cycles and A0 = 0.002508 we calculate HHG spectra
for the undoped, acceptor-doped and donor-doped systems, which can be
seen in Fig. 4.11(a). It can be observed that the acceptor-doped system
exhibits an almost identical HHG spectrum compared with the undoped
system. In contrast the donor-doped system has entirely different cutoffs
and a stronger signal for almost all frequencies. When the signal from
the donor orbital is extracted from the HHG signal, as can seen in
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Figure 4.14: (a) The movement of the donor orbital electron in the
band structure after tunneling from the donor orbital. (b) Norm-
square of the donor orbital in the first Brillouin zone. Reproduced
with permissions from arXiv:1809.06264 [6].

Fig. 4.11(b), it is observed that the HHG signal from the total system is
entirely dominated by the contribution from the donor orbital.

To further understand the specifics of the cutoffs in the HHG spectrum
for the donor-doped system, we proposed a three-step model where the
the electron tunnels from only the occupied band gap states and moves
in the conduction band according to the equation of motion seen in
Eq. (4.1). The donor state is not a band but it does have a large width in
k-space, as seen in Fig. 4.14(b), because of its localization in real space
to the site of the doping. The hole created from the tunneled electron
will therefore not move in real space but will be located at x = 0 for
recombination, as in atomic HHG. From such a model we obtain the
same cutoff around the 25th-harmonic as observed in the HHG spectrum,
further showing that the emitted HHG signal only depends on the donor
orbital.

From this, it can be concluded that donor-doped materials have the
ability to emit more HHG than non-doped materials and therefore be of
interest for building solid-state HHG devices. The high enhancement of
the HHG signal, especially for harmonics below 25, is probably coupled
to the low band gap for the donor state compared with the band gap for
the undoped system. The acceptor-doped system does have a band gap
state that could enhance the tunneling of electrons to the conduction
band, but no such enhancement is observed in the HHG spectra.
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4.3 Outlook
By using TDDFT in a one-dimensional model we are able to produce
HHG from a variety of systems. The systems considered here are by no
means the limit to what can be considered using one-dimensional systems
and TDDFT. While the one-dimensional models do hinder the variety
of band structures that can be created, moving to more dimensions will
require rethinking the approaches used because of the numerical costs
connected with multidimensional TDDFT calculations. This could be
done by using the tight binding approximation instead of full TDDFT.

Other system effects on the HHG signal could be considered using
a one-dimensional model. One such system is a chain of nuclei with
random shifts on each nucleus to model the effect of disorder in the
solid-state system on the HHG signal. Other types of imperfections
in solid-state systems would also be of interest, such as missing nuclei
or domain boundaries. The one-dimensional models could also include
interfaces between different materials where two or more materials could
interact to affect the HHG signal through changes in the band structure
or “seeding” of electrons to other materials for the HHG process. As was
seen earlier, the intraband HHG signal will disappear for the simplest
systems but can be recovered in some cases. Since the intraband HHG
signal is strongest when present in the system, it would be of interest to
enhance it in materials.

We have in the presented work limited the pulses used to few-cycle
femtosecond pulses, but using attosecond pulses would induce new dy-
namics in the system and in the HHG process. Attosecond pulses have
already been used in experiments [64–66] and the dynamics should be
trivial to model with TDDFT.

While the opportunities when using TDDFT in one-dimensional
models for studying of HHG from solid-state systems are limited, they
are certainly not yet exhausted.



5 Conclusion

In this work we have explored many-electron effects in high-order har-
monic generation (HHG) from two very different systems. First, the
emission of nonsequential double recombination (NSDR) HHG from
atomic and molecular system and then the emission of HHG from solid-
state systems.

In Chap. 3 we studied the NSDR HHG process. To study the
NSDR HHG process, we employed a novel classical model, the Coulomb-
corrected three-step model, to be able to further our understanding of the
NSDR HHG from atomic and molecular systems. Using these classical
models we are able to interpret quantum mechanical results from the
TDSE in a reduced dimensionality model. In the quantum mechanical
model, we calculated the HHG signal from molecular systems for a range
of internuclear distances. From this we identify a transition in the HHG
signal around R ≈ 8 where the NSDR cutoffs suddenly move to higher
energy. This transition in the HHG signal was identified to be related to
a change in the charge transfer dynamics in the molecule. The charge
transfer dynamics are induced by the NSDR HHG process when one
electron leaves the system because of the external field, leaving the other
electron in the system.

Using the Coulomb-corrected three-step model we are able to identify
a relation between the cutoffs observed in the NSDR HHG signal and the
internuclear distance of the molecule. This dependence on the molecular
structure is related to the two-electron nature of the NSDR HHG process,
where one electron always interacts with the system while propagating,
which modifies its kinetic energy.

For large internuclear distance, after the change in the charge transfer
dynamics, a new signal appears in the NSDR HHG signal, where two
electrons are emitted in the same period and then recombines with higher

63



Chapter 5 · Conclusion 64

kinetic energy than the normal NSDR signal. This same-period emission
and recombination (SPEAR) NSDR HHG signal is found to only appear
for large molecules and contains a new plateau in the HHG signal.

From this investigation of the NSDR HHG signal in molecular systems
the conclusion can be drawn that the NSDR HHG signal exhibits a strong
dependence on the structure of the molecule that generates it. This
is in contrast to the traditional HHG process where the electron can
be approximated to not interact with the system after emission and
before recollision. This dependence on the molecular structure could
make NSDR HHG a candidate for probing time-dependent processes
involving nuclear dynamics. Because of the time-dependence in the
NSDR HHG process, attosecond pulses could be used to enhance the
NSDR HHG signal, similarly to what has been shown for the normal
HHG process [83, 84]. Attosecond pulses could also be used to introduce
control of the time-dependent processes in the NSDR HHG process to
increase the ability of the NSDR HHG process to probe dynamics.

In Chap. 4, we use time-dependent density functional theory (TDDFT)
to create a range of different solid-state systems that are able to generate
solid-state HHG. We first show that a TDDFT model of a slab of solid-
state material is able to generate solid-state HHG. It is also found
here that a many-electron model is needed to adequately describe the
response of the solid-state system, as all electrons contribute to the HHG
signal. It is also observed that there are two different regimes of the
HHG spectrum. The HHG spectrum changes when the vector potential
amplitude becomes larger than half of the Brillouin zone boundary, with
new plateaus emerging. At this field strength, electrons are able to
classically move over the entire band structure as the external field can
drive them over the entire Brilloiun zone. This increased movement
changes the energies that can be emitted in the HHG process because of
the direct dependence of the HHG spectrum on the band structure.

Finite size effects on the solid-state HHG spectrum were also studied.
System were created, from atomic and molecular to solid-state slab
materials, where it was found that the systems start emitting solid-
state HHG at system sizes of N ≈ 6, but that the emitted energies are
suppressed by the system size, compared to the HHG signal from a slab
of solid-state material. This limitation occurs because the propagation
of electrons and holes cannot be larger than the system size. This
suppression of the high energy HHG signal for small systems is relevant
if nanometer sized dots are used as the HHG medium. Other limits on
the propagation of the electrons and holes, e.g. from imperfections and
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domain boundaries, could also lead to similar effects on the HHG signal.
It was also found that topological edge states could be created in

finite size systems. These edge states were found to significantly enhance
the below band gap HHG signal compared to when they were not present.
The enhancement of the below band gap HHG signal was found to
originate from the half-filled “band” that the edge state created, which
resulted in less destructive interference of the intraband HHG signal.
Topological states could therefore be used for effective emission of HHG
from solid-state systems. Topological states in solid-state matter is still
an active field, and further study into topological effects on the HHG
signal is of interest. Studying topological transitions through HHG has
recently been proposed [138], showing a growing interest in combining
HHG and topological matter for strong field physics.

Finally we also studied a doped solid-state system. It was found
that for the donor-doped system, the HHG signal was dominated by the
donor state. This increased the HHG signal greatly compared with the
system with no doping or acceptor-doped systems. Doped materials could
therefore also be used as effective media for solid-state HHG. HHG could
also be used to probe the dynamics of the donor orbital time-dependently
or using an external field one could control the dynamics of the donor
orbital on a femtosecond timescale.

There are still many interesting solid-state systems that can be
created using TDDFT, systems that can be used to study defects and
perturbations on solid-state systems and their effect on the emission of
solid-state HHG. Several different types of solids could also be addressed
together in TDDFT, enabling the study of system boundaries and their
effect on the HHG signal. Limiting the model systems to one spatial
dimension does limit the effects that can be studied, so going to two
or more spatial dimensions is of great interest. More dimensions also
enables the use of non-linearly polarized external fields which is often
used in experimental settings. Using attosecond pulses could also lead to
new dynamics that should be trivial to model in TDDFT, which could
lead to better ways of studying time-dependent processes in solid-state
systems.

While the process that produces solid-state HHG is now relatively
well understood, there are still many open questions that invite further
investigation.
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Nonsequential double-recombination (NSDR) high-order-harmonic generation (HHG) is studied in a molecular
model system. We observe a unique molecular two-electron effect with a characteristic cutoff in the HHG spectrum
at higher energies than what was previously seen for NSDR HHG in atoms. The effect is corroborated with a
classical model where it is found that the effect is sensitive to the molecular potential and originates from
same-period emission and recombination (SPEAR) of two electrons. The effect persists for intermediate nuclear
distances of R � 8.0 a.u.
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I. INTRODUCTION

Through the emergence of intense laser pulses, high-order
harmonic generation (HHG) has arisen as both a method of
creating ultrashort pulses and a tool to probe electron dynamics
in atomic and molecular systems. For many-cycle pulses of
linear polarization a cutoff energy of Ip + 3.17Up has been
found for one-electron dynamics, where Ip is the ionization
potential and Up = I/(4ω2) is the ponderomotive potential
with I the laser intensity and ω the angular frequency [1–3].
(Atomic units are used throughout unless indicated otherwise.)
Molecular HHG spectra show a characteristic two-center
interference minimum [4], and the control of alignment of
the molecular axis with respect to the polarization of the
driving field leads to harmonics of nonlinear ellipticity [5,6].
In relation to this work, which focuses on a unique molecular
two-electron mechanism with a distinctive cutoff, we mention
that for very large internuclear distances, cutoffs in the HHG
spectra emerge from the propagation of a single electron
directly from one nuclei to another leading to kinetic energies
up to 8Up [7,8].

Recently a two-electron HHG process was reported for an
atomic system [9]. This nonsequential double-recombination
(NSDR) HHG process results in a new plateau in the HHG
spectrum, reaching beyond the one-electron HHG signal.
NSDR can be explained as two electrons propagating inde-
pendently of each other in the field and then returning at
the same instant to emit the combined kinetic energy of the
two electrons as HHG. It was found that because electrons
emitted in the same half-period would have to propagate the
same path to return at the same instant, electron-electron
repulsion would make such a same-period emission process
highly unlikely in the atomic case. Instead, only electrons
emitted in different half-periods of the pulse could return at the
same instant without electron-electron repulsion suppressing
the process. Such electrons emitted in different periods traverse
the nuclei more than once and can reach combined maximum
return kinetic energies of 5.55Up = 3.17Up + 2.38Up and
4.70Up = 3.17Up + 1.53Up for first and third electronic re-
turn combined and first and second electronic return combined,
respectively. The purpose of the present work is to study the
manifestation of NSDR HHG in a molecular system.

In the molecular case, we find that for internuclear distances
of R � 8.0 a characteristic signal is observed with even higher

energy than that of atomic NSDR HHG. This signal and the
associated cutoff is identified to stem from electrons which are
both emitted and recombine within the same period. This same-
period emission and recombination (SPEAR) allows a higher
total kinetic energy of the electrons than what is allowed for an
atomic system where electron-electron repulsion suppresses
such a signal. This conclusion is supported by a classical
analysis, a short-time Fourier transform analysis, and the
behavior of the signal in the long pulse limit.

The paper is organized as follows. In Sec. II, we describe
the numerical methods used. In Sec. III, we present results and
in Sec. IV, we conclude.

II. NUMERICAL METHODS

Time-dependent Schrödinger equation (TDSE) calculations
are made using a collinear model for H2, where the nuclei are
fixed and the electrons move in one spatial dimension. The
Hamiltonian reads

H (t) =
2∑

i=1

(
[pi + A(t)]2

2
+ VR(xi)

)
+ W (x1 − x2), (1)

with pi the canonical momentum, A(t) the vector
potential, VR(xi) = −Z[(R/2 − xi)2 + εei]−1/2 − Z[(R/2 +
xi)2 + εei]−1/2 the Coulomb interaction with the nuclei, Z the
nuclear charge, R the internuclear distance, xi the position
of electron i, and W (x1 − x2) = [(x1 − x2)2 + εee]−1/2 the
electron-electron interaction. Our model He system is obtained
by setting R = 0 in the above. The soft-core parameters were
set to εei = 0.5 and εee = 0.329 corresponding to I (1)

p = 0.9
and I (2)

p = 2.0 for ionization of respectively the first and second
electron in He. We keep the softening parameters fixed in
all calculations. For R = 16, e.g., the ionization potentials
are I (1)

p = 0.95 and I (2)
p = 0.89. The TDSE is solved using

a split-step operator Crank-Nicolson (Peaceman-Rachford)
method as in Ref. [9]. The harmonic spectrum is calculated
by taking the modulus square of the Fourier-transformed
dipole acceleration, adip(t), which is calculated in every time
step [10]. Ground states and their energies are found by
imaginary time propagation. A grid step size of �x = 0.2
is used in a box of size L = 400 symmetric around 0, an
imaginary time-propagation step size of �t = 0.15 with a
1000 steps and real time-propagation step size of �t = 0.075

2469-9926/2016/93(5)/053427(5) 053427-1 ©2016 American Physical Society
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TABLE I. Maximum electron return kinetic energies in units of
Up in the long pulse limit and for the 6-cycle pulse for one and two
electrons. The left column denotes the number of electrons involved
and the return events.

Long 6-cycle

One electron, first return 3.17 3.08
One electron, second return 1.53 1.61
One electron, third return 2.38 2.15
Two electrons, first and second return 4.70 4.69
Two electrons, first and third return 5.55 5.23
Two electrons, first and first return 6.34 6.16

ensures convergence. The pulse used has the form A(t) =
F0
ω

sin2 ( ωt
2n

) sin(ωt), 0 � t � Tn with typically 6 cycles (n =
6), ω = 0.0584 (λ � 780 nm), F0 = 0.119 (I � 5.0 × 1014

W/cm2), and the pulse polarization is linear and parallel with
the molecular axis. Using a short pulse modifies the maximum
kinetic return energy an electron can obtain from the electric
field. Classical cutoff energies for first, second, and third return
of an electron are given in Table I in the long pulse limit and
for the considered 6-cycle pulse. The two-electron entries with
first and second returns and with first and third returns give the
cutoffs reported for NSDR in the atomic case previously [9].
As discussed in Sec. I, the possibility for the two-electron event
where both electrons recombine at the first return (last row in
Table I) is suppressed by electron-electron interaction in the
atomic case. This two-electron process is not suppressed from
moderately large internuclear distances in the molecular case
and is the origin of SPEAR NSDR HHG as explained in the
next section.

III. RESULTS AND DISCUSSIONS

Our collinear model allowed us to perform calculations
for many different R in the interval [0; 80]. Figure 1 shows
the HHG spectra for our He model [Fig. 1(a)] and H2

model [Fig. 1(b)] with internuclear distance R = 16.0 as
a representative example. For the 6-cycle pulse, Fig. 1(a)
shows the one-electron cutoff of I (1)

p + 3.08Up and the atomic
NSDR cutoffs I (1)

p + I (2)
p + 4.69Up and I (1)

p + I (2)
p + 5.23Up

(see Table I). Comparing the cutoffs in Figs. 1(a) and 1(b),
a new cutoff can be seen in Fig. 1(b) at � ≈ 145ω. Our
extensive calculations for many R show that this new cutoff
emerges for internuclear distances of R � 8.0, i.e., in the limit
where the Born-Oppenheimer potential is relatively flat. In
this limit, the two electrons are predominantly confined to
separate nuclei and the electron-electron interaction is weak.
When we increase R from R = 0 (He case) up to R � 8, we
observe a continuous change of the atomiclike NSDR signal.
At R = 8, we see a pronounced buildup of the new signal seen
in Fig. 1(b).

For the present laser parameters, the one-electron signal
with a cutoff of up to 8Up and corresponding to direct
trajectories from one nuclei to another becomes dominant
for R � 40.0, and therefore the new signal is only observed
for R ∈ [8; 40]. For these internuclear distances the cutoff
is higher in energy than the atomic NSDR cutoff. Also the

(a)

1

(b)

FIG. 1. HHG spectra for (a) the He model and (b) the H2 model
with R = 16.0. The spectra are shown in units of the harmonic
order for an n = 6-cycle laser pulse at ω = 0.0584 (λ � 780 nm)
and F0 = 0.119 (I � 5.0 × 1014 W /cm2). The HHG cutoffs for
one- and two-electron HHG are shown as the dotted vertical lines
at I (1)

p + 3.08Up , I (1)
p + I (2)

p + 4.69Up , and I (1)
p + I (2)

p + 5.23Up . In
(b) the SPEAR NSDR HHG cutoff is shown as the dashed line at
I (1)
p + I (2)

p + 6.35Up . The insert in (b) shows a zoom-in of the SPEAR
NSDR cutoff. The arrow at 1 is at I (1)

p + I (2)
p + 6.16Up (see text).

new cutoff does not have the distinct strong dependence
on the internuclear distance expected for the one-electron
high-energy cutoff for large internuclear distances [7,8].
We therefore conclude that it cannot originate from earlier
proposed one- or two-electron HHG mechanisms. Here we
propose a unique molecular two-electron process of NSDR
HHG to explain this new cutoff.

As the internuclear distance increases the assumption
that electron-electron repulsion forbids electrons emitted in
the same period from returning at the same instant and
recombining as NSDR is no longer justified. For large R,
the electron-electron repulsion plays a minor role even if the
electrons are emitted at the same instant. Therefore they will
be able to propagate approximately the same path as if they
where emitted from an atomic system and return with the
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FIG. 2. (a) Illustration of the mechanism responsible for SPEAR.
At large internuclear distances, R � 8, electrons emitted at the same
time at different nuclei will interact relatively weakly. Therefore both
electrons are able to reach the maximum kinetic return energy of
3.08Up in the considered pulse. (b) An electron emitted at one nuclei
in NSDR (both electrons are in the continuum for NSDR) could
traverse a bare nuclei and thereby obtain a velocity increase of �v
which leads to a longer path in the continuum of approximately �r =
�v�t . This increases the kinetic energy of the returning electron by
an amount dependent on the intermolecular distance (see text).

combined maximum return kinetic energy of 2 × 3.08Up =
6.16Up for the 6-cycle pulse (2 × 3.17Up = 6.34Up in the
long pulse limit) (see Table I). This is same period emission and
recombination NSDR (SPEAR NSDR) and the mechanism is
illustrated in Fig. 2(a).

Because the molecule is oriented with the molecular axis
parallel to the laser field polarization, the cutoff for SPEAR
depends on the internuclear distance. While one electron after
ionization is well described by taking into account only the
interaction with the external field [the electron to the right in
Fig. 2(a)], the other electron interacts with a bare nuclei as
shown in Fig. 2(b) for high return kinetic energy paths. This
Coulomb interaction modifies the electron propagation for one
of the electrons and enables an increase of the kinetic energy
of the returning electron and makes the cutoff dependent on
the internuclear distance.

The SPEAR NSDR cutoff as a function of the internuclear
distance is approximated by modeling a single electron
propagating in the pulsed field interacting with the Coulomb
potential. The cutoff energy is then calculated by solving
the classical equations of motion numerically and adding the
atomic HHG cutoff energy to the maximum return kinetic
energy of the modeled electron. The classical cutoff predicted
by this model is found to fit for all calculations made in
the range R ∈ [8.0; 40.0] where the new signal is observed.
As mentioned above, for R � 40.0 the SPEAR NSDR HHG
signal is not observed since the one-electron cutoff from direct
paths becomes the dominant signal in that spectral range
by several orders of magnitude. The difference between the
simple model of the cutoff, I (1)

p + I (2)
p + 6.16Up, [marked at

1 in Fig. 1(b)] and the model with the Coulomb potential
included, I (1)

p + I (2)
p + 6.35Up, is highlighted in the insert

in Fig. 1(b). Though the difference is relatively small the

FIG. 3. Classical SPEAR return kinetic energy K in units of Up

of one electron propagating in a laser field added to that of an electron
propagating in a laser field and a Coulomb potential located at R with
emission at r(ti) = 0 as a function of the internuclear distance R. Here
the combined kinetic return energy of the two electrons is shown for
the long pulse limit (upper solid curve) and for the 6-cycle pulse
(upper dashed curve) and the expected SPEAR return kinetic energy
without the modification introduced by the Coulomb potential for the
long pulse limit (lower solid line) and the 6-cycle pulse (lower dashed
line).

inclusion of the Coulomb potential results in the classical
prediction of the cutoff fitting perfectly for all internuclear
distances that we have considered. This is in contrast to the
simple model where the predicted cutoff is always shifted
away from the observed cutoff. The cutoff as a function of the
internuclear distance is shown in Fig. 3. The calculated cutoffs
shown in Fig. 3 are dependent on the pulse parameters as the
specific excursion path and excursion length of the electron
is dependent on the pulse parameters and the interaction is an
interplay between the specific excursion path and excursion
length of the electron and the internuclear distance. We also
performed calculations in the long pulse limit and found that
SPEAR NSDR HHG is still observed and that the classically
predicted cutoff is correct.

To compare the classical model with the quantum mechan-
ical results, a short-time Fourier transform (STFT) (Gabor
transform) of the dipole acceleration was performed:

ãdip(�,t) =
∫ ∞

−∞
dt ′ e−i�t ′adip(t)e−4 ln(2)(t ′−t)2/FWHM2

, (2)

where FWHM is the full-width-half-maximum duration of
the Gaussian window function which is set to 0.1 × 2π/ω.
Figures 4(a) and 4(b) show the STFT of the dipole acceleration
for our model He and H2 for R = 16.0. The NSDR signal is
marked with dashed circles in both figures and the SPEAR
NSDR signal is marked with full circles in Fig. 4(b). The
SPEAR NSDR is clearly located directly above the NSDR
signal and not shifted to the left as would be expected for the
high-energy cutoffs observed for large internuclear distances.
This shift to the left is expected because the high-energy cutoff
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NSDR

(a)

NSDR SPEaR NSDR

(b)

FIG. 4. Norm square of the short-time Fourier transforms of the
dipole acceleration of our model He and H2 with R = 16.0 on a
logarithmic scale as a function of the return time tr in units of the
laser cycle period T and return energy in orders of the pulse center
frequency ω. The NSDR signal is marked with dashed circles in (a)
and (b). SPEAR NSDR HHG is marked with full circles in (b).

for large internuclear distances originates from direct exchange
paths where electrons propagate directly from one nuclei to the
other. Therefore the recombination time will happen earlier

than for electrons propagating out and returning again for
recombination. The new signal is also seen directly above
one-electron HHG which supports the conclusion that this
new signal originates from a similar process to one-electron
HHG and NSDR HHG where the electron propagates in the
field and returns to the same nuclei after changing direction
in the continuum, as described by the three-step model. The
SPEAR signal being above the one-electron HHG and NSDR
HHG is also what is expected from the classical model and
therefore the STFT results support the proposed model.

IV. SUMMARY AND OUTLOOK

In this work we have investigated NSDR HHG for a
homonuclear one-dimensional fixed nuclear model of H2.
We have performed calculations over an extended range of
internuclear distances and have found that a new effect arises
for R � 8.0 and persists until the high-energy one-electron
cutoff from electrons propagating directly from one nuclei
to another reaching of up to 8Up dominates the frequency
range. A classical model is proposed to explain this new cutoff.
Electrons emitted and recombining in the same period (SPEAR
NSDR HHG) are found to predict the observed cutoffs and
the results are found to extend to the long pulse limit. It is
also found that an interaction with the bare nuclei has to be
included to correctly predict the cutoffs observed in the TDSE
HHG spectra. This interaction should be included for precise
predictions of cutoffs for all processes where electrons traverse
a bare nuclei and further work on molecular NSDR should
therefore include this interaction when calculating the return
kinetic energies of electrons returning to a nucleus for the
second or third time. We also performed a short-time Fourier
transform and found that SPEAR NSDR HHG is emitted
similar to one-electron HHG and NSDR HHG. This is what
is predicted by the classical model for SPEAR NSDR and
therefore additionally supports the mechanism proposed in
this paper.
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We present a study of nonsequential double-recombination (NSDR) high-harmonic generation (HHG) in a
molecularlike system. We have calculated the HHG spectrum for a wide range of internuclear distances, and
using a Coulomb-corrected three-step model we are able to analyze and predict the observed NSDR HHG
cutoffs precisely for all internuclear distances. It is shown through this Coulomb-corrected three-step (CC-TSM)
model that there is an intrinsic dependence on the location of the nuclei in the NSDR HHG process not seen in
one-electron HHG. This dependence originates from the strong electron correlation in the NSDR HHG process,
and it modifies the classically allowed return energies which in return changes the cutoffs observed in the HHG
spectra. It is observed that the CC-TSM correctly predicts cutoffs at all internuclear distances with differences
of more than six harmonics being observed between the CC-TSM and the normal three-step model for the laser
parameters used. We also observe that the NSDR HHG process changes for internuclear distances of R � 8–9
a.u., which is proposed to stem from a change in the charge-transfer dynamics within the molecule. For large
internuclear distances of R � 13 a.u., we observe a clear signature of the point of emission for the first electron
emitted in the NSDR HHG signal and we also see signs of molecular exchange paths contributing to the HHG
spectrum for these internuclear distances.

DOI: 10.1103/PhysRevA.96.013401

I. INTRODUCTION

Attosecond physics has expanded its versatility greatly over
the last decades, and the systems studied and the processes of
interest have both grown with it [1]. One of the goals of ultrafast
physics is the study of molecular and atomic systems on their
natural time scales, including electron dynamics [2]. One such
process that has been used for investigating ultrafast dynamics
is high harmonic generation (HHG) (see, e.g., Ref. [3] for a
recent example). One-electron HHG has been found to be in
general adequately described by the three-step model [4–6]. In
this model an electron tunnels out from an atom or molecule
because of an interaction with a field and propagates in the
field until recollision. At recollision a single photon is emitted
with energy � equal to the sum of the ionization potential Ip

and the kinetic energy upon recollision K , i.e., � = Ip + K .
HHG has many usages, including the creation of attosecond
pulses [7,8]. A decade ago, a two-electron effect in HHG was
identified [9]. In this process two electrons combine their
return kinetic energy into a single photon, now with a total
energy of � = K1 + K2 + I (1)

p + I (2)
p , where I (i)

p is the ith
electron’s ionization potential and Ki is the return kinetic
energy of the ith electron, thereby reaching even higher photon
energies than what is expected in the standard one-electron
HHG process [5,6]. This nonsequential double-recombination
(NSDR) process has a distinctive contribution to the HHG
signal as a new plateau in the HHG spectrum that emerges at
higher photon energies with multiple new cutoffs. The original
work on NSDR HHG [9] found that for the atomic system
electrons returning to emit NSDR HHG had to be emitted in
different half periods of the external field, as electrons emitted
in the same half period would have to propagate the same
path to return at the same time, a process which is strongly
suppressed by electron-electron repulsion. Later work found
that for molecules the possibility for emission of electrons
from the different nuclei at large internuclear distances reduced
the effect of the electron-electron repulsion, allowing for

same-period emission and recombination (SPEAR) of the
electrons, creating a new cutoff in the spectrum [10]. It was
also found that the strong correlation of the electrons in the
process lead to SPEAR NSDR HHG being dependent on the
internuclear distance because of an interaction with nuclei
when the electrons propagated in the field.

Whereas our previous work [10] focused on the discussion
of a new NSDR process, namely, SPEAR, in this paper
we return to the original NSDR process [9] and study
more generally the molecular effects therein and formulate a
Coulomb-corrected three-step model (CC-TSM) to understand
the NSDR process. This CC-TSM will include two correlated
electrons and one or more nuclei, which was previously not
needed to understand the one-electron HHG signal. Only
with the CC-TSM are we able to predict the dynamical
changes in the NSDR cutoffs as a function of the internuclear
distance, something the normal three-step model is inadequate
for.

We find that for small internuclear distances of R � 8
a.u. the observed cutoffs in the NSDR HHG part of the
spectra remain similar to the atomic case, as is also predicted
by our CC-TSM with a difference between the CC-TSM
and the normal TSM of up to two harmonics for the used
pulse. At internuclear distances of R � 8–9 a.u. we find a
change in the NSDR process originating from a transition in
the charge-transfer dynamics in the molecule. This change
in the NSDR HHG process is a unique two-electron effect
that is not observed for one-electron HHG and which is not
predicted by the three-step model but comes naturally from
the proposed CC-TSM. After this change in the NSDR HHG
process a larger discrepancy is observed in the predicted cutoff
energies between the conventional three-step model and the
CC-TSM of more then six harmonics. The CC-TSM shows
the dynamical change in the cutoff for the molecular system as
the internuclear distance grows. Finally, a clear indication of
molecular exchange paths, i.e., electron paths that start at one
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nucleus and end at another, is seen in the spectrum for large
internuclear distances.

The paper is organized as follows. In Sec. II we present
the CC-TSM for NSDR HHG in atoms and molecules. In
Sec. III we present HHG spectra obtained by time-dependent
Schrödinger equation (TDSE) calculations and analyze them
using the classically calculated cutoffs obtained using the CC-
TSM and compare to the cutoffs obtained by the TSM model.
Section IV summarizes the results of this paper and discusses
future points of interest for NSDR HHG. We use atomic units
throughout the paper unless otherwise indicated.

II. COULOMB-CORRECTED THREE-STEP MODEL

The standard three-step model assumes that the electron
active in the HHG process is emitted from the system at time
ti with velocity v(ti) = 0 at r(ti) = 0 [5]. It then propagates in
the external field with the electron momentum given as

p(t) = A(t) − A(ti), (1)

where A(t) is the vector potential defined by the external
field F(t), as F(t) = −∂A/∂t . The position is then found by
integration as

r(t) = ααα(t) − A(ti)(t − ti), (2)

whereααα(t) = ∫ t

ti
dt ′A(t ′) is the quiver motion of the electron in

the field. Calculating the return times tr of the electron where
r(tr ) = 0, one can then obtain the return kinetic energy, and
by doing this for all emission times, the highest return kinetic
energy can be obtained for a given pulse. Using a continuous
wave one finds the well-known maximum return kinetic energy
of 3.17Up, where Up is the ponderomotive energy defined
as Up = F 2

0 /4ω2, with ω being the angular frequency of the
driving field with maximum amplitude F0. For NSDR HHG
it was previously found that electrons returning for a second
or third time give an important contribution to the NSDR
HHG signal [9]. This can be seen in Fig. 1, where the return
kinetic energy is shown as a function of the return time for
multiple periods of emission. It is noted that the second and
third return of electrons cannot reach the same return kinetic
energies as the first return, and because of the small window
of time in the pulse where electrons returning several times
are emitted their contribution to the signal is normally not
observable in an HHG spectrum. To obtain the cutoffs for
NSDR HHG in this model we add up each electron’s return
kinetic energy, giving us predictions of the cutoff energies
observable in the NSDR HHG part of the spectra. This can be
done since it was earlier found in Ref. [9] that the electron-
electron repulsion does not affect the return kinetic energies of
the electron as the electron-electron interaction is only a small
perturbation on those electronic paths that contribute to the
NSDR HHG signal. This is indicated in Fig. 1 by the “1 + 2”
for an electron returning for the first time and another electron
returning for the second time and “1 + 3” for an electron
returning the first time and another electron returning for the
third time. SPEAR NSDR is also indicated in Fig. 1, which
was previously shown to be relevant for large internuclear
distances, here calculated by adding up the first return of an
electron twice. For more discussion about these cutoffs without
Coulomb correction see Refs. [9] and [10]. In Ref. [10] we

t/T
0 0.5 1 1.5 2

K
/U

p

0

2

4

6
SPEAR

1+2
1+3

1 2 3

FIG. 1. Classical return kinetic energies of electrons emitted in
the first half period (1, black, dashed), second half period (2, orange,
dashed), and third half period (3, green, dashed). The nonsequential
double-recombination return kinetic energies are shown as full lines
above the dashed lines. Same-period emission and recombination
energies are indicated by SPEAR; an electron returning for the first
time added with an electron returning the second time is indicated by
“1 + 2,” and likewise an electron returning for the first time combined
with an electron returning for the third time is indicated by “1 + 3.”
The time t is measured in units of the laser period T . The kinetic
energy K is measured in units of the ponderomotive potential, Up .

found that an interaction with the nuclei was necessary to
correctly predict the behavior of SPEAR NSDR HHG, and we
will therefore now introduce this effect of nuclei interacting
with electrons when the electrons are propagating past nuclei
on their first and second pass over the nuclei in 1 + 2 and 1 +
3 NSDR HHG. This interaction will introduce a characteristic
dependence on the internuclear distance in the NSDR HHG
signal, and it will later be seen that this dependence can be
identified in the actual HHG signal.

Including Coulomb interactions in a classical model where
tunneling is involved is not straightforward. It becomes more
complicated as NSDR HHG is a two-electron process and
the Coulomb interactions will depend on whether one or two
electrons have been emitted from the system. So to model
NSDR HHG classically in molecules the following three
changes, which are elaborated further below, are made to the
normal atomic three-step model.

(a) When the first emitted electron in the NSDR process
returns to the molecule for the first time, the second electron
will either have been emitted or still be bound, depending on
whether 1 + 2 or 1 + 3 NSDR is modeled, respectively. The
Coulomb interaction will therefore be different for 1 + 2 and
1 + 3 NSDR.

(b) For large internuclear distances it would be expected
that one electron tunnels into the region between the nuclei.
This would affect the resulting Coulomb interaction, as was
seen previously for SPEAR where one electron interacted with
a nuclei from the time of emission. For small internuclear
distances the electron is expected to tunnel out at the edge of
the system, like in the atomic case, and will therefore not be
expected to interact with the nucleus from the time of emission.
The Coulomb interaction with a nucleus can therefore be
necessary for large internuclear distances but not for small.

(c) Electrons are expected to be emitted from the nuclei in
molecules, but depending on the emission point the Coulomb
interaction will differ. Depending on the orientation of the
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field there will be a front and a back nuclei where emission
can happen.

We will now implement these changes to the normal
three-step model to create a Coulomb-corrected three-step
model for the NSDR process in atoms and molecules. We
consider a homonuclear model of the H2 molecule where the
molecular axis is colinear with the polarization of the field.
To isolate the physics related to the considered CC-TSM and
not to be concerned with carrier-envelope pulse effects, we
use a continuous wave of the type F (t) = F0 cos(ωt), where
F0 = 0.119 (5 × 1014 W/cm2) and ω = 0.058 4 (λ = 780
nm). We still use the first (ionization) and last (recombination)
steps of the three-step model in our CC-TSM, but we change
the propagation step to include interactions with the bare nuclei
as described below. We still assume that the electron is emitted
at a nuclei at r(ti) = 0 with velocity vi = 0, but we modify the
equations of motion to include an interactions with the nuclei.
The TDSE calculations presented later are performed in a
reduced-dimensionality model of H2 and a softened Coulomb
potential is therefore used. We use the same interaction in
the quantum-mechanical and the classical treatments. The
softened Coulomb potential has the form

V (x) = − 1
√

(x − R)2 + εei

− 1
√

x2 + εei

, (3)

where x is the position of the electron, εei = 0.329 is the
softening used, and the left and right term are included in
the description of the propagation of the electron depending
on the instantaneous position of the electron. In this way the
Coulomb interaction with the nuclei depends on the type of
NSDR that is modeled: the Coulomb interaction is different
for the first electron emitted in 1 + 2 NSDR compared with the
first electron emitted in 1 + 3 NSDR, as the time of emission
of the second electron will influence the Coulomb interaction
on the electron emitted first in the NSDR process.

There will also be a dependence in the return kinetic
energy from electrons with different points of emission. In
H2 the electrons can be emitted from the different nuclei, and
depending on the nucleus of emission the electrons will feel
different interactions throughout their propagation because of
the strongly correlated nature of the NSDR process. According
to the orientation of the field, the electron either has to pass
over a nucleus after emission or just propagate out freely,
therefore creating a front and a back nucleus of emission as
defined in Fig. 2. For 1 + 2 and 1 + 3 NSDR there will be
two different return energies depending on whether the first
electron is emitted from the front or back nucleus compared
to the orientation of the field.

The Coulomb interaction with an electron also depends on
the internuclear distance. For small distances, if an electron is
emitted at one nucleus with zero velocity it will classically
continue to be caught in the Coulomb potential from the
nonemission nucleus, as is illustrated by the dashed line
in the potential curve for small R seen in Fig. 2. For
small internuclear distances we therefore start the Coulomb
interaction at a later point in time and space when the electron
is free of the molecule and able to propagate away. For large
internuclear distances the electron is not classically trapped,
as illustrated by the dashed line in the potential curve for

FIG. 2. Illustration of the Coulomb potentials for large and small
internuclear distances (R) for a particular value of the electric field
pointing to the right. The left minimum is the front (downhill) nucleus
for emission, and the minimum to the right is the back (uphill) nucleus
for emission. The dashed lines signify how an electron emitted at the
back nucleus in a molecule with a large internuclear distance can
propagate away freely after tunneling without being caught in the
front nucleus’ minimum, while for small internuclear distance the
electron cannot escape from the front nucleus’ minimum classically.
The potential of the front nucleus therefore should not be included
in the first part of the classical propagation for small internuclear
distances, as they will be caught in the potential. See text.

large R seen in Fig. 2. In a quantum-mechanical model the
electrons tunnel out from the Coulomb potential because of
the electric field and then only interact with the Coulomb
tail and for small internuclear distances, which will also be
true for molecules. Not including the Coulomb interaction
at the start of the propagation of the classical propagation
is similar to including the effects of tunneling classically
for the effects studied in this paper. For large internuclear
distances the electron can tunnel into the space between the
two nuclei, which is why the Coulomb interaction between
the electron and the nonemission nucleus should be included
when the internuclear distance reaches a certain limit that will
be explained later. It was also shown earlier that the Coulomb
interaction for the electron emitted from the back nuclei was
important for large internuclear distances in the SPEAR NSDR
HHG process [10].

As an illustrative example of how the Coulomb interaction
changes with the electron trajectory, and therefore with time,
we present in detail the time-dependent Coulomb interaction
for the case of 1 + 3 NSDR, where the first electron is emitted
from the front nucleus in a molecule with a large internuclear
distance. In Fig. 3(a) the electron has just been emitted from
the front nucleus in the molecule and does not interact with any
of the nuclei, represented by the (blue) clouds covering each
nuclei. The Coulomb interaction with the nucleus of emission
is not included as this would catch the electron classically,
and the nonemission nucleus is not included as the second
electron is still bound, making the system charge neutral. In
Fig. 3(b) the field changes direction and the electron propagates
back across the molecule, interacting only with the emission
nucleus as the second electron still has not been emitted at
this point in the 1 + 3 NSDR process, thereby still keeping
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(a)

(b)

(c)

(d)

(e)

FIG. 3. Illustration of the path and interactions for electrons in
1 + 3 NSDR in a molecule with large internuclear distance. (a)–(d)
The path for an electron emitted first in the NSDR process. The field
direction changes in each panel, and with it the effective Coulomb
interaction felt by the electrons changes. The path of the electron
with the Coulomb interaction and electric field shown in the panel is
shown as (red) dashed. The path of the electron for previous periods
is shown as solid black. In the Coulomb-corrected three-step model
the Coulomb interaction from each nucleus in H2 is included in the
propagation step but only at certain times. The (blue) cloud covering a
nucleus signifies that this nucleus does not interact with the electron
on the (red) dashed part of its path. (e) The path of the electron
emitted second in the NSDR process in a molecule with a large
internuclear distance. Because of the large internuclear distance the
electron emitted from the back nuclei will interact with the left nucleus
throughout its entire path and the Coulomb interactions do not change
when the field changes direction. The dashed (red) curve is the path of
the electron emitted second in the NSDR HHG process. The (black)
solid curve is the path of the first electron before the second electron is
emitted, and the (black) dotted line is the path of the first electron after
the second electron is emitted. The field changes direction during the
time evolution in (e) and is therefore not shown.

the nonemission nucleus charge neutral. In Fig. 3(c) the field
changes direction again, and the electron propagates across
the molecule once more, now interacting with both bare nuclei
as the second electron has been emitted at this point in the
1 + 3 NSDR process, leaving both nuclei bare. Finally, in
Fig. 3(d) the electron returns to the nucleus from which it
was emitted, interacting only with the nonemission nucleus,
as interacting with the emission nucleus would be adding the
ionization potential twice. In Fig. 3(e) the interaction for the
electron emitted second is shown for the entire propagation.
Because we assume a large internuclear distance, the electron
would be emitted in between the nuclei and therefore interacts

FIG. 4. Maximum classical return kinetic energies for 1 + 2 and 1
+ 3 NSDR for front or back emission as a function of the internuclear
distance. The normal three-step model cutoff energies are shown as
references indicated by “No Coulomb” (NC). See Fig. 2 for definition
of front and back.

with the nonemission nucleus during its entire propagation,
but it never interacts with the nucleus from which it was
emitted. Similar steps have been used to calculate classical
return kinetic energies for the different types of NSDR HHG.
The calculated return kinetic energies for 1 + 2 and 1 +
3 NSDR in the cases where the first electron is emitted
from either the front or back nucleus can be seen in Fig. 4.
The results of the standard three-step model are indicated by
the “No Coulomb” (NC) lines in the figure, which differ from
the CC-TSM already at R = 0 in the case of 1 + 2 NSDR.
There is a discontinuity in Fig. 4 at R = 8, which is the point
where the system changes from small internuclear distances,
where the Coulomb interaction from the nonemission nucleus
is excluded at the start of the propagation, to large internu-
clear, where the interaction with the nonemission nucleus is
included, as was seen in Fig. 3(e). This distance of R = 8
is determined from the TDSE calculations presented later. It
is also observed that the cutoff for the 1 + 2 front-and-back
NSDR become energetically different for large internuclear
distances, creating a distinction for their contribution to the
spectrum and likewise for 1 + 3 NSDR.

The cutoff return kinetic energies obtained with the CC-
TSM will now be compared with TDSE calculations. This
comparison serves to validate our classical two-electron, two-
nuclei CC-TSM and to show how the differences between the
three-step model and CC-TSM impact the structures observed
in the HHG spectra. The fundamental differences in the two
models can then be used to analyze and understand the changes
in the HHG spectra as a function of internuclear distance.

III. NUMERICAL RESULTS

We have solved the TDSE for a reduced-dimensionality
model of H2. This was done using a split-step operator Crank-
Nicolson (Peaceman-Rachford) method as in Ref. [9]. The
Coulomb potential used is given in Eq. (3), and the softening
factors for the Coulomb potentials were chosen such that the
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FIG. 5. The dipole acceleration spectrum for He interacting with
a 21-cycle laser pulse at ω = 0.058 4 (λ = 780 nm) and F0 = 0.119
(5 × 1014 W/cm2). The inset to the lower left is a zoom-in of the box
around the second plateau of the spectrum. The vertical lines indicate
the classical cutoff energies for the three-step model (TSM) and the
Coulomb-corrected three-step model (CC-TSM) for 1 + 2 and 1 + 3
NSDR HHG (see text). The vertical dashed lines denoting the cutoffs
for the 1 + 3 TSM and 1 + 3 CC-TSM overlap on the scale of the
figure.

ionization potential for He+ was Ip(He+) = 2.0 and Ip(He) =
0.903 for He. For more details about the model and numerical
method, see Ref. [10]. The pulse used was a 21-cycle pulse
with 15 cycles of the form A(t) = F0/ω sin(ωt), with a three-
cycle sinusoidal ramp-up and ramp-down, where F0 = 0.119
and ω = 0.058 4. The same field parameters were used in the
classical analysis. The dipole acceleration was calculated in
each time step, and the harmonic spectrum was found from the
norm square of the Fourier transform of the dipole acceleration,
i.e., |ãdip(�)|2. We have performed calculations for a large
range of internuclear distances (R ∈ [0,80]) and will now show
representative results illustrating the trends and conclusions
that can be made for NSDR HHG in a molecular system.

To be able to identify clearly the molecular effects present in
the molecular NSDR HHG spectra, we start by presenting the
atomic case in Fig. 5 where the dipole acceleration spectrum
of He is shown. The spectrum has been smoothed to highlight
the underlying structures, as the position of the cutoff is of
main interest for the comparison with the classical models.
In the spectrum there are two plateaus, where the low-energy
one is the one-electron HHG signal with the normal cutoff at
� = 3.17Up + Ip. In this context we define a cutoff as a point
in the spectrum where the spectrum reaches a peak and then
falls off exponentially over several amplitudes. Such a cutoff
physically originates from classical electron paths only being
able to reach the maximum return kinetic energy at a certain
time in the pulse, therefore creating a peak for then to fall off
exponentially as there are no more classically allowed paths
at higher energies. Such an effect will be seen for all types
of HHG if the signal stands clear from other contributions
to the signal, such as contributions from differently bound
electrons in atoms. The second plateau, at higher energy but

FIG. 6. The dipole acceleration spectrum for H2 with R = 5.0 and
pulse parameters as in Fig. 5. The vertical lines indicate the classical
cutoff energies for the three-step model (TSM) and the Coulomb-
corrected three-step model (CC-TSM) in the cases of the first electron
being emitted from the front or back nuclei in the molecule compared
to the orientation of the field in 1 + 2 and 1 + 3 NSDR HHG (see
text). See caption in Fig. 5 for more.

of lower magnitude, is the NSDR HHG plateau, which can be
observed to have two cutoffs. The inset in Fig. 5 is a zoom of
the box around the NSDR plateau in the spectrum wherein the
positions of the vertical lines can be seen more clearly. From
the left the first dashed (blue) and second dashed (red) lines
are positioned at the maximum return kinetic energy for both
electrons in the 1 + 2 CC-TSM and 1 + 3 CC-TSM models,
respectively. The (black) dashed-dotted line is the 1 + 2 cutoff
in the conventional three-step model [Eqs. (1) and (2)] located
to the left of the 1 + 2 CC-TSM line, while the 1 + 3 three-step
model (black) dashed line is located beneath the (red) dashed
1 + 3 CC-TSM line. These findings are in accordance with
the results in Fig. 4. In Fig. 5 we observe a good agreement
between the CC-TSM model and the observed cutoffs. There
is no observable difference for the 1 + 3 NSDR cutoff between
the three-step model and CC-TSM, but for 1 + 2 NSDR the
CC-TSM precisely predicts the observed cutoff. The cutoff
obtained with the three-step model differs by more than two
harmonics, as seen in Fig. 5. The precision observed of the
CC-TSM model in the atomic case shows the influence of
the Coulomb interaction in the propagation part of the NSDR
process. As we will observe later, this precision is present for
all internuclear distances considered, underlining the necessity
of using a Coulomb-corrected three-step model to physically
capture the NSDR process. It is noted that even though the
signal from 1 + 3 NSDR is present in the spectrum, a clear
cutoff is not seen, as the low magnitude of the signal and the
proximity to the 1 + 2 NSDR cutoff only leaves a shoulder in
the drop off from the 1 + 2 NSDR.

The dipole acceleration spectrum for the molecular case of
H2 with an internuclear distance of R = 5.0 is shown in Fig. 6.
A general trend for increasing internuclear distance from the
case of R = 0.0 (He) to around R = 7.0 is an increase in
the NSDR HHG signal originating from an increase in the
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(a)

(b)

FIG. 7. The dipole acceleration spectrum for H2 with pulse
parameters as in Fig. 5 with (a) R = 8.0 and (b) R = 9.0. The
vertical lines indicate the classical cutoff energies for the three-step
model (TSM) and the Coulomb-corrected three-step model (CC-
TSM). The dashed (orange) line furthest to the right in (b) is the
CC-TSM prediction of the same-period emission and recombination
nonsequential double-recombination HHG cutoff. (See caption of
Fig. 6 for definition of the other vertical lines.)

ionization probability with increasing internuclear distance
and charge-resonance-enhanced ionization for intermediate
internuclear distances of R ∈ [1,5] [11]. Comparing the
spectra for He and H2 in Figs. 5 and 6, the same conclusions
can be made in the latter case for the cutoffs predicted by
the three-step model and CC-TSM. For R = 5.0 there is a
slight difference in cutoff energies in the CC-TSM model,
depending on whether the first electron is emitted as a front or
back electron. Looking at the inset in Fig. 6, we observe that
the CC-TSM prediction fits with the observed cutoff of 1 +
2 NSDR and the normal three-step model deviates from the
observed cutoff with two harmonics. Likewise, we still do not
observe a difference between the CC-TSM and the three-step
model for 1 + 3 NSDR. They are both located directly at the
cutoff observed for 1 + 3 NSDR.

In Figs. 7(a) and 7(b) the dipole accelerations for H2

with R = 8.0 and R = 9.0 are shown. For these internuclear
distances a major shift in the cutoffs is observed, as was
hinted to in Fig. 4, where a discontinuity is located at these
internuclear distances in the predicted cutoffs. In Fig. 7(a) the

FIG. 8. Illustration of the fraction of the wave function that is
transferred from one nucleus to another after initial localization on
only one nucleus and propagation during one optical cycle of the field.
The figure shows the ratio between the maximal absolute values of
the wave function at the initially unoccupied nucleus at −R/2 and at
the nucleus at R/2, where the electron is located initially.

vertical lines are the predicted cutoffs from the CC-TSM for
an atomiclike system, with no interaction with the nuclei in
the first half-cycle after emission, as was discussed in Sec. II.
It was previously found that such an interaction would be
necessary to model SPEAR NSDR [10], and it was included
in the classical model used to calculate the cutoff shown in
Fig. 7(b).

From the study of the behavior of the HHG spectra in this
region of R = 8.0 to R = 9.0, we see a change in the electron
dynamics around these internuclear distances. Looking at the
NSDR HHG process, one electron will be emitted from one
nucleus, leaving the other electron on the other nucleus. We
model this process by TDSE simulations based on finding
the initial wave function located on only one nuclei and for
only one electron. We then propagate the obtained initial state
under one period of the external field and the interaction with
both nuclei. This simulation shows that the electron will try to
move to the unoccupied well. Depending on the internuclear
distance, a certain amount of the wave function will transfer
into the unoccupied well in one period of the field. We measure
the amount transferred by the maximum absolute value of
the wave function in the initially unoccupied well compared
with the original maximum absolute value in the initial well.
This fraction is plotted in Fig. 8 as a function of internuclear
distance. Here it is clearly seen that for internuclear distances
of R � 6 a.u. the electron almost fully moves between the
nuclei during one cycle, but for R > 6 a.u. the transfer drops
sharply and flattens out between 8 and 9 a.u. We therefore
conclude from these charge-transfer simulations that around
R � 8–9 the tunneling time for the electron becomes larger
than the oscillation time of the electric field. Staring from
these R values, the electron therefore will not have time to
delocalize on the two nuclei. This oscillation time for the
electron in the molecular system therefore explains the change
in the electron dynamic in the classical model, going from
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FIG. 9. The dipole acceleration spectrum for H2 with R = 16.0
and pulse parameters as in Fig. 5. The vertical lines indicate the
classical cutoff energies for the three-step model (TSM) and the
Coulomb-corrected three-step model (CC-TSM). (See captions of
Figs. 6 and 7 for definition of vertical lines.)

a system where the electron effectively sees the system as a
whole to a system with separate nuclei for large internuclear
distances. It is therefore concluded that the process of NSDR
HHG changes for R � 8–9 because of the charge transfer in
the molecule. This change in the charge-transfer dynamics is
clearly seen in the spectra. Looking at Fig. 7(a), the spectrum
is very similar to the ones in Figs. 5 and 6, but for R = 9
in Fig. 7(b) the cutoffs predicted by CC-TSM for 1 + 2
and 1 + 3 NSDR are now both very different than what is
predicted by the normal three-step model, being different with
more then six and almost five harmonics, respectively, where
the CC-TSM predicted cutoffs clearly match the observed
cutoffs. SPEAR NSDR HHG also becomes observable for
these internuclear distances, but a similar explanation for
its occurrence as for 1 + 2 and 1 + 3 NSDR HHG is not
likely, as both electrons are emitted in the same half period in
SPEAR NSDR HHG.

Going to even larger internuclear distance the CC-TSM
continues to precisely predict the observed cutoffs, but looking
at large internuclear distances, like in Fig. 9 for R = 16, we
observe that the clear cutoffs observed for smaller internuclear
distance disappear and are replaced by a straight decreasing
diagonal line on the logarithmic scale from around 120ω to
140ω. This effect can be explained by considering molecular
exchange paths in the HHG process. When using either the
CC-TSM or the normal three-step model we assume that the
electron is emitted and recombines at the same nucleus, but
instead it is possible for the electron to be emitted at one
nucleus and recombine at another, which results in a different
return kinetic energy [12]. This change in return kinetic energy
will be dependent on the internuclear distance of the specific
system and it will be more pronounced for large internuclear
distance, as is the case for R = 16. These extra paths give
rise to extra signals in the energy range with their own cutof,f
but because of the close proximity in the return energies, they
result in a flat linear dropoff instead of the cutoff observed

for the smaller internuclear distances. From the 1 + 2 front
CC-TSM shown in Fig. 9 we see that this is the predicted cutoff
energy that matches the observed cutoff in the spectrum. We
can therefore conclude that the first electron will most likely be
emitted from the front nucleus in the molecule. This becomes
even more apparent for larger internuclear distances, where
the energy difference between 1 + 2 NSDR front and back
of two harmonics for R � 16 becomes larger, following the
predictions of the cutoffs in Fig. 4, and the 1 + 2 front continues
to be located at the cutoff in the spectrum, and a difference
exists between the CC-TSM and normal three-step model of
five harmonics and three harmonics for the 1 + 2 and 1 + 3
NSDR, respectively. The conclusions for R � 16 continue to
be present until R � 25, where the one-electron signal extends
its cutoff energy beyond the NSDR HHG signal due to direct
exchange paths.

IV. SUMMARY AND OUTLOOK

In this paper we have performed a study of the NSDR
HHG process in a molecularlike system and presented a
special version of the three-step model for the two-electron,
two-nuclei case which we called the Coulomb-corrected three-
step model (CC-TSM). This model is specifically constructed
for two-electron NSDR HHG, as the strong electron-electron
correlation in the NSDR HHG process makes the inclusion of
the interaction with the bare nuclei important. We have then
used the classical maximum return kinetic energies to analyze
the cutoffs observed in the HHG spectra, showing that the
CC-TSM describes the NSDR HHG process more adequately
compared to the ordinary three-step model for all internuclear
distances and that the CC-TSM predicts the cutoff precisely
for all cases in NSDR HHG. We observe a change in the
NSDR process around internuclear distances of R � 8, where
the observed cutoffs shift their positions abruptly. This shift
was proposed to stem from a change in the charge-transfer
dynamics within the molecule, resulting in each nucleus being
its own separate entity after emission of the first electron in
the NSDR process. Finally, for large internuclear distances of
R ∈ [13,25], we observed that from the position of the cutoff
of 1 + 2 NSDR we could predict the nucleus from which the
electron was most likely to be emitted to be the front nucleus
compared with the orientation of the electric field. In this sense
the NSDR HHG signal gives very direct access to the initial
ionization step in a molecule. We also observed for these large
internuclear distances that exchange paths in the molecule
create a continuous drop instead of a cutoff in the NSDR part of
the spectrum because of the many contributions to the spectrum
in that region. In this sense our CC-TSM for NSDR HHG has
added to the understanding of the NSDR HHG process. For
processes where emission and recombination times are crucial,
such as attosecond pulse-probe experiments, this model will
be necessary. Attosecond pulses could also be used to increase
the yield of the NSDR HHG process, opening up for many
interesting opportunities for using the strongly correlated
two-electron NSDR HHG process to study electron correlation
and make precise measurements of molecular dynamics using
the NSDR HHG process.

The dependence on the internuclear distance also opens
up opportunities to study molecular dynamics in systems with
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relatively large internuclear distances where effects such as the
previously observed two-center interference in HHG disappear
[13–15]. This two-center interference, normally observed in
the one-electron part of the HHG spectrum, can be observed
not to be present in the spectrum already at R � 5 (Fig. 6).
The high photon energies in the NSDR HHG signal also make
it stand out separately from the one-electron HHG signal, pos-
sibly making it easy to isolate experimentally. We recognize
the low magnitude of the NSDR HHG signal, but in the future
the benefits of the NSDR HHG signal could outweigh the

difficulties and make it of experimental interest for studies of
molecular systems and electron-electron correlation.
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High-order harmonic generation in solid slabs beyond the single-active-electron approximation
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High-harmonic generation by a laser-driven solid slab is simulated using time-dependent density functional
theory. Multiple harmonic plateaus up to very high harmonic orders are observed already at surprisingly low
field strengths. The full all-electron harmonic spectra are, in general, very different from those of any individual
Kohn-Sham orbital. Freezing the Kohn-Sham potential instead is found to be a good approximation for the laser
intensities and harmonic orders considered. The origins of the plateau cutoffs are explained in terms of band gaps
that can be reached by Kohn-Sham electrons and holes moving through the band structure.

DOI: 10.1103/PhysRevA.96.053418

I. INTRODUCTION

High-harmonic generation (HHG) in the gas phase laid the
foundation of attosecond science, opening up the possibility to
study ultrafast processes on the subfemtosecond scale directly
in the time domain [1,2]. The basic ingredient in the description
of HHG in rarefied gases is the single-atom polarization, which
then might be used as a source in Maxwell’s equations to
calculate the propagation of the harmonic radiation through the
gas [3,4]. The overall shape of an HHG spectrum generated by
atoms is mainly governed by the ionization potential Ip and the
laser pulse form, in particular its electric field amplitude F0 and
the laser frequency ω0, which determine the ponderomotive
energy Up = F 2

0 /4ω2
0 (atomic units where electron mass me,

charge |e|, and 4πε0 are unity are used, unless indicated
otherwise). In particular, the celebrated cutoff for the HHG
plateau ωmax = Ip + 3.17Up is determined by only these few
parameters and can be understood in terms of the “three-step
model” [5,6] where the electron is (1) assumed to be released
due to tunneling, (2) oscillates in the laser field, and (3) swings
back to the parent ion where it recombines upon emitting
its kinetic energy plus the ionization potential as a single
harmonic photon.

Recently, strong-field physics in solids, in particular HHG,
became a focus of attention [7–10], with potential applications
in light-driven electronics [11–15], efficient and compact tera-
hertz radiation sources [16], polarization and phase shaping of
the emitted radiation [17], ultrafast dielectric optical switching
[18], and all-optical measurements of band structure [19]
and dynamics therein [20–25]. The combination of periodic
drivers with spatially periodic systems opens up the new field
of “Floquet matter” and its topological properties [26–30].
Compared to strong-field physics in atoms, the situation is
richer in condensed matter because the trivial (and for all atoms
equal) dispersion relation of a free electron, E(k) = k2/2,
is replaced by a target-dependent band structure so that
the relations between (crystal) momentum, electron velocity,
and hole velocity are not as simple as in the atomic case.
Clearly, the laser intensity must remain below the damage
threshold to employ the band structure for HHG in solids
(unless one is interested in plasma-based harmonics from
the surface [31,32]). Nevertheless it turned out that many
of the semiclassical concepts that have been developed for
strong-field physics in the gas phase can be transferred to the

interaction of laser radiation of much lower laser intensities
with semiconductors or insulators as long as the photon
energies are much smaller than the band gap between valence
and conduction band. Further, the band structure might be
such that effective masses are small or dispersion relations are
relativistic-like so that laser fields that can be considered weak
by strong-field standards in vacuum are effectively strong in a
solid.

The attempts to understand HHG in solids necessarily re-
quire concepts from two previously rather distinct disciplines:
strong-field physics and condensed matter physics. Theory
papers on the subject reflect this method-wise: HHG in solids
has been investigated in the strong-field way employing a
three-step-like approach [33] or solving the time-dependent
Schrödinger equation for single electrons in a periodic
potential and a laser field [34–41], or in the condensed-
matter way using semiconductor Bloch equations [10,42,43].
Time-dependent density functional theory (TDDFT) [44,45]
lies somewhat at the boundary as it has been used in both
communities for a long time [46–49].

Concerning HHG in solids, some obvious questions arise:
(i) How do HHG spectra from solids look, and which cutoffs
are observed? (ii) Which electrons do the HHG? (iii) Is
electron-electron interaction important? (iv) Are there surface
effects in HHG? (v) How does the coupling to phonons
influence HHG spectra? (vi) How does the incident pulse and
the harmonic radiation propagate through the solid? In this
paper, we will address points (i)–(iii), whereas items (iv)–(vi)
are postponed to forthcoming work.

In order to pinpoint the essentials of HHG by linearly
polarized laser pulses in solids we employ a TDDFT model
for a linear chain of N ions in a laser field. In that way we
go beyond single-active electron models and take electron-
electron interaction into account, at least on a mean-field level.
The TDDFT model is introduced in Sec. II. We show the band
structure for the particular parameters used for the subsequent
simulations with the laser field in Sec. II A and discuss the
Bloch oscillations in a static electric field in Sec. II B. HHG
spectra are presented in Sec. III, in particular their dependence
on the number of ions N in Sec. III A, and the difference
between dynamic and frozen Kohn-Sham (KS) potential in
Sec. III B. Plateaus and cutoffs are discussed in Sec. III C. We
summarize in Sec. IV.
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II. TDDFT MODEL

We consider a linear chain of N ions of charge Z at positions
xi , separated by the lattice constant a,

xi = [
i − 1

2 (N − 1)
]
a, (1)

generating the attractive potential for the electrons:

vion(x) = −
N−1∑
i=0

Z√
(x − xi)2 + ε

. (2)

The smoothing parameter ε is introduced to soften the three-
dimensional (3D) Coulomb singularity in a one-dimensional
(1D) treatment; see, e.g., Ref. [50]. The ionic potential (2)
enters the KS potential

vKS[{nσ }](x) = vion(x) + u[n](x) + vxc[{nσ }](x) (3)

in the KS equation for the KS orbitals ϕσ,i(x),

εσ,iϕσ,i(x) =
{
−1

2

∂2

∂x2
+ vKS[{nσ }](x)

}
ϕσ,i(x), (4)

together with the Hartree potential

u[n](x) =
∫

n(x ′) dx ′√
(x − x ′)2 + ε

(5)

and the exchange-correlation potential in local spin-density
(LSD) approximation

vxc[{nσ }](x) � vx[{nσ }](x) = −
[

6

π
nσ (x)

]1/3

. (6)

The spin densities and the total density read

nσ (x) =
Nσ −1∑
i=0

|ϕσ,i(x)|2, n(x) =
∑

σ=↑,↓
nσ (x), (7)

respectively, with Nσ the number of electrons of spin σ , and
Ne = N↑ + N↓ the total number of electrons. We use the LSD
exchange expression for the 3D electron gas because in what
follows we want to mimic 3D electrons that are driven in the
polarization direction of a linearly polarized laser rather than a
true 1D electron system. The LSD correlation part is neglected,
as it is not expected to affect the qualitative features in our
results. In this work, we restrict ourselves to even N for which
the system is spin-neutral and the local density approximation
would actually suffice. However, for odd N this is not the
case anymore, and we want to keep the theory and our code
flexible right from the beginning. Further, we are not using
periodic boundary conditions in order to monitor the escape of
electrons from the solid as a whole and other surface effects.

A. Two exemplary band structures

The four adjustable parameters in our model are the number
of ions N , the lattice constant a, the smoothing parameter
ε, and the ion charge Z. They can be tuned to obtain the
desired band fillings or band gaps, for instance. Figure 1 shows
examples for N = 60, Z = 2, a = 4, ε = 5.75 (system A),
and N = 40, Z = 4, a = 7, ε = 2.25 (system B). In order to
render the solid neutral there are ZN = Ne electrons and,
because of spin neutrality, N↑ = N↓ = Ne/2 in both systems.

(a) (b)

(c) (d)

FIG. 1. Right edges of the KS potentials for (a) N =
60, Z = 2, a = 4, ε = 5.75 (system A) and (b) N = 40, Z =
4, a = 7, ε = 2.25 (system B). The single-ion potentials v1p,ext =
−Z/

√
(x − xi)2 + ε are indicated by black dashed and dotted lines.

The corresponding band structures in panels (c) and (d) are calculated
from the spatial Fourier transforms of the occupied and unoccupied
KS orbitals, plotted at the level of their KS orbital energy. Occupied
bands are labeled VBi, i = 1,2, initially empty bands CBi, i =
1,2,3,4. Because of the finiteness of the slab there is also the
free-space (FS) dispersion k2/2 visible in both (c) and (d).

The KS equation (4) was solved on an equidistant spatial grid
of spacing �x = 0.2 by propagating KS orbitals according
to the time-dependent KS equation (8) below in imaginary
time and orthonormalizing each time step [45]. In Figs. 1(a)
and 1(b), the right edges of the KS potentials for the two
systems are shown. The main difference is the different height
of the potential between the ions as compared to the continuum
threshold E = 0. Figures 1(c) and 1(d) show the corresponding
band structures. With Z = 2 electrons per ion in system A, the
lowest band is fully populated (valence band, VB1), and all
higher ones are empty (conduction bands CB1, CB2). Because
we consider a finite solid slab there is also the free-space
dispersion parabola k2/2 present (FS). The Z = 4 electrons per
ion in system B yield two completely filled bands VB1, VB2
and empty conduction bands CB1–CB4, besides the free-space
parabola. We expect the highest occupied band and the lowest
conduction band to determine most of the relevant strong-field
dynamics of solids, the smallest band gap between them
playing the role of what would be the ionization potential in
the gas-phase case [33]. By changing the parameters N,a,ε,Z,
the band structure can be tuned to the desired shape. In
particular, the band gap can be adjusted to values of interest.
Due to the different fillings the minimum band gap can be
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at the Brillouin-zone boundary k = π/a (system A) or k = 0
(system B). For Z = 1 (or Z = 3) electron(s) per ion half-filled
bands, and a metallic behavior would be obtained. In the
following, we will restrict ourselves to present results obtained
for system B, which yields an effective KS potential similar to
the one used in Ref. [35].

The interaction of our model with external (laser) fields is
simulated using TDDFT. In the adiabatic approximation, the
stationary KS equation (4) is replaced by the time-dependent
KS equation

i
∂

∂t
ϕσ,i(x,t) =

{
− 1

2

∂2

∂x2
− iA(t)

∂

∂x

+ ṽKS[{nσ }](x,t)

}
ϕσ,i(x,t), (8)

where

ṽKS[{nσ }](x,t) = vion(x) + u[n](x,t) + vxc[{nσ }](x,t) (9)

with A(t) the vector potential of the laser field in dipole
approximation, and the time-dependent density used in the
expressions for the Hartree potential (5) and the exchange po-
tential (6). The KS orbitals were propagated in time according
to the time-dependent KS equation (8) using the Crank-
Nicolson method (with a predictor-corrector step) [45]. The
system starts at time t = 0 from the ground state with spin
densities nσ (x,0) = nσ0(x) and total density n(x,0) = n0(x).

B. Bloch oscillations

It is instructive to calculate the response of the KS system to
a small, static electric field F = −∂tA(t), i.e., A(t) = −F t . A
single electron in a periodic potential in the presence of a static
electric field will undergo Bloch oscillations of frequency
	B = aF . However, in a completely filled valence band
electrons at the top edge of the band will oscillate oppositely
to electrons at the bottom because of the opposite velocities
v(k) = ∂kE(k). This is seen in Fig. 2, where the position
expectation values

〈xσ,i〉(t) =
∫

dx x|ϕσ,i(x,t)|2 (10)

for, e.g., spin up (spin-down is the same) are plotted for
representative KS orbitals versus time for the case of an instan-
taneously switched-on electric field F = 0.002. Figure 2(a)
shows the full TDDFT result with the KS potential updated
each time step according to the instantaneous electron density,
and Fig. 2(b) the one for a frozen KS potential

vKS0(x) = vion(x) + u[n0](x) + vxc[{nσ0}](x). (11)

Freezing the KS potential is equivalent to a noninteracting
electron simulation where all electrons move independently
in a given, static, effective potential (for whose calculation
electron-electron interaction has been taken into account
though). The Pauli principle is fulfilled for both dynamic and
frozen KS potential: if the KS orbitals are orthogonal at t = 0
(which they are by construction) they will stay orthogonal
during time propagation as long as the KS Hamiltonian is
invariant under the exchange of (like spin) KS particles.

For small enough field strengths F there is almost no
difference between the full and the frozen-KS-potential result.
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FIG. 2. Bloch oscillations in system B for a small, instanta-
neously switched-on electric field F = 0.002. Position expectation
values (10) for exemplary KS orbitals are shown from the full
TDDFT simulation (a) and the frozen-KS-potential simulation (b).
Thin vertical lines indicate multiples of the expected Bloch period
2π/	B � 449.

KS orbitals 0–39 belong to the lowest, completely filled band
VB1 of system B. Their oscillation amplitudes are small
compared to the second completely filled band VB2 because
of the higher effective mass m∗ of band VB1. KS orbitals
40–59 of VB2 show excursions in −F direction because of
their dispersion relation approximately ∝ k2 (positive m∗),
orbitals 61–79 oscillate in opposite direction (opposite band
curvature, negative m∗). In this way the KS orbitals remain
orthogonal, and the Pauli principle can be fulfilled. The
sum of all the individual KS dipoles almost cancels both
in the full-KS-potential and the frozen-KS-potential result.
Hence, our model reproduces the experimental fact that Bloch
oscillations are usually (i.e., without purposefully designed
superlattices [51]) not seen experimentally, however, not
because of scattering or dissipation processes that are faster
than the Bloch period, but even for noninteracting electrons
in filled bands because of destructive interference of the
individual KS dipoles. Such interferences are expected to
play a role in HHG in solids as well. In fact, as discussed
in Sec. III C, the HHG spectrum produced by an individual
KS orbital (e.g., the highest occupied one) is in general very
different from the measurable spectrum, generated by all
electrons.

III. HHG SPECTRA

We calculate HHG spectra from either the modu-
lus square of the Fourier-transformed position expecta-
tion value (or dipole) 〈x〉(ω) = FFT[〈x〉(t)] where 〈x〉(t) =∑

σ,i〈xσ,i〉(t) with 〈xσ,i〉(t) according to (10) or from the
Fourier-transformed current j (ω) = FFT[j (t)] where j (t) =∑

σ,i

∫
dx jσ,i(x,t) with jσ,i(x,t) = −i[ϕ∗

σ,i(x,t)∂xϕσ,i(x,t) −
ϕσ,i(x,t)∂xϕ

∗
σ,i(x,t)]/2.
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FIG. 3. HHG spectra for different numbers of ions N in the
linear chain, frozen KS potential, and an ncyc = 15-cycle sin2

pulse with ω0 = 0.023 (corresponding to λ � 2˜μm) and A0 = 0.24
(corresponding to a laser intensity � 1012 W/cm2).

A. How many ions make bulk?

Keeping the lattice constant a = 7, the ion charge Z = 4,
and the smoothing parameter ε = 2.25 of system B above but
varying the number of ions N , we can study how many ions
are needed in laser polarization direction of the laser to yield
the “converged” bulk HHG spectrum. We assume a laser field
with the vector potential

A(t) = A0 sin2

(
ωt

2ncyc

)
sin ω0t (12)

for 0 < t < ncyc2π/ω0 and zero otherwise.
The number of lattice sites in the system clearly affects the

HHG signal produced. In Fig. 3 HHG spectra are presented for
N = 20,40,60,80 ions. For instance, N = 40 ions generate an
HHG spectrum where all the structures of the well-converged
bulk result N = 80 are present up to harmonic order � 130 for
which the yield is already many orders of magnitude below the
fundamental. As discussed below, such high harmonics involve
electrons moving in high-lying conduction bands where their
excursions in position space are too large to be supported by
smaller crystal sizes.

B. HHG with dynamic and frozen KS potential

Similar to Sec. II B for the Bloch oscillations, we do not
expect a large difference between results obtained with full,
dynamic TDDFT, i.e., with the KS potential updated each
time step, and those obtained with a frozen, ground state KS
potential as long as the system stays close to its ground state
configuration (which should be the case well below the damage
threshold of the solid).

Figure 4 shows HHG spectra for the parameters of Fig. 3 and
N = 40 ions for frozen and dynamic KS potential. Differences
between the two spectra are only visible from harmonic order
�100 on. Actually, it is not clear which of the two spectra
is closer to the unknown exact result. Benchmark results
from a solution of the Ne = 160-electron time-dependent
Schrödinger equation are impossible to obtain, and converged
results from other methods such as time-dependent multi-
configurational Hartree-Fock are still too costly [45,52]. The
time-dependent KS equation, as a nonlinear partial differential
equation where the KS orbitals feed into the effective potential,
may generate artificial high-order harmonics, as observed,
e.g., for HHG in He [53]. The unknown, exact xc potential
would care about removing the artificial harmonics and
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FIG. 4. HHG spectra for system B (with N = 40) for frozen and
dynamic KS potential, calculated from the Fourier-transformed total
current. The laser parameters are the same as in Fig. 3.

placing the physical ones like those due to single-photon,
nonsequential double recombination [54,55] or simultaneous
HHG with different charge states, for instance. In any event,
the discrepancies between full and frozen-KS-potential result
in Fig. 4 are at harmonic orders where the yield is already very
low. Hence our results up to practically relevant harmonic
orders are “robust” in the sense that the fine details of how
accurate electron-electron interaction is taken into account via
the chosen xc potential are of minor importance.

C. Discussion of the HHG spectra

Semiclassical methods have been proposed to predict the
cutoffs observed in HHG spectra from solids [33,40,42].
These methods are based on the motion of a state that is
initially localized in momentum space at (or around) the crystal
momentum k0 and then following the external field according
to the adiabatic theorem, i.e., k(t) = k0 + A(t). This means
that the state moves along the band with the vector potential,
which produces already so-called intraband harmonics due to
anharmonicities, i.e., because realistic bands are not perfectly
parabolic [20]. Transitions to higher bands are most probable
when the band gap is smallest. Hence, one might assume in the
semiclassical modeling that such transitions occur whenever
the minimum band gaps between successive bands are reached.
After the transition happened, the electron moves in its new
band but may recombine with the hole it left in its initial band.
This scenario is an analog of the three-step model for HHG
in the gas phase [33]. A maximum so-called interband HHG
energy is then determined by the maximum energy difference
between the conduction band the electron reached and the
valence band where it started, at a specific k value that is
accessible from at least one initial k0.

System B has initially two completely filled bands VB1
and VB2; see Fig. 1(d). When determining which states
contribute to the total current and thus to HHG, we first
combine the current originating from VB1 and VB2 separately.
The corresponding spectra are presented in Fig. 5, together
with the full spectrum from the total current. It is seen that
the contribution from KS orbitals that were initially in the
lowest band is insignificant for most frequencies, except for
the intraband harmonics < 10ω0. This is expected because
of the large band gap suppressing electrons in VB1 from
moving up in the band structure, therefore not enabling them
to create interband high harmonics there. The total spectrum
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FIG. 5. HHG spectra for system B calculated from the total
current, the current from all electrons in VB1 and from VB2. The
laser parameters are the same as in Figs. 4 and 3. The KS potential
was frozen.

coincides almost perfectly with the spectrum from the KS
orbitals initially in VB2 alone.

Previous theoretical studies of HHG in a similar 1D system
used an initial state made from a superposition of Bloch states
around k0 = 0 to predict HHG spectra [35]. Figure 6(a) shows
the HHG spectrum for the initially highest occupied KS orbital
of system B, which is located in VB2 at k0 = 0. Two cutoffs
are indicated by dashed blue, vertical lines. From the adiabatic
theorem we expect that the k0 = 0-state oscillates as k(t) =
A(t). This motion is indicated in Fig. 7 by black bold arrows
in the valence band VB2 and the first conduction band CB1.
If an electron makes a transition from VB2 to CB1 at k = 0
and then continues to move in the field to A0 (or −A0) where
it recombines with a hole in the initial band, the resulting
maximum band gap is

ωcutoff1 = ECB1(A0) − EVB2(A0). (13)

The corresponding harmonic order ωcutoff1/ω0 is indicated by
the first dashed blue, vertical line from the left in Fig. 6(a).
When varying the laser intensity this point is found to follow
the observed cutoff perfectly for the highest occupied orbital.
The adiabatic theorem leads directly to the single-orbital cutoff
from a semiclassical perspective of the initial state moving
in the band structure with a certain maximum oscillation
amplitude. The band gap energy gives the classically maximal
obtainable energy, which therefore leads to a clear cutoff in
the HHG spectrum. A second cutoff is clearly identified in
Fig. 6(a) and indicated by a second blue, vertical line. Varying
the laser intensity, the cutoff was found to follow

ωcutoff2 = ECB3(A0) − EVB2(A0). (14)

With the vector potential amplitude A0 = 0.2 used the k0 =
0-state, according to the simple modeling, does not reach
the Brillouin zone boundary at k = π/7.0 where the band
gap to the next band CB2 is smallest. Hence less likely
transitions from CB1 to CB2 at a larger energy gap need
to take place. The question of how to calculate transition
probabilities between bands has been addressed already in
the second part of Keldysh’s classic paper [56] and, in view
of the modern developments, more recently in Ref. [57]. The
transition is indicated in Fig. 7 by a dotted, vertical, black line.
The transition from the second to the third conduction band
requires only the transition through a small band gap of less
than one photon energy. HHG spectra from other individual
orbitals starting from VB2 contain similar plateau structures

(a)

(b)

(c)

FIG. 6. HHG spectra from system B obtained for the same pulse
shape as in Fig. 5 but different vector potential amplitudes. (a) The
HHG spectrum from the highest occupied orbital. The first dashed
vertical line from the left (blue) indicates the energy difference
between the highest valence band VB2 and the first conduction
band CB1 at k = A0 = F0/ω0, the second dashed blue line (fifth
from the left) the band gap between CB3 and VB2 at k = A0. The
vertical, dashed red line (second from the left) indicates the predicted
cutoff from the semiclassical electron-hole model [42], and the dashed
green lines (third, fourth, and sixth) the maximum energy differences
between VB2 and CB1, CB2, CB3, respectively. (b, c) The total HHG
spectra for two different field amplitudes. The meaning of the vertical
lines is the same as in (a).

but with less pronounced cutoffs as their initial momenta
k0 
= 0 enable them to explore more of the band structure.

The full HHG spectrum of the entire system is presented in
Fig. 6(b). The lowest energy cutoff in the spectrum is located
at the second vertical line from the left (dashed red). This
cutoff is found to not follow a single orbital, e.g., the highest
occupied KS orbital k0 = 0. Instead, it moves linearly with
the field strength. The harmonic order for the dashed red line
has been determined by finding the maximum recombination
energy an electron-hole pair can have in a semiclassical model
of interband HHG, as proposed by Vampa et al. [42]. In this
model, electron-hole pairs are created at the minimum band
gap between VB2 and CB1 and then propagated in position
space according to their respective dispersion relations. Later
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k(a.u.)

FIG. 7. The highest occupied valence band VB2 (blue) and the
first three conduction bands CB1, CB2, CB3 (red, gold, purple) of
system B with the energy plotted in units of the field frequency ω0.
The vertical gray, dashed lines indicate the Brillouin-zone boundary,
the vertical dashed downward arrows (pink) indicate the maximum
transition energies between VB2 and CB1, CB2, respectively. The
black bold arrows along the bands indicate possible pathways of the
highest occupied KS orbital (at k0 = 0 in VB2) in the band structure.
Vertical, black, dotted lines indicate tunneling transitions to next
higher bands.

in the pulse the electron and hole can recollide at time tr
and release the instantaneous energy difference between the
bands at crystal momentum k(tr ). We find that the total HHG
spectra exhibit clear cutoffs at ω < ECB1−VB2 in agreement
with this semiclassical model (applied to all initial KS
orbitals though) for vector potential amplitudes A0 � 0.3.
For higher amplitudes A0 > 0.3 the cutoff shifts into the
energy range of transitions from the second conduction band to
the valence band, ECB1−VB2 < ω < ECB2−VB2 in accordance
with an extended semiclassical hole-electron (ESCHE) model
where electron transitions to higher conduction bands are taken
into account whenever a minimum band gap is reached by a
KS electron.

In Fig. 6(b) we also observe that harmonics below the
10th are suppressed when compared with the highest occupied
orbital in Fig. 6(a). This is due to destructive interference as in
Sec. II B and in agreement with previous many-electron results
from semiconductor Bloch equations where a lack of peaks in
the subthreshold (i.e., below-bandgap) harmonics can also be
observed [42].

A second cutoff—or at least a qualitative change in the
total spectrum—can be observed at the fifth dashed vertical
line from the left (blue) in Fig. 6(b) which is located at ωcutoff2

according (14), where the pronounced second cutoff for the
initially highest occupied KS orbital occurs in Fig. 6(a). This
high-energy feature is thus determined by a single orbital
whereas the first, low-energy cutoff is not.

For vector potential amplitudes A0 > π/2a = 0.224 (i.e.,
half the Brillouin zone boundary) the total spectrum changes

FIG. 8. HHG spectra for system B with frozen KS potential
as a function of vector potential amplitude A0. The tilted red line
indicates the prediction for the cutoff from the ESCHE model (labeled
MEC). The dashed vertical lines (green) mark, from left to right, the
maximum energy difference (MED) between VB2 and CB1, CB2,
CB3.

character from three plateaus, as seen in Fig. 6(b), to four
plateaus in Fig. 6(c). The second vertical line (dashed red)
again indicates the cutoff expected from the ESCHE model,
which agrees well with the first cutoff from the TDDFT result.
The third, fourth, and sixth dashed lines (green) indicate the
maximum energy differences between VB2 and CB1, CB2,
and CB3, respectively. They are already included in Figs. 5(a)
and 5(b), showing that these maximum energy differences
are not exhausted for small field strengths. For A0 = 0.24
instead, four plateaus are observed, which all have cutoffs
located approximately at these maximum energy difference.
This qualitative change in the spectrum suggests a change
in the process leading to the second and third HHG plateau
because transitions between bands at large energy gaps are not
required anymore.

For higher field intensities we confirm a cutoff scaling
linear with A0 found previously [40,42]. In Fig. 8 HHG
spectra for system B are plotted as a function of the vector
potential amplitude A0 [the other laser parameters ω0 = 0.023
and ncyc = 15 in (12) are kept the same]. The overplotted
tilted red line indicates the first ESCHE cutoff as described in
the discussion of Fig. 6. It jumps at A0 � 0.3 where the first
cutoff moves into the second conduction band. The maximum
energy differences between VB2 and CB1, CB2, CB3 are again
highlighted by dashed vertical lines (green). A clear, linear
cutoff scaling with A0 can be inferred only for sufficiently
high A0 after the respective maximum band gaps have been
exhausted.

IV. SUMMARY

We studied high-harmonic generation (HHG) in a simple
1D model system of a linear chain employing time-dependent
density functional theory (TDDFT). In agreement with exper-
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iment and previous studies, multiple plateaus up to harmonic
orders much higher than those obtained in gases are observed.
These high harmonics are even observable when the vector
potential amplitude is actually too small to drive the highest
occupied Kohn-Sham (KS) orbital to the Brillouin zone
boundary. This shows that overly simplified models where
electrons only make transitions to the next band at the smallest
band gap are insufficient.

The advantages of TDDFT over simpler models (where the
time-dependent Schrödinger equation is solved for a single
active electron moving in a given, periodic potential) are a full
all-electron treatment, self-consistency, the incorporation of
electron-electron interaction, and the “automatic” fulfillment
of the Pauli exclusion principle. By comparing results from
full TDDFT simulations with those for frozen KS potential we
conclude that dynamic electron-electron interaction is of minor
importance for HHG with the laser field strengths considered
and up to harmonic orders with reasonable yields such that
they could be of practical interest. Very important, instead, is
the inclusion of all electrons in the valence band in the dipole
or current from which the HHG spectra are calculated. HHG
spectra from individual KS orbitals are in general very different

from the full spectrum. An extreme case are Bloch oscillations
in filled valence bands, which cancel almost completely. We
confirmed that the first cutoff in HHG spectra is indeed due to
recombination of an electron from the first conduction band
with the hole it left behind in the valence band. However, all KS
electrons needed to be considered to explain the dependence
of the cutoff on the laser field strength. The higher plateau
cutoffs are exhausted at photon energies corresponding to the
maximum band gaps between higher-lying conduction bands
and the valence band.

The TDDFT model can obviously be extended in several di-
rections, among them more complex unit cells, spin-polarized
systems, classically mobile ions, two-dimensional materials,
and beyond the dipole approximation. The simplest next step
is to consider edge effects, which will be the subject of a
forthcoming paper.
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Using time-dependent density-functional theory, high-harmonic generation (HHG) is studied in one-
dimensional structures of sizes from a single nucleus up to hundreds of nuclei. The HHG cutoff is observed
to extend linearly with the system size from the well-known atomic HHG cutoff and is found to converge into the
previously observed cutoffs for bulk solids only for large systems. A change in the response from that of single
atoms or small molecules is observed from system sizes of N ≈ 6 nuclei and becomes independent of system size
at N � 60. The system-size dependence of the observed HHG cutoffs is found to follow the limitations, set by
the finite-size solid, on the classical motion of electron-hole pairs. Because of the relation between recombination
energy and electron-hole propagation length in the system, high-energy recombination events are not possible in
small systems but become accessible for larger systems, resulting in the change of the cutoff energies with system
size. When varying the field intensity we observe that the cutoffs move linearly with the intensity, even for small
systems of N � 6 that are far from the limit of a bulk solid.

DOI: 10.1103/PhysRevA.97.043424

I. INTRODUCTION

High-harmonic generation (HHG) in gases has been stud-
ied extensively over the last three decades, leading to new
advances in production of short intense laser pulses [1] and
new spectroscopic methods for study of atomic and molec-
ular systems on a timescale of femto- and attoseconds [2].
The emission of HHG from gases is well described by the
three-step model consisting of (i) ionization of an atom, (ii)
propagation of the freed electron in the external laser field,
and (iii) recombination of the electron returning to the atom
and emission of the excess energy in terms of radiation [3,4].
This model predicts a cutoff in harmonic spectra at �Max =
3.17Up + Ip, where Ip is the ionization potential of the atom,
Up = F 2

0 /4ω2
0 is the ponderomotive energy, here expressed

as a function of the electric field strength F0 and the driving
angular frequency of the laser pulse ω0. (Atomic units are
used throughout unless otherwise is indicated.) In molecular
systems, molecular-specific effects have been predicted [5]
and observed [6] in the HHG spectra, and processes such
as molecular fragmentation from electronic excitation and
ionization [7,8] influence the HHG signal [9–11]. In atomic
and molecular systems, additional cutoffs related to correlated
two-electron dynamics have also been predicted [12–14], but
these have very low signal strength. As a recent example of the
usage of the HHG process to gain insight in electron dynamics,
HHG spectroscopy was used to resolve electron dynamics on
the attosecond timescale [15].

Recently, there has been a growing interest in HHG from
solid-state systems. This research has been partly focusing
on using the solid-state systems to produce harmonics (see,
e.g., Refs. [16,17]), and partly on using the emitted HHG
radiation to probe ultrafast processes in solids (see, e.g.,
Refs. [18,19]). Since HHG was first detected from a bulk solid-
state system [20], a few different solids have been used as media

for the HHG process [17,21,22], but also low-dimensional
systems [23] and systems with nanometer-sized structures have
been explored [24]. Theoretically, the HHG process in bulk
solids has quantum mechanically either been modeled using
the semiconductor Bloch equations (see, e.g., Refs. [25–27]),
solving the time-dependent Schrödinger equation for a periodic
potential in an effective one-electron approximation [28–31],
or using time-dependent density-functional theory (TDDFT)
as a many-electron correlated approach in both reduced [32]
and full dimension [33,34], and recently including propagation
effects [35]. From these studies it emerged that it is helpful
to characterize solid-state harmonics as associated with either
intra- or interband processes, even though it has been pointed
out that there is no clear definition of intra- and interband HHG
because of gauge dependence [36]. Intraband HHG is produced
when electrons are driven in the band structure in bands that
are not purely sinusoidal. In this case the anharmonicity of the
bands leads to the emission of higher harmonics [21]. Interband
HHG, on the other hand, is produced in a process that can be
thought of as resembling the atomic three-step model with
the following steps: (i) an electron tunnels to the conduction
band, producing a hole in the valence band; (ii) the electron
and hole propagate in the solid; and (iii) they recombine and
emit the band-gap energy at the crystal momentum at which
the recollision occurs as HHG radiation [37]. For the interband
harmonics, the maximum energy emitted in the HHG process
is therefore defined by the path the electron takes in the band
structure of the specific system under investigation. In general,
the HHG process in solids is more complicated than that
in atoms because of the influence of the band structure on
the HHG signal. In atomic HHG the electrons move in free
space following the E = k2/2 dispersion relation between the
wave number k of the electron and its energy, whereas in
solid-state HHG the electrons follow the dispersion relation
given by the band structure. For system sizes that are neither
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true bulk materials nor single atoms, such as large molecules
and nanometer-sized structures, the change from an atomic to
a solid-state-like HHG signal has not been examined. This is
the purpose of the present work, where we also shed additional
light on the HHG generation process in solids.

In this paper, we address the transition of the high-harmonic
signal and generation mechanisms between atomic and solid-
state systems. Using TDDFT [38,39], we study the response
of a range of system sizes, from atomic systems to bulk solids,
observing the transition in the signal from atomic to solid-state
HHG. In the intermediate region we address how the signal
changes with system size, which is of relevance for research
in HHG from nanometer-sized structures [24,40]. We find
that the atomic HHG process is to some extent overtaken
by the solid-state HHG process already at system sizes of
N ≈ 6 nuclei. From this system size, the HHG cutoff grows
linearly in energy with system size from the atomic HHG cutoff
towards the converged bulk solid-state HHG spectrum. For
intermediate system sizes between the atomic system and the
bulk solid, we find that the finite size restricts the movement
of the electron-hole pair, limiting its propagation length to be
smaller than the system size. This restriction of movement
leads to a linear dependence of the HHG cutoff on the system
size and also a linear dependence of the HHG cutoff on the
pulse amplitude, which earlier was found for bulk solids [20]
but now is shown also to be true for finite systems. These
observations are explained using a classical three-step model
for solid-state systems [25,32,41] where the model reproduces
the observed TDDFT cutoffs.

The paper is organized as follows. In Sec. II we introduce
the TDDFT model. In Sec. III we present the HHG spectra
obtained for different system sizes and discuss in detail the
change from atomic HHG to solid-state HHG. In Sec. IV
we analyze the HHG spectra using the extended classical
electron-hole model [32] to show that classical electron-hole
movements in the band structure of the system result in the
same maximum energy as those observed in the simulated
spectra. Last, we summarize our results in Sec. V and provide
an outlook.

II. (TD)DFT MODEL

We consider many different system sizes but all consist of
a linear chain of N nuclei with a spacing of a0 = 7.0 located
at xi = [i − (N − 1)/2]a0. The ionic potential has the form

vion(x) = −
N−1∑
i=0

Z√
(x − xi)2 + ε

, (1)

where Z is the nuclear charge and ε is the softening of
the Coulomb potential, here set to ε = 2.25. We use Z = 4
throughout, as discussed further below.

We find the electronic states for these systems using
density-functional theory (DFT), which enables us to simulate
interacting electrons, at least on a mean-field level, and still
be able to make calculations using hundreds of electrons. Our
approach follows the method used in Ref. [32]. We use the
ionic potential in the Kohn-Sham potential,

vKS[{nσ }](x) = vion(x) + u[n](x) + vxc[{nσ }](x), (2)

which is then used for the calculation of the Kohn-Sham
orbitals, ϕσ,i(x), from the Kohn-Sham equation,

εσ,iϕσ,i(x) =
{
−1

2

∂2

∂x2
+ vKS[{nσ }](x)

}
ϕσ,i(x), (3)

where also the Hartree potential,

u[n](x) =
∫

n(x ′)dx ′√
(x − x ′)2 + ε

, (4)

and the exchange-correlation potential in a local spin-density
approximation,

vxc[{nσ }](x) � vx[{nσ }](x) = −
[

6

π
nσ (x)

]1/3

, (5)

have been used. The spin densities and the total density are
then found as

nσ (x) =
Nσ −1∑
i=0

|ϕσ,i(x)|2, n(x) =
∑

σ=↓,↑
nσ (x). (6)

To retain spin neutral systems we setN↑,↓ = ZN/2. We choose
the same charge for all ions for all system sizes, with Z = 4
having a known result in the limit of a bulk solid [32]. The
number of orbitals {ϕσ,i} is chosen to make the system charge
neutral, which makes the atomic limit of N = 1 berylliumlike.
For small N , the system is molecularlike but with no real-
world equivalent. For large N the system converges to a
solid-state bulk material with a band gap similar to real-world
semiconductors.

We obtain ground states for the different system sizes by
propagating the Kohn-Sham orbitals in imaginary time using
Eq. (3) on a grid with a spacing of 	x = 0.1 where we
orthonormalize the orbitals after each time step. We have
determined the ground state for many systems of sizes of
N ∈ [1,100], focusing on systems with N < 40. Using the
Kohn-Sham potential in Eq. (2), obtained for each system,
we diagonalize the Hamiltonian in Eq. (3) and obtain all
states in the system. The highest N occupied states from the
diagonalization are shown in Figs. 1(a), 1(b) and 1(c) for
N = 4, N = 12, and N = 100, respectively. The states have
been Fourier transformed to momentum space and their norm-
square are plotted at their respective energies on a logarithmic
scale. This produces a figure where the band structure of
large systems will emerge as seen in Fig. 1(c), but even for
a small system such as N = 4 in Fig. 1(a) is it possible to
see indications of a bandlike structure. We will refer to these
N states in each system as the valence band. The maximum
absolute value of the Fourier-transformed states are indicated
with (red) dots. There are always as many states in a band
as there are wells in the system, but for small systems such
as N = 4 shown in Fig. 1(a) there are not enough close-lying
states to create a true band, though there is already a signature
of the band structure. The plots of the Fourier-transformed
states, determined from the diagonalization for unoccupied
states, makes it possible to observe the different conduction
bands.

We propagate the orbitals obtained from the imaginary
time propagation according to the time-dependent Kohn-Sham
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FIG. 1. Norm-squared of the Fourier transform of the eigenfunc-
tions of the effective potential found from the DFT calculations (see
text) for (a) N = 4, (b) N = 12, and (c) N = 100 plotted at their
respective energies on a logarithmic scale. Only the highest N spin-up
Kohn-Sham orbitals are shown. The maximum of the eigenfunctions
in momentum space is indicated by (red) dots at the states’ energy.

equation

i
∂

∂t
ϕσ,i(x,t)

=
{
−1

2

∂2

∂x2
− iA(t)

∂

∂x
+ ṽKS[{nσ }](x,t)

}
ϕσ,i(x,t), (7)

where A(t) is the vector potential of the laser pulse, and where

ṽKS[{nσ }](x,t) = vion(x) + u[n](x,t) + vxc[{nσ }](x,t) (8)

is the Kohn-Sham potential, which is formally time dependent
because the time-dependent density enters the Hartree potential
in Eq. (4) and the exchange potential in Eq. (5). The time-
dependent Kohn-Sham equation is solved using the Crank-
Nicolson method [39]. Even for the intense pulses considered
here, it was previously found that updating the Kohn-Sham
potential in every time step was not necessary, as the total
electron density hardly changes during the interaction with the

laser pulse [32], reflecting that most density remains in the
initial ground state. We will therefore not be using Eq. (8)
for our calculations but rather Eq. (2), corresponding to the
Kohn-Sham potential of the field-free initial state.

We assume a vector potential of the form

A(t) = A0 sin2

(
ω0t

2n

)
sin(ω0t), (9)

with ω0 the driving frequency and n the number of cycles.
We use n = 6 and ω0 = 0.023 05, which is ω0 = EBG/10,
similar to what has been used experimentally [20], where
EBG is the minimum band gap between the valence band and
the conduction band for the N = 100 system. The value for
EBG is 0.2305 a.u., corresponding to 6.2 eV. For the TDDFT
calculations we used 	t = 0.1, which is sufficient to converge
the spectra. We calculate the expectation value of the current to
determine the HHG spectra. The current is calculated as j (t) =∑

σ,i

∫
dxjσ,i(x,t) with jσ,i(x,t) = −i[ϕ∗

σ,i(x,t)∂xϕσ,i(x,t) −
ϕσ,i(x,t)∂xϕ

∗
σ,i(x,t)]/2, and the HHG spectrum is then given

as the modulus square of the Fourier-transformed current
j (�) = abs(FFT[j (t)])2, where a cos8 window function has
been used on the current expectation value before Fourier
transforming. Identical spectra are obtained by considering the
time-dependent dipole,d(t) = ∑

σ,i 〈ϕσ,i(x,t)| x |ϕσ,i(x,t)〉, as
|j (�)|2 = �2|d(�)|2 [42].

III. FROM ATOMIC TO SOLID-STATE SYSTEMS

To elucidate the transition from atomiclike to solid-state-
like HHG, we first study the HHG spectrum from an atomic
system, i.e., N = 1. For the atomic case (not shown) we
observe the expected cutoff at �max = Ip + 3.17Up, where
Ip = 0.53 for the case of N = 1 in our system. The atomic
cutoff is present in the HHG spectrum up to a system size of
N = 4, which can be seen in Fig. 2(a). For N = 4 the atomic
cutoff is located at a harmonic order of ∼30 indicated by a
vertical (red) dashed line. For systems of N > 1, Ip is set to
the energy of the lowest state in the highest valence band.
There is also a second plateau located at ∼50 harmonics which
originates from electrons in the lowest valence band in the
system. This is what is expected for our system mimicking a
small molecule with atomic-like HHG spectra [43].

For system sizes of N � 6 the atomic cutoff law stops
agreeing with what is observed for the cutoff in the TDDFT
HHG spectra. For the system size of N = 8, as presented in
Fig. 2(b), it is observed that the atomic HHG cutoff indicated
by the dashed (red) vertical line is clearly not located at
the cutoff for the system at the solid (black) vertical line.
This transition away from the atomic cutoff indicates that
some process other than the atomic HHG process is active
in the production of the HHG signal. When compared with
a converged solid-slab system, as in the case of N = 100 in
Fig. 2(d), there is very little likeness between the N = 8 and
the N = 100 spectra. The HHG spectrum for N = 100 shown
in Fig. 2(d) holds several plateaus and cutoffs, as is expected
from a converged solid-slab system [32]. These features in the
spectrum have previously been found to be associated with the
band structure of the system and to result from an interband
process where the recombination occurs from higher-lying
conduction bands [29]. There is in principle no upper limit
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(a)

(b)

(c)

(d)

FIG. 2. HHG spectra for system sizes of N = 4,8,20, and 100
nuclei in (a), (b), (c), and (d), respectively, using a sin2 pulse with
n = 6 cycles, ω0 = 0.023 05 (λ2 μm) and A0 = 0.4 (I = 1.6 ×
1013 W/cm2). The vertical (red) dashed lines mark the atomic cutoff
of � = Ip + 3.17Up , and the vertical (black) full lines indicate the
maximum observed cutoff for N = 8, N = 20, and N = 100 in (b),
(c), and (d).

to the energy that can be emitted from interband HHG. With a
long enough pulse the electrons are able to move to an arbitrary
conduction band, but as can be seen in Fig. 2(d) the HHG signal
reduces greatly for higher energies until it is not observable
anymore. The highest energy cutoff in theoretical studies is
therefore defined by the dynamic range of the calculation,
which for our calculations is 25 orders of magnitude and thus

much larger than in experiments. Comparing the system with
N = 8 with states of 8 < N < 100 it is found that the HHG
cutoff increases approximately linearly with system size. In
Fig. 2(c) the intermediate case of N = 20 is presented. There
we can observe some of the characteristics of the N = 100
system with a cutoff located around harmonic order 70 that can
also be observed in Fig. 2(d), but for N = 20 in Fig. 2(c) higher
harmonics are suppressed by some yet unknown mechanism.
We will address this point in Sec. IV.

We expect that the transition away from atomic HHG that
happens at system sizes around N � 6 is connected with the
increase in the phase space density in each band with increasing
system size. The increase in the number of states in the valence
band enables a process similar to solid-state HHG to occur,
which gradually overshadows the signal from the atomic HHG
process in the cutoff region. We observe a small amount of
ionization for all system sizes, so the atomiclike HHG process
should still be present but the small amount of ionization would
limit the atomiclike HHG process, suggesting that only a small
amount of atomiclike HHG is produced. That the transition
from atomic to solid-state HHG happens at such small system
sizes is quite surprising, as this size is comparable with small
molecules or molecular chains. That such a transition has not
been observed yet may be related to a destruction of molecules
exposed to strong laser pulses and the atomic HHG cutoff
being located at larger harmonics for the strong laser intensities
that were used for molecular systems [44]. Previous studies of
atomic cluster systems with N = 3 − 9 [8,45] also observed
extensions of the HHG cutoff from the normal atomic HHG
cutoff with system size but related it to the more energetic
atomic HHG cutoff reported for extended molecular systems
with a cutoff located at �Max = Ip + 8Up [46]. This cutoff
is lower than the cutoff we observe already at N = 8 and
therefore does not cause the observed extension of the cutoff.

IV. MODEL ANALYSIS OF FINITE-SYSTEM
EFFECTS ON HHG

When comparing the cases N = 8, N = 20, and N = 100
in Figs. 2(b), 2(c) and 2(d) it is observed that the HHG
cutoff grows almost linearly with system size, which is also
a trend supported by our findings for all other intermediate
system sizes studied. A linear dependence of the HHG cutoff
was observed for the external field amplitude in the first
experimental realization of solid-state HHG in bulk solids [20],
and a semiclassical approach was able to describe the process
leading to this linear dependence [25]. Using an extended
version [32] of the semiclassical model [25], we will analyze
the observed dependence of the HHG cutoffs on the system
size in our TDDFT calculations. The model will be explained
in the following.

We assume the creation of an electron-hole pair at time ti
in the valence and first conduction band, respectively. Note
that we use the words valence and conduction band also
in the case of relatively few nuclei. This usage is inspired
by Fig. 1, which shows traces of what one could refer to
as a discretized band structure already for N = 4. To be
able to evaluate the equations of motion [Eq. (10) below],
we will fit a continuous curve to these discrete valence and
conduction bands. No trajectories are omitted in accounting
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FIG. 3. The band structure of the N = 100 system. The value
of the minimum band gap is 0.2305 a.u., corresponding to 6.2 eV.
The highest-lying valence band is shown and labeled as VB, and
the lowest three conduction bands are shown and denoted as CB1,
CB2, and CB3. Indicated with solid (black) lines with arrows are the
paths of an electron and a hole in the band structure from creation
to recollision. The solid (black) line in the valence band is the hole
moving adiabatically with the vector potential, with the amplitude of
the movement being defined by the tunneling time, ti . The vertical
dashed (black) line at ti indicates the tunneling event of the electron
at the minimum band gap between VB and CB1. The solid (black)
lines with arrows in the conduction bands show the movement of the
electron where at t12 the electron jumps up to CB2, where it resides
until recollision with the hole at tr . At recollision a photon will be
emitted with the energy of the band gap, here indicated by the vertical
dashed (pink) line.

for finite-system effects. Rather, as we shall see, trajectories
with maximum extension larger than the system size do not
contribute as much to the HHG signal in the cutoff region as
trajectories that produce solid-state-like harmonics within the
finite system. The momenta of the electron and hole will then
be given by the relation k(t) = k0 + A(t) [47], where k(t) is
the time-dependent momentum, k0 is the initial momentum
at the minimum band gap between the valence band and
conduction band, which for our system is zero, and A(t) is the
vector potential of the external field. Using the time-dependent
momentum k(t), we find the velocity of the hole and electron
from the slope of the valence and first conduction band,
respectively (see Fig. 3, abbreviated there as “VB” and “CB1”).
The position of the electron or hole is then given as

x(t) − x0 =
∫ t

ti

∇kE[k(τ )]dτ, (10)

where x0 is the initial position of the hole and electron, which
both are located at xi = 0 at ti , and E[k(τ )] is either the valence
or conduction band, depending on whether the hole or electron
is considered. Similar to the three-step model of HHG in gases,
we assume the electron and hole to propagate independently
until they recollide at some time tr . The energy released then
equals the band gap between the valence and conduction
band at k(tr ) in the band structure. Only including two bands
in the model works for small field strengths, but when the
vector potentials moves the electrons in the conduction band

to the Brillouin zone boundary, located at π/a0 = 0.45, we
need to enable the electrons to jump to higher conduction
bands (Fig. 3). The inclusion of several conduction bands
was previously also used in Ref. [32], where it was called
the extended semiclassical hole-electron model (ESCHE). The
jumping between conduction bands is illustrated in Fig. 3,
where at t12 the electron reaches the minimum band gap
between the first and second conduction band and then moves
from CB1 to CB2. At t12 the electron moves up into the
CB2 without disturbing the hole, which is still located in
the valence band and continues to move according to it and
Eq. (10). After the jump the electron moves according to
the dispersion relation of CB2. We allow jumps between
subsequent conduction bands at the k’s of all minimum band
gaps. The emitted energy at recollision is then equal to the
band gap between the conduction band the electron moves in
and the valence band at k(tr ) indicated by the vertical dashed
(pink) line in Fig. 3. In Fig. 3 the electron and hole move first to
the right with the vector potential and then move to the left after
the vector potential reaches its maximum amplitude because,
as in the atomic case, there can be no recollision events before
the electron changes direction.

Using the state energies of the N = 100 [Fig. 1(c)] system,
we fit a continuous curve to the state energies in each band
and create a band structure. We then calculate the recollision
times for holes and electrons for different tunneling times ti .
The band-gap energy, expressed in terms of harmonic order, at
recollision time as a function of the recollision time is shown
in Fig. 4(a). In Fig. 4(a) each dot represents a recollision event,
and if infinitely many tunneling times were probed, the dots
would form continuous lines. Each time ti can lead to several
recollision times because of the jumping between conduction
bands leading to a more complicated relation between the
recollision time and the energies that can be emitted. As a
comparison we have included the atomic equivalent in Fig. 4,
shown as the solid black curve, which is obtained using the
three-step model for HHG in atoms. The atomic recollision
energies have been scaled in amplitude to be comparable with
the ESCHE model calculations.

To study finite-size systems we plot in Fig. 4(b) the
recollision band-gap energies, again expressed in terms of
harmonic order, as a function of the combined maximum dis-
tance the hole and electron move, i.e., xmax = abs(xHole)max +
abs(xElectron)max. After creation, the electron and hole will move
away from each other until they change direction, enabling
recollision. Different ti can lead to recollision events with
similar emitted energies but from different paths, as seen in
Fig. 4(b), where for a certain harmonic there can be many
recollision events. For this study what is of interest is the paths
with the smallest xmax for a certain harmonic, as this will be the
smallest size a system can have to be able to emit this harmonic.
In Fig. 4(b) it is clear that higher harmonics have a larger
minimum propagation distance before recollision, therefore
needing a larger system to contain such a motion. In Fig. 4(b)
a (red) line has been plotted approximately over the leftmost
points along the minimal distance required for the respective
harmonic order in the plot, which shows why the HHG cutoff
grows approximately linearly with system size.

That the ESCHE calculations were made from the band
structure of the N = 100 system could have an effect on the
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(a)

(b)

FIG. 4. Classical trajectories of holes and electrons in the band
structure of N = 100 for different tunneling times interacting with a
continuous wave with ω0 = 0.023 05 and A0 = 0.4. (a) The band-gap
energy, expressed in terms of harmonic order, at the k value at the
instant of recollision as a function of recollision time over three laser
half-cycles (dots). Also shown in (a) is the recollision energy in atomic
HHG as a function of the recollision time found from the three-step
model for atomic HHG (black solid curve). The curve has been scaled
in amplitude to be similar to the solid-state HHG recollision energy.
(b) The band-gap energy, expressed in terms of harmonic order, at
the k value where recollision occurs as a function of the propagation
length of both the electron and hole for a given recollision event. The
full (red) line in (b) is inserted to guide the eye. The line indicates that
from a certain harmonic order, say 15, there is approximately a linear
relation between the minimal distance between the electron-hole pair
that results in a given harmonic order and this harmonic order (see
text).

classical results, since it was seen in Fig. 1 that the band
structures change significantly with the number of nuclei.
When finding the band structure for the classical calculations
one would, however, have to fit a line to the band structure of the
finite systems, and this line would be almost identical to the one
determined for the N = 100 system. Therefore there should
not be a significant difference in the classical calculations if
one used the band structure for the respective system sizes.

In Fig. 5(a) the HHG spectrums for several system sizes are
plotted together with the predicted cutoff from the ESCHE
model. We note that a given N corresponds to a spatial
extension of the system with the size Na0, with a0 the spacing
between nuclei. The cutoff in the spectra can be estimated in the
ESCHE model, requiring xmax � Na0 [Fig. 4(b)]. The vertical
dashed lines indicate the classical maximum recombination
energy of the electron-hole pair for a certain system size, and
the colors of the vertical line fits with the colors of the spectra.
It is observed that the linear fit of the classical calculation
follows the HHG cutoff very well for increasing system size.

(a)

(b)

FIG. 5. (a) HHG spectra for system sizes of N =
8,12,20,28, and 100 using the same pulse parameters as in Fig. 2.
The HHG spectra are plotted with growing system size from left to
right. The vertical dashed lines are the HHG cutoffs predicted by the
ESCHE model, which also grow with system size from left to right.
The spectrum and vertical dashed line of the same color fit together.
(b) The observed cutoffs as a function of system size for vector
potential amplitudes of A0 = 0.4 and A0 = 0.6 are plotted with the
linear fit of the HHG cutoffs found from the ESCHE model for each
external field amplitude.

It is important to make the distinction between the usual cutoffs
observed in HHG spectra for atomic and solid-state bulk mate-
rials and the cutoffs for finite systems. The cutoff for atomic and
solid-state bulk system HHG originates from the limitation of
the classical path’s maximum recombination energy, creating a
sharp drop. In contrast, in the finite solid-state system the signal
is instead dampened beyond the classically allowed energies,
creating less pronounced cutoffs.

The ESCHE calculations have also been done for other
field amplitudes and the same agreement between quantum and
classical calculations was found, as can be seen for A0 = 0.4
and A0 = 0.6 in Fig. 5(b), where the observed cutoffs are
plotted with the classically predicted linear dependence of
the HHG cutoff. These calculations make it clear that the
HHG cutoff observed for system sizes of N � 6 is related
to the solid-state slab HHG process, but the system sizes
restrict the maximum recombination energy of the electron-
hole pair. The fact that electrons or holes reaching the edge
of the system do not contribute to the HHG signal is not
trivial. They might still recollide, leading to a signal in the
HHG spectrum, but no such structures are observed. When
comparing the N = 100 spectrum in Fig. 5(a) with the smaller
system sizes, it is observed that all structures in the spectra
are either also present in the N = 100 spectrum or they are
created from the damping of the signal after the ESCHE
model-predicted cutoff. As an example of the above, we notice
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FIG. 6. HHG cutoffs for a system size of N = 16 as a function
of vector potential amplitude A0 using the pulse parameters of Fig. 2,
shown as crosses. Using the ESCHE model, a dependence on A0 for
the N = 16 system was determined as shown by circles. A linear fit
of the ESCHE model points is included.

from Fig. 5(a) that the cutoff in the N = 100 spectrum at
around 75 harmonics can also be observed in the N = 20
and N = 28 systems. There is therefore no indication that
electrons or holes reaching the edge of the system contribute
to the HHG signal. This is different from edge states that have
been found to contribute significantly to the HHG signal when
present [48]. In real bulk solids there will be domains of crystal
structure with boundaries where the symmetry of the system is
broken. These domains could act as separate nanometer-sized
systems where the HHG signal is reduced because they are
not large enough to contain the solid-state HHG process. For
the amount of harmonics that is experimentally detected at
this time, the domain size does not appear to have been a
restriction.

We also tested the dependence of the HHG cutoff on the
magnitude of the vector potential amplitude, A0. The ESCHE
model depends strongly on A0, and the linear fit of the
minimum propagation distance [solid (red) line in Fig. 4(b)]
therefore changes with A0. The observed cutoffs for the system
size of N = 16 as a function of A0 are plotted in Fig. 6. It is
observed that finite solid-state systems depend linearly on A0.
Also plotted in Fig. 6 is a linear regression of the cutoff found
from the ESCHE model for N = 16. From the ESCHE model
it is concluded that the higher field amplitudes enable electrons
to move higher in the band structure without moving further in
real space. This depends linearly on the field, which is why we
observe a linear dependence on A0, in contrast to the case of

a bulk solid where cutoffs move linearly with field amplitude
because of the shape of the band structure [25].

V. SUMMARY

Using a self-consistent TDDFT model, we have addressed
the transition from atomiclike systems to solid-state bulk
materials with respect to the emission of HHG and in particular,
the cutoff. We observe a transition away from the well-known
atomic HHG cutoff already at system sizes of N ≈ 6 nuclei.
For N � 6 we observe a continuous change of the cutoff with
growing system size. The change from atomic to solid-state
HHG at such small system sizes is proposed to stem from
the changes in the state density in momentum space. For
N � 6, the increase in the number of states in the valence band
enables a harmonic generation process similar to that in bulk
materials, and with increasing N this gradually overshadows
the signal from the atomic HHG process. For N > 6 the
solid-state HHG process, which has less of an energy gap for
tunneling, will dominate the cutoff region of the HHG signal.
This would indicate that small molecules and nanometer-sized
systems should be able to emit solid-state HHG, opening up the
possibility to use such systems as antennas for the solid-state
HHG process [23,24]. Conversely, the solid-state HHG process
could be used to probe properties of such small systems on a
femtosecond time scale.

The transition from atomic to solid-state HHG could hint
at a possible different solid-state HHG process for small
systems, but further studies using an extended semiclassical
hole-electron model revealed that the HHG signal in fact
originates from the normal bulk solid-state HHG process but
with the limitations of the real-space movement of the hole and
electron in the solid. This limits the emission of high-frequency
HHG from small systems. A linear dependence of the HHG
cutoff on the vector potential amplitude was found. This
dependence of the solid-state HHG process on the system size
shows how crystal domain sizes could be a limiting factor for
emission of very high harmonics from the solid-state systems.
The system-size dependence of the solid-state HHG process
also opens up for the study of the spatial shape of an object
with the HHG signal.
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High-harmonic generation in the two topological phases of a finite, one-dimensional, periodic structure
is investigated using a self-consistent time-dependent density functional theory approach. For harmonic
photon energies smaller than the band gap, the harmonic yield is found to differ by up to 14 orders of
magnitude for the two topological phases. This giant topological effect is explained by the degree of
destructive interference in the harmonic emission of all valence-band (and edge-state) electrons, which
strongly depends on whether or not topological edge states are present. The combination of strong-field
laser physics with topological condensed matter opens up new possibilities to electronically control strong-
field-based light or particle sources or—conversely—to steer by all optical means topological electronics.
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Introduction.—High-harmonic generation (HHG) in
gases is one of the fundamental processes in intense
laser-matter interactions. It paved the way for “attosecond
physics” [1,2], and it is used to build compact short-
wavelength sources for, e.g., single-shot imaging [3].
Condensed matter systems as targets require laser inten-
sities below the damage threshold (unless one is interested
in laser-plasma physics). However, recent experiments
[4,5] and theoretical studies [6–13] suggest that many of
the strong-field concepts, like the three-step model of HHG
[14,15], seem to be applicable to condensed matter as well,
if appropriately adapted for the band structure and many-
body effects [16,17]. The existence of a band structure
makes laser-solid interactions much richer (and complex)
than laser-atom interactions in gases. In fact, while the
essential target-dependent input for the strong-field
approximation applied to HHG in atoms [15] is the
ionization potential Ip and, as a preexponential correction,
the transition matrix element between the initial state and a
plane wave, the entire band structure matters in the case of
solids. Because of the multiple conduction bands, multiple
HHG plateaus are already observed at surprisingly low
laser intensities [13]. The target dependence implies that
the band structure might be measurable by all-optical
means [4] and that the laser-solid interaction might be
tunable for the benefit of useful applications based on light-
driven electronics [18–25].
As strong-field laser physics meets condensed matter,

interdisciplinary aspects naturally come to the fore. The laser
may modify the band structure, creating “Floquet matter”
[26–30]. In optical lattices, the laser even generates the band
structure in the first place [31]. It is well known from
condensed matter theory that—besides symmetry—the

topology of the band structure plays a pivotal role in the
understanding of, e.g., the spin Hall effect or topological
insulators [32–35]. Topological invariants allow us to dis-
tinguish so-called topological phases, which are not just an
end in themselves or useful for classification but also of
practical interest because of their robustness with respect to
imperfections in the samples, and potential applications such
as topological superconductivity [36] and edge states in
photonic Floquet topological insulators that are topologically
protected from scattering [37].
We anticipate that (relatively) intense, short-pulse lasers

will soon be pointed towards topological matter to record
typical strong-field observables such as harmonics and
photoelectron spectra. From the strong-field laser perspective,
the question arises by which signatures topological effects
may manifest themselves in these observables. If there are
direct links between, e.g., the HHG yield and the topology of
thematerial, onemay either switch the strong-field observable
electronically or control topological features by optical
means, e.g., steering the spin currents along the edge states
of a topological insulator on attosecond timescales.
In this Letter, we investigate the influence of topological

edge states on HHG spectra. To begin with, we focus on the
simplest systems where such edge states appear, i.e., linear
chains, which may serve as model systems for quasi-one-
dimensional systems such as conjugated polymers, organic
crystals, carbon nanotubes, ferromagnetic perovskites,
carbon chains, transition metal complexes, and organic
charge transfer salts [38,39]. We will find a many-order-of-
magnitude difference in the HHG yield between the two
topologically different phases of linear chains and track its
origin down to the different level of destructive interference
with and without edge states.
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Introduction of the model system.—Consider a linear
chain of N singly charged ions at positions xi, separated by
the lattice constant a,

vionðxÞ ¼ −
XN
i¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx − xiÞ2 þ 1

p ; ð1Þ

xi ¼
�
i −

N þ 1

2

�
a: ð2Þ

Here, we employ the commonly used soft-core Coulomb
potential for the interaction of electrons with ions in 1D
[40–42], and atomic units ℏ ¼ jej ¼ me ¼ 4πϵ0 ¼ 1 are
used unless stated otherwise. We want to model the system
self-consistently, beyond tight binding, with electron-elec-
tron interaction taken into account (at least on a mean-field
level), and with the option to switch a laser on that is
linearly polarized along the chain in order to study HHG.
To that end we employ time-dependent density functional
theory (TDDFT) [43,44] in the local spin-density approxi-
mation (LSD). The time-dependent Kohn-Sham (KS)
equation to be solved reads

i∂tφσ;iðxtÞ ¼
�
−
1

2

∂2

∂x2 þ vKS½fnσg�ðxtÞ
�
φσ;iðxtÞ; ð3Þ

with the KS potential

vKS½fnσg�ðxtÞ ¼ vionðxÞ − iAðtÞ∂x þ u½n�ðxtÞ
þ vxc½fnσg�ðxtÞ; ð4Þ

where u½n�ðxtÞ ¼ R
nðx0tÞ½ðx − x0Þ2 þ 1�−1=2dx0 is the

Hartree potential, vxc½fnσg�ðxtÞ≃−½ð6=πÞnσðxtÞ�1=3 is the
exchange-correlation (xc) potential in the x-only local spin-
density approximation, nσðxtÞ ¼

PNσ
i¼1 jφσ;iðxtÞj2 indicates

the spin densities for spin σ ¼ ↑;↓, and nðxtÞ ¼ P
σnσðxtÞ

is the total single-particle density. The index i in Eq. (3)
runs over i ¼ 1; 2;…; Nσ, where Nσ is the number of KS
electrons of spin σ. We use the LSD exchange expression
for the 3D electron gas because we mimic 3D electrons that
are driven in the polarization direction of a linearly polarized
laser rather than a true 1D electron system. The LSD
correlation part is neglected, as it does not affect the
qualitative findings that follow.We propagate the KS orbitals
according to Eq. (3), using a split-operator Crank-Nicolson
approach for the time-evolution operator, and a predictor-
corrector step to update the KS potential [45].
With the laser off, the vector potential vanishes,

AðtÞ≡ 0, and the problem becomes stationary,

ϵσ;iφσ;iðxÞ ¼
�
−
1

2

∂2

∂x2 þ vKS½fnσg�ðxÞ
�
φσ;iðxÞ; ð5Þ

with the KS orbital energies ϵσ;i. The total energy of the
model system is Etot ¼ E½fφσ;ig� þ Eii, with the static

ion-ion energy Eii ¼
P

N
i¼1

P
j<i½ðxj − xiÞ2 þ 1�−1=2 and

the electronic energy from the (TD)DFT simulation
E½fφσ;ig� ¼ Ts½fφσ;ig� þ Eei½n� þU½n� þ Exc½nσ�, where
Ts½fφσ;ig� ¼ − 1

2

P
σ

PNσ
i¼1

R
dxφ�

σ;iðxÞð∂2=∂x2Þφσ;iðxÞ is
the kinetic energy, Eei½n� ¼

R
vionðxÞnðxÞdx, U½n� ¼

1
2

R
u½n�ðxÞnðxÞdx, and Exc½nσ� ≃ ðEx½2n↑� þ Ex½2n↓�Þ=2,

with Ex½n� ¼ − 3
4
ð½3=π�Þ1=3 R n4=3ðxÞdx [46]. The station-

ary KS ground-state orbitals are found via imaginary-
time propagation in combination with Gram-Schmidt
orthogonalization [45].
Appearance of topological edge states.—The model

system undergoes a Peierls transition if the ion positions
are modified according to

xi → x0i ¼ xi − ð−1Þiδ; i ¼ 1; 2; 3;…; N; ð6Þ

i.e., alternatingly shifted to the left and to the right by δ.
Figure 1(a) shows the total energy of the system as a

function of the shift δ for lattice constant a ¼ 2, N ¼ 100
ions and electrons, and the spin-neutral configuration
N↑ ¼ N↓ ¼ N=2. One observes an absolute minimum in
energy at δA ¼ 0.265 and a local minimum at δB ¼ −0.165.
Figures 1(b)–1(d) show the band structures for δ ¼ 0, δA,
and δB, respectively. Equidistant ions (δ ¼ 0) lead to a half-
filled band, i.e., a metal. However, Fig. 1(a) shows that this
metallic phase δ ¼ 0 is unstable (Peierls instability),
resulting in a metal-to-insulator transition. This is because
a finite δ implies that the lattice constant doubles to 2a
because of the “dimerization” indicated by the red ellipses
in Figs. 1(c) and 1(d). This results in a bisection of the
Brillouin zone from ½−π=a; π=a� in the metallic case with a
half-filled lowest band to ½−π=2a; π=2a� for phase A and
phase B with a fully occupied lowest band. Phase B has
a smaller band gap than phase A, and, most importantly,
there are two extra states in the band gap due to the
unpaired ions at the left and at the right edge of the chain.
The lower of these almost degenerate edge states is
occupied in the ground-state KS configuration. Its k-space
probability density is indicated in Fig. 1(d), showing that it
is less localized in k space than the other, “regular” states.
This is because edge states are rather localized at the edges
in position space.
The qualitative behavior of our model system concerning

the Peierls transition and the appearance of edge states in
phase B is similar to the Su-Schrieffer-Heeger model
[34,35,47]. However, we do not adopt a tight-binding
approximation or restrict the model to two bands, break
the gauge invariance with respect to the coupling to the
laser [48], or assume noninteracting or spinless electrons.
High-harmonics spectra.—We now let the chain interact

with an ncyc ¼ 5-cycle sin2-shaped laser pulse of frequency
ω ¼ 0.0075 (i.e., λ ≃ 6.1 μm), described by the vector
potential

PHYSICAL REVIEW LETTERS 120, 177401 (2018)

177401-2

103



AðtÞ ¼ A0 sin2
�

ωt
2ncyc

�
sinωt ð7Þ

for 0 < t < ncyc2π=ω (and zero otherwise). The topologi-
cal effect we discuss in the following is rather insensitive to
the laser intensity as long as it is below the damage
threshold but strong enough to generate high-order har-
monics at all. In the simulations whose results are presented
in the following, the vector potential amplitude was chosen
as A0 ¼ 0.1, corresponding to ≃2 × 1010 W=cm2.
Besides the velocity-gauge coupling −iAðtÞ∂x, the

Hartree and the xc term in the KS potential (4) also
become time dependent because they depend on the

time-dependent (spin) density. The question is whether
or not this time dependence is important. As we must not
destroy the solid with a too strong laser, the electron density
has to stay close to the ground-state density, and thus the
KS potential close to the ground-state KS potential.
“Freezing” the KS potential to its ground-state form
corresponds to the simulation of N noninteracting electrons
in a given, static potential (for whose calculation interaction
between the electrons was taken into account, though).
Instead, updating the KS potential each time step is a full
TDDFT simulation with electron-electron interaction
included on a LSD mean-field level.
Figure 2 shows HHG spectra for the two phases, A

and B, and the metal. By the total “dipole strength,” we
understand DðωÞ ∝ jF ½XðtÞ�j2, i.e., the absolute square of
the (Hanning-windowed) fast-Fourier transform of

XðtÞ ¼
X
i;σ

xσ;iðtÞ; xσ;iðtÞ ¼
Z

dxxjφσ;iðxtÞj2: ð8Þ

Alternatively, one may calculate the HHG spectra from
the absolute square of the Fourier-transformed current or
acceleration, giving essentially the same result apart from
the factors ω2 and ω4, respectively [49,50].
The results from the full TDDFT simulations are shown

in Fig. 2(a), from the frozen KS potential in Fig. 2(b). For
phases A and B, the differences between the results for
updated and frozen KS potentials are minor up to harmonic
order ≃30. The gray-shaded area up to harmonic order 25
indicates the band gap between the valence and the first
conduction band for phase A [see Fig. 1(c)]. The three-step
model for solids [17] predicts harmonics above the band

(a)

(b)

FIG. 2. HHG spectra for phase A (without edge states) and
phase B (with edge states) from (a) the full TDDFT calculation
and (b) a calculation with frozen ground-state KS potential. The
results for the unstable metal phase are included for the sake of
completeness. The gray-shaded areas indicate the sub-band-gap
harmonics regime. The black double arrow in (a) highlights the
many-order-of-magnitude enhancement in HHG efficiency in
phase B compared to phase A.

(a) (b)

(d)(c)

FIG. 1. Features of the model system for a ¼ 2, N ¼ 100, and
the spin-neutral configuration N↑ ¼ N↓ ¼ N=2. (a) Total energy
vs shift δ in Eq. (6). (b) Band structure for δ ¼ 0 (metal),
(c) δ ¼ 0.265 (phase A), and (d) δ ¼ −0.165 (phase B). Occupied
and unoccupied KS orbitals were Fourier transformed from
position to k space, and the modulus square was plotted as a
logarithmically scaled contour plot vs k and the orbital energy ϵ.
KS orbital energies ϵσ;i are indicated by horizontal bars. Gray
backgrounds indicate the region of occupied levels. The shifts
and the dimerization of the ions are illustrated by black dots
and red ellipses, respectively, in panels (b)–(d). Furthermore,
the parabola k2=2þ ϵσ;1 is drawn as a thin solid line in panels
(b)–(d). The probability density of the occupied edge state in k
space is overplotted in (d) at the level of the corresponding KS
orbital energy.
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gap because of the recombination step involving an
electron in the conduction band and a hole in the valence
band. The band gap thus plays the role of the ionization
potential in conventional HHG in gases. Sub-band-gap
harmonics can be generated only via the intraband motion
of electrons in their (not perfectly parabolic) valence band.
One could expect that, in a fully occupied valence band, the
Pauli principle should prohibit such motion. Not so in the
noninteracting KS system, where each KS orbital moves
independently and indeed generates strong sub-band-gap
harmonics. Only, because of destructive interference of all
of the dipoles of the individual KS electrons in a completely
filled band, almost no harmonics are emitted by phase A in
the sub-band-gap area. The destructive interference occurs
because roughly one half of the KS electrons with positive
band curvature move oppositely to the other half with
negative band curvature. We see in Fig. 2 that only the third
and fifth harmonics survive for phase A. In any case, we
checked explicitly to see that all KS orbitals stay orthogo-
nal during time propagation, ensuring that the Pauli
principle is always fulfilled.
The main result of this Letter is the strong emission

of harmonics by phase B below the band gap. In fact, the
black double arrow in Fig. 2(a) indicates the 14-order-of-
magnitude topological effect we observe. The effect is
present also for the frozen KS potential in Fig. 2(b) and thus
not due to electron-electron interaction. In that sense the
many-order-of-magnitude enhancement of the HHG effi-
ciency is as robust as topological effects typically are, and it
will also not depend on the details of the xc potential
chosen in a TDDFT simulation.
Although not relevant for the topic of this Letter, for the

sake of completeness, the HHG spectra for the metallic
phase δ ¼ 0 are included in Fig. 2. A large difference
between the spectra obtained with frozen and updated KS
potentials is observed for the metallic phase because
screening due to the polarization of the metallic slab in
the laser field is not taken into account when the KS
potential is frozen [51].
The key question is why phase B produces high

harmonics so much more efficiently in the sub-band-gap
range than phase A. Let us consider hypothetical HHG
spectra calculated as an incoherent sum over the individual
KS spectra dσ;iðωÞ ∝ jF ½xσ;iðtÞ�j2. All individual spectra
show strong harmonic emission within the band gap, and so
does their incoherent sum

P
i;σdσ;iðωÞ, shown in Fig. 3.

The incoherent sum lies for almost all harmonic frequen-
cies above the true HHG spectra, which proves that
destructive interference is essential. While the incoherent
sum is quite similar for both phases in the gray-shaded sub-
band-gap region, the degree of destructive interference is
many orders of magnitude different. In both phases the
valence band is completely filled. However, in phase B
edge states exist, and only one of the two degenerate edge
states is populated. The two edge states in phase B thus act

like a half-filled “miniband,” resulting in incomplete
destructive interference during the emission of sub-band-
gap harmonics.
Topological vs other edge states.—Impurities may also

modify the level structure or generate edge states in the
band gap. Furthermore, for an odd number of ions and
one electron per ion, the chain is necessarily spin polarized,
and phases A and B become equivalent, except with an
undimerized ion at the left or right boundary, respectively.
In the Supplemental Material [52] the band structure and
the HHG spectra for such cases are shown and discussed.
In brief, (i) the edge state due to an odd number of ions lies
not in the band gap but below the valence band, and no
HHG in the sub-band-gap region is observed. (ii) Two
impurity ions at the left and right ends of the chain in phase
A generate two degenerate edge states in the band gap,
which, however, are both occupied. As a result, destructive
interference is more pronounced than in the pure phase-B
case, where only one of two degenerate edge states is
occupied. (iii) Impurities at the left and right ends of the
phase-B chain merely shifts the two degenerate edge states;
efficient sub-band-gap HHG prevails (demonstrating the
robustness of topological effects). (iv) Adding an addi-
tional, virtual KS electron that occupies the vacant edge
state of phase B reduces the harmonic yield, confirming our
claim that it is the incomplete destructive interference due
to the half-occupied edge states in phase B that leads to the
many-order-of-magnitude stronger harmonic emission by
phase B.
Conclusion and outlook.—We found that the two topo-

logical phases of one-dimensional chains result in different
strong-field harmonics spectra. Generation of sub-band-
gap harmonics is orders of magnitude more efficient when
half-filled topological edge states in the band gap are
present. As we studied the simplest system that features
topological edge states at all, our work is only a first step
towards “topological strong-field physics.” In 1D, a cou-
pling to phonons allows for solitary charge-density waves
propagating through the system [53], which might be

FIG. 3. Incoherent sum of the individual, hypothetical spectra
dσ;iðωÞ ∝ jF ½xσ;iðtÞ�j2 from the full TDDFT simulations (the
bold lines). The true HHG spectra from Fig. 2(a) are included (the
thin lines). While the incoherent sums are very similar for both
phases in the sub-band-gap region (gray shaded), the HHG
spectra are many orders of magnitude different, highlighting
the importance of almost complete and incomplete destructive
interference for phase A and phase B, respectively.
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probed by strong-field ionization or harmonic generation.
In 2D and 3D, topological edge states exist in topological
insulators or at interfaces in sandwiched materials [33–35].
Many interesting questions can be addressed in this
context: How does the HHG efficiency in such materials
depend on the laser polarization? As we showed, the HHG
yield depends not only on the band structure but also,
critically, on the populations, which might open ways to
control the HHG process electronically. On the other hand,
one might control, e.g., the spin currents along the edges of
a topological insulator, with potential applications in laser-
driven electronics. Another interesting question is whether
one needs to shine with the laser on the edge of a sample to
see the effect of edge states [54]. On the theoretical side,
establishing a direct link between topological invariants
and fingerprints of them in typical strong-field observables
like HHG spectra would be desirable. That would, in
principle, allow us to probe the topology of matter in a
single-shot strong-field experiment by all-optical means.

K. K. H. acknowledges support from the Villum-Kann
Rasmussen (VKR) center of excellence QUSCOPE—
Quantum Scale Optical Processes.
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Enhanced high-order harmonic generation in donor-doped band-gap materials
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We find that a donor-doped band-gap material can enhance the overall high-order harmonic
generation (HHG) efficiency by several orders of magnitude, compared with undoped and acceptor-
doped materials. This significant enhancement, predicted by time-dependent density functional
theory simulations, originates from the highest-occupied impurity state which has an isolated energy
located within the band gap. The impurity-state HHG is rationalized by a three-step model, taking
into account that the impurity-state electron tunnels into the conduction band and then moves
according to its band structure until recombination. In addition to the improvement of the HHG
efficiency, the donor-type doping results in a harmonic cutoff different from that in the undoped and
acceptor-doped cases, explained by semiclassical analysis for the impurity-state HHG.

I. INTRODUCTION

High-order harmonic generation (HHG) in gases [1, 2]
is not only one of the fundamental strong-field phenom-
ena in laser-matter interactions. It is also a powerful
technique to produce sub-femtosecond laser pulses, pro-
viding the opportunity to explore ultrafast dynamics in
matter on femto- and attosecond timescales [3]. Recently,
HHG in solids was demonstrated [4–9] with potential ap-
plications for novel VUV and XUV light sources and for
probing ultrafast dynamics in condensed-matter systems
[10]. Compared with gas-phase systems, solids can pos-
sibly produce HHG more efficiently due to their peri-
odic structure and high density. Also, laser-induced pro-
cesses in bulk and nanostructured materials attract the-
oretical interests in this new research area where strong-
field laser physics meets condensed matter. It has been
demonstrated that some strong-field concepts, such as
the three-step model for HHG [11], can be generalized to
describe laser-solid interactions when the band structure
is taken into account [12, 13]. Although the understand-
ing of HHG in solids is rapidly expanding [12–33], there
are many open questions remaining to be explored.

For applications of HHG in solids as a coherent VUV
or XUV source, a key question is how to control the har-
monic yield. A recent experiment has demonstrated en-
hanced HHG emission in taylored semiconductors [34].
Theoretical studies have proposed possibilities to en-
hance HHG in solids by quantum confinement [35], inho-
mogeneous fields [36], or substitutional doping [37]. In-
deed, impurities typically influence the physical proper-
ties of a solid, allowing one to control processes in the tar-
get material for various applications (see, e.g., the recent
works [38, 39]). Doping-induced impurities are therefore
expected to have impact on HHG in solids. The specific
influence of doping-induced impurities, however, still re-
quires further exploration, even in the case of substitu-
tional doping [40]. Here, to elucidate effects of substitu-
tional doping on HHG in solids, we consider a model
of undoped and doped band-gap materials interacting
with a mid-infrared laser pulse, use time-dependent den-
sity functional theory (TDDFT) [41, 42] to perform self-
consistent calculations, and provide a semiclassical anal-

ysis for the impurity-state HHG cutoff.
This paper is organized as follows. In Sec. II, we give a

description of the theoretical model and methods used in
this work. The results of our theoretical calculations are
presented and discussed in Sec. III. Finally we conclude
with a brief summary in Sec. IV. Atomic units (a.u.) are
used throughout unless stated otherwise.

II. THEORETICAL MODEL AND METHODS

Our model employs a finite system so large that it be-
haves like a solid [28–30]. We consider a linear chain
of N nuclei with a separation a and located at xj =
[j − (N + 1)/2]a, (j = 1, · · · , N). The ionic potential

reads vion(x) = −∑N
j=1 Zj [(x − xj)2 + ε]−1/2, where Zj

is the nuclear charge of the j-th ion and ε is a soften-
ing parameter which smoothens the Coulomb singular-
ity. We set ε = 2.25 and a = 7 throughout, and use
Zj = 4 (j = 1, · · · , N) to qualitatively model an un-
doped band-gap material. For a convenient description of
substitutional doping, we choose an odd number of nuclei
(N = 2M−1 = 101 in this work) and introduce an impu-
rity in the center by choosing a different nuclear charge
of the M -th ion. As we will see below, such a doping
rate of ∼ 1% does not change the band structures signif-
icantly, but introduces new states that are energetically
isolated. Also, our discussion of doping effects is insen-
sitive to the model size, once a sufficiently large number
of nuclei (& 80) is considered (see the Appendix). In our
simulations, two doping cases are considered: ZM = 2 for
modeling a double acceptor and ZM = 6 for modeling a
double donor [43]. All the considered systems are charge
and spin neutral. Thus the number of electrons with op-
posite spin is N↓ = N↑ = 2N for the undoped case, and
N↓ = N↑ = 2N ± 1 for the systems with a doped center
(ZM = 4±2). We treat the field-free electronic states for
these systems with density functional theory (DFT). In
the Kohn-Sham (KS) scheme, we find a set of KS orbitals
determined by

{
−1

2

∂2

∂x2
+ vKS[{nσ}](x)

}
ϕj,σ(x) = εj,σϕj,σ(x), (1)
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with the static KS potential vKS[{nσ}](x) = vion(x) +
vH[n](x) + vxc[{nσ}](x). The Hartree potential reads

vH[n](x) =
∫
dx′n(x′)[(x − x′)2 + ε]−1/2, and the

exchange-correlation potential is treated in a local
spin-density approximation vxc[nσ](x) ' vx[nσ](x) =
−[6nσ(x)/π]1/3. The spin densities are nσ(x) =∑Nσ
j=1 |ϕj,σ(x)|2 for spin σ = ↓, ↑, and the total density is

n(x) =
∑
σ=↓,↑ nσ(x).

For the driving laser pulse linearly polarized along
the x-axis, we use the vector potential A(t) =
A0 sin2[ω0t/(2Nc)] sin(ω0t) for 0 ≤ t ≤ 2πNc/ω0, with ω0

the angular frequency (photon energy) and Nc the num-
ber of cycles. The laser-driven many-electron system is
governed by the time-dependent KS equations

i
∂

∂t
ϕj,σ(x, t)

=

{
−1

2

∂2

∂x2
− iA(t)

∂

∂x
+ ṽKS[{nσ}](x, t)

}
ϕj,σ(x, t),

(2)

where the KS potential ṽKS[{nσ}](x, t) = vion(x) +
vH[n](x, t) + vxc[{nσ}](x, t) is time-dependent due to the
time dependence of n(x, t) and nσ(x, t). We propagate
the time-dependent KS orbitals using the Crank-Nicolson
approach with a predictor-corrector step for updating the
KS potential [42, 44]. The initial conditions for TDDFT
calculations, i.e., the field-free ground-state KS orbitals
are found via imaginary time propagation with orthogo-
nalization in each time step [44]. The numerical calcula-
tions are performed on an equidistant spatial grid with
spacing ∆x = 0.1 and 21000 grid points. A fixed step size
∆t = 0.1 is used for time propagation, and a convergence
check is performed by using ∆t = 0.05.

III. RESULTS AND DISCUSSION

In this section, we first describe the influence of dop-
ing on the field-free potentials, orbital energies and band
structures within the KS scheme. Then we discuss effects
of doping on the HHG spectrum based on the TDDFT
calculations, and identify the contribution from a single
impurity orbital in the donor-doped case. Finally, the
HHG cutoff is explained by semiclassical analysis.

A. Doping effects in the DFT description

We first take a view on the doping-induced change of
the field-free properties in the DFT language. The un-
doped model was studied in Refs. [28, 29]. Here we first
emphasize the differences between the doped and un-
doped systems in terms of the static KS potential which
is obtained by imaginary time propagation. The impact
of the impurity is restricted in real space to a small re-
gion around its position, the center of the system in this
case, as shown in Fig. 1(a). Compared with the undoped
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FIG. 1. Comparisons of undoped and doped systems in the
KS scheme. (a) The KS potentials around the impurity for
the undoped and doped systems. (b) The negative-valued
KS orbital energies in ascending order, including two valence
bands (VB1 and VB2) and part of a conduction band (CB1).
For the undoped, acceptor-doped and donor-doped systems,
the number of occupied orbitals is N↓ = N↑ = 202, 201 and
203, respectively (indicated by black, blue and red arrows).
In the doped cases, isolated orbital energies appear, which
cannot be classified into any band.

system, the acceptor- and donor-type doping results in a
shallower and deeper effective potential around the im-
purity ion, respectively. Unlike the single-active-electron
approach using a parametrized potential [37], the effec-
tive potential in the DFT description is self-consistently
found in a many-electron model.

With the static KS potential at hand, one can find
the occupied and unoccupied orbitals by diagonalization,
together with their corresponding energies. Note that
in the KS scheme, the classification into occupied and
unoccupied orbitals is automatically determined by the
number of electrons with the Pauli exclusion principle
satisfied, which is another advantage over the frequently-
used single-active-electron approach (see, e.g., Refs. [17–
23, 36, 37]). To illustrate the doping effects on the KS
orbitals, we present in Fig. 1(b) the negative-valued or-
bital energies in ascending order. The energies include
two valence bands (VB1 and VB2) and part of a con-
duction band (CB1), and the “in-band” energies remain
almost unchanged by doping. Here we classify the or-
bital energies into bands, since our model behaves like a
solid for a sufficiently large system size [29]. The visible
band gap (BG) allows us to identify the doping-induced
impurity orbitals with isolated energies. In addition to
their isolated energies, the impurity orbitals are spatially
localized around the impurity ion (see the Appendix).
In the case of acceptor- (donor-) type doping, the impu-
rity orbital energetically located between VB2 and CB1
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FIG. 2. Band structures (VB1, VB2, CB1 and CB2) for undoped and doped systems with N = 101 nuclei, displayed by norm
square of the Fourier-transformed KS orbitals. The free-space (FS) dispersion k2/2 is also visable due to the finiteness of the
simulation box (see text). In the doped cases, the isolated horizontal lines correspond to impurity orbitals, which are also
indicated by arrows. The first-Brillouin-zone boundary is at k = π/a = 0.449.

is unoccupied (occupied). It is worth noting that the im-
purity KS orbitals can be seen as a self-consistent DFT
description of the “impurity states” introduced in the
pioneering works [45, 46], see also reviews [43, 47, 48].
For our purpose of exploring doping effects on HHG, it
is straightforward to perform self-consistent simulations
without resorting to additional assumptions. Thus both
“in-band” and impurity orbitals are taken into account,
and one can investigate their respective contributions in
the many-electron processes. Whether an impurity or-
bital (state) plays a particular role in HHG will be stud-
ied in Sec. III C.

The band structures can be constructed from the
Fourier-transformed orbitals (in k-space), as done in
Refs. [28, 29]. Figure 2 shows the norm square of the
k-space KS orbitals for the undoped and doped systems
with N = 101 nuclei. The energy range in this plot
includes two valence bands (VB1 and VB2) and two con-
duction band (CB1 and CB2). Since our simulations are
performed in a finite box, the free-space (FS) dispersion
k2/2 is also present in Fig. 2. For HHG in solids, how-
ever, the FS parabola does not play any noticeable role
[28, 29]. We find that the band structures are almost not
affected by doping, except that the energy range of VB1
becomes wider when the system is donor-doped. The
role of VB1 in HHG processes, however, is negligible be-
cause of the flat band structure and the low orbital ener-
gies, which has been demonstrated in Ref. [28]. Figure 2
clearly shows that the considered doping scenarios gener-
ate energetically isolated orbitals which do not belong to
any band. One can identify two impurity orbitals from
Fig. 2(b) in the acceptor-type doping case, and three im-
purity orbitals from Fig. 2(c) in the donor-type doping
case. A detailed view of these impurity orbitals in real

space is presented in the Appendix.

B. Doping effects on the HHG spectrum

Using the ground-state occupied KS orbitals as the ini-
tial state, we perform TDDFT calculations for the sys-
tems interacting with a 6-cycle laser pulse of frequency
ω0 = 0.0114 corresponding to a wavelength of ∼ 4000
nm. We compute the time-dependent current

J(t) =
∑

j,σ

∫
dx Re

[
ϕ∗j,σ(x, t)

(
−i ∂
∂x

+A(t)

)
ϕj,σ(x, t)

]
,

(3)
and evaluate the HHG spectral intensity as the modulus
square of the Fourier-transformed current, i.e., S(ω) ∝
|
∫
dtJ(t) exp(−iωt)|2. Here we do not account for macro-

scopic propagation effects, which may modify the HHG
spectra via absorption and phase mismatch. Such prop-
agation effects, however, can be mitigated by controlling
the thickness of target materials [9]. Therefore we expect
our conclusions to hold for a thin target material.

Figure 3(a) shows HHG spectra for the undoped and
doped systems obtained from TDDFT calculations, for
A0 = 0.22 which corresponds to an intensity of ∼
2.2 × 1011 W/cm2. The BG between CB1 and VB2 is
0.235 ∼ 6.4 eV typical for a dielectric, implying that har-
monics up to order 20 are in the sub-BG regime for the
undoped system. The spectral minimum in the sub-BG
region stems from the fact that the intensity of intraband
harmonics decreases with increasing order and the inter-
band harmonics become dominant when going into the
above-BG regime. The HHG spectrum for the acceptor-
doped system is very similar to that for the undoped
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FIG. 3. HHG spectra for undoped and doped systems ob-
tained from (a) TDDFT calculations with the KS potential
dynamically updated according to the time-dependent den-
sities, and (b) calculations with the KS potential frozen to
its field-free ground-state form. The laser parameters corre-
spond to a wavelength of ∼ 4000 nm and a peak intensity of
∼ 2.2 × 1011 W/cm2 (see text). The vertical dashed lines in-
dicate the first cutoffs: a cutoff of order 45 is observed for the
undoped and acceptor-doped systems while a cutoff of order
25 is observed for the donor-doped system.

system. In contrast, the overall HHG for the donor-
doped system is enhanced by ∼ 2 − 6 orders of magni-
tude. This significant enhancement of the HHG efficiency
would be favorable for applications as a coherent source
of VUV and XUV radiation. We also perform calcula-
tions with a frozen ground-state KS potential. Such a
frozen-KS-potential approach is applicable for moderate
intensities well below the damage threshold of solids [28].
The spectra obtained from these calculations are shown
in Fig. 3(b). The considerable enhancement of HHG in
the donor-type doping case and the similarity of the un-
doped and acceptor-doped cases are also found with this
approach. As will be shown in Sec. III C, the frozen-KS-
potential approach offers the possibility to identify the
contribution from a single impurity orbital, which pro-
vides insights into the observed enhancement of HHG in
the donor-type doping case. In addition, a different cut-
off for the donor-doped system is found in Fig. 3, which
will be analyzed Sec. III D.

C. Role of a single impurity orbital

To understand the doping effects on HHG, we link our
findings in Fig. 3 to the doping-induced changes of the
field-free properties displayed in Fig. 1 and Fig. 2. Let
us first revisit the intra- and interband contributions of
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FIG. 4. HHG spectra for the donor-doped system obtained
from calculations with the frozen KS potential [the thick grey
curve, which is the same as the upper red curve in Fig. 3(b)].
The purple and green curves are obtained by Fourier trans-
forming the partial current calculated with only the highest-
occupied KS orbital and without this orbital, respectively.

HHG in undoped solids [12, 13]. Intraband HHG stems
from the laser-driven electron motion in bands due to the
anharmonicity of the band structure. Interband HHG is
described by the generalized three-step model for band-
gap materials: first an electron tunnels into the conduc-
tion band, leaving a hole in the valence band; then the
electron and hole move in their respective bands and may
recombine at a later time, emitting a photon with energy
above the BG. Thus the BG energy plays a similar role
as the ionization potential in atomic HHG. If the en-
ergy of the highest-occupied orbital is close to the lowest
conduction-band energy, the electron has a high proba-
bility to tunnel into the conduction band, since the tun-
neling rate is exponentially sensitive to the energy gap
[49]. As shown in Fig. 1(b) and Fig. 2, the considered
doping causes no obvious change to the band structures,
except for introducing the impurity orbitals. The sim-
ilarity of HHG spectra for the acceptor-doped and un-
doped systems can then be understood by noting that
the highest-occupied orbital in both cases is at the top
of VB2 [see Fig. 1(b)]. For the donor-doped system, we
expect that the highest-occupied impurity orbital within
the BG is responsible for the enhancement of HHG ob-
served in Fig. 3.

The role of the highest-occupied impurity orbital in
the donor-doped system can be highlighted within the
frozen-KS-potential approach. To this end, we calculate
the current from the highest-occupied orbital by restrict-
ing the sum in Eq. (3) to that orbital, and compare the
resulting HHG spectrum with the total one in Fig. 4.
One can see that for a wide range of harmonic orders,
from ∼ 10 to ∼ 160, the contribution from the single
impurity orbital agrees with the total spectrum. There-
fore we attribute the enhancement of HHG in the donor-
doped system to the highest-occupied impurity orbital
that has an isolated energy within the BG. We note that
impurity-state HHG was modeled in a recent work [50]
taking only the impurity-state contribution into account
when evaluating the HHG spectrum. Based on the self-
consistent many-electron calculations, our present work
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FIG. 5. (a) A three-step model for HHG from the impurity-
state electron, illustrated in k-space. The horizontal line indi-
cates the donor state within the BG, i.e., the highest-occupied
impurity orbital for the donor-doped system. The (green)
curves show the band structures of CB1 and VB2. The three
steps for HHG are indicated by (black) lines with arrows.
For the considered system and laser frequency, it requires at
least 9 photons to excite the impurity-state electron to CB1,
which is in the tunneling regime. (b) The k-space probabil-
ity distribution of the impurity orbital depicted in (a). The
first-Brillouin-zone boundary is at k = π/a = 0.449.

evidences that the impurity-state HHG signal may agree
with the total signal for a wide range of harmonic orders
in a donor-doped band-gap material.

D. Semiclassical analysis of the cutoff

Having demonstrated that HHG from the highest-
occupied impurity orbital is dominant for the donor-
doped system, we now elucidate the corresponding mech-
anism by a semiclassical analysis. HHG from the donor-
state electron can be described by a three-step model: the
impurity-state electron tunnels into the conduction band,
moving according to the band structure, and recombines
with the impurity state when driven back by the exter-
nal field. This mechanism is illustrated in k-space in
Fig. 5(a) [51]. Here the band-structure curves are ex-
tracted from Fig. 2 and fitted to be continuous, as done in
Ref. [29]. The impurity state is depicted as a completely
flat band, since its k-space distribution spreads over the
first Brillouin zone [see Fig. 5(b)]. Similarly to the semi-
classical model of interband HHG in solids [13, 15], we
estimate the cutoff for HHG from the impurity-state elec-
tron. First, the tunneling step is considered to occur at
k0 = 0 corresponding to the minimum of the conduction
band energy. With the tunneling time denoted by ti, the
electron trajectory after tunneling is given as [13, 15]

x(t)−xi =

∫ t

ti

dτ∇kEc[k(τ)], k(τ) = A(τ)−A(ti), (4)

where Ec[k(τ)] is the band structure of CB1 and xi = 0 is
the initial position of the electron. When the electron re-
turns to its initial position at time tr, it recombines to the
impurity state, emitting an energy of Ec[k(tr)]−εi with εi
the impurity-state energy. Since there is no hole motion
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FIG. 6. (a) The mapping between recombination energies (in
units of ω0 = 0.0114) and semiclassical trajectories (charac-
terized by tunneling and returning times), within one cycle of
a sinusoidal vector potential with amplitude A0 = 0.22. Zero
on the vertical axis means a time at which the vector poten-
tial is 0. A recombination energy is associated with a pair of
trajectories (referred to as long and short, in terms of the time
difference between tunneling and returning). An example of
long (short) trajectories is indicated by the empty (filled) cir-
cles. The horizontal lines indicate a pair of tunneling and
returning times that produce the maximum recombination
energy, i.e., the cutoff trajectory. (b) A real-space view of the
cutoff trajectory and the example pair of long and short tra-
jectories indicated in (a). The tunneling and returning times
are marked on the vertical line x = 0 corresponding to the
impurity center. The separation between two neighbouring
ions is a = 7 in our model.

in the valence band, the three-step model for impurity-
state HHG is more atomiclike than that for solid HHG.
The only difference compared with the three-step model
for atomic HHG is that the electron motion after tun-
neling is determined by the band structure Ec(k), rather
than the free-space dispersion relation E(k) = k2/2.

By searching for the maximum recombination energy
with different tunneling times taken into consideration,
we estimate the cutoff of impurity-state HHG. Note that
the trajectories in the semiclassical analysis are charac-
terized by tunneling and returning times, and a recombi-
nation energy is associated with a pair of trajectories (re-
ferred to as long and short, in terms of the time difference
between tunneling and returning of the electron). As an
illustration, we show in Fig. 6(a) the mapping between re-
combination energies and trajectories, for the considered
laser parameters. The maximum recombination energy
found by the semiclassical analysis corresponds to the 25-
th harmonic, which agrees well with the observed cutoff
for the donor-doped system in Fig. 3. We also present in
Fig. 6(b) a real-space view of the cutoff trajectory and
a pair of long and short trajectories. One can see that
the impurity-state electron can move many unit-cell dis-
tances away from the impurity ion.

We mention in passing that a cutoff analysis based on
the three-step model for solid HHG was also performed
for the undoped system, and the corresponding cutoff
estimated from the semiclassical electron-hole dynamics
also agrees with that observed for the undoped system in

113



6

Fig. 3. Here we focus on the first cutoff in the semiclassi-
cal analysis, since the harmonics up to the first cutoff are
of more practical interest due to their relatively stronger
signals. Explanation for higher cutoffs would require a
model accounting for more complicated processes, which
is beyond the scope of this work. So far the harmonics
beyond the first cutoff are seldomly measured experimen-
tally [9]. Our work indicates that experimental observa-
tion of such high-order harmonics might be less difficult
for donor-doped materials.

IV. CONCLUSION

In summary, we found that a donor-doped band-gap
material can produce HHG much more efficiently than
undoped and acceptor-doped materials. This significant
enhancement of HHG stems from the highest-occupied
impurity state with an isolated energy within the BG. In
contrast to HHG described by electron-hole dynamics in
undoped solids, HHG from the impurity-state electron is
more atomiclike, i.e., the electron moving in the conduc-
tion band will recombine with the impurity state rather
than a moving hole in the valence band. The mecha-
nism of the impurity-state HHG can be described by a
three-step model where the impurity-state electron tun-
nels into the conduction band and then moves according
to the conduction band structure until recombination.
This leads to a harmonic cutoff different from that in
the undoped case, which can be explained by semiclas-
sical analysis based on the band structure. Our present
work implies that donor-doped band-gap materials would
be suitable for efficient generation of coherent VUV and
XUV radiation. Exploring ultrafast processes in doped
materials with HHG will be interesting for future work.

ACKNOWLEDGMENTS

This work was supported by the Villum Kann Ras-
mussen (VKR) Center of Excellence QUSCOPE – Quan-
tum Scale Optical Processes. The numerical results were
obtained at the Centre for Scientific Computing, Aarhus.
We thank Dieter Bauer for making the Qprop code
available, on which the TDDFT calculations are based.
L.B.M. acknowledges discussions with Peter Balling and
Brian Julsgaard.

Appendix: Impurity orbitals in real space

The KS orbitals obtained from the field-free calcula-
tions can be chosen to be real-valued. In Figs. 7(a) and
(b), we provide a real-space view of the energy-isolated
orbitals identified from Figs. 2(b) and (c). For the consid-
ered model with N = 101 nuclei, the number of occupied
orbitals is N↓ = N↑ = 202, 201 and 203 for the undoped,
acceptor-doped and donor-doped systems, respectively.

Thus the orbital with index j = 202 in Fig. 7(a) is the
lowest-unoccupied for the acceptor-doped system while
the orbital with index j = 203 in Fig. 7(b) is the highest-
occupied for the donor-doped system. One can see that
the impurity orbitals are located around the impurity ion,
spreading over a few neighbouring ions.

We also show the impurity orbitals for smaller doped
systems with N = 81 nuclei in Figs. 7(c) and (d). Com-
pared with Figs. 7(a) and (b), this variation of the sys-
tem size does not cause any discernible change of the KS
potential and the impurity orbitals. Note that for the
model with N = 81 nuclei, the number of occupied or-
bitals is N↓ = N↑ = 162, 161 and 163 for the undoped,
acceptor-doped and donor-doped systems, respectively.
The indexes of the impurity orbitals in Figs. 7(c) and (d)
are therefore different from those in Figs. 7(a) and (b).
The energies of the impurity orbitals are, however, not af-
fected, because of the negligible change of the KS poten-
tial and the impurity orbitals. In the frozen-KS-potential
approach, the HHG processes are simulated by propagat-
ing the KS orbitals in the frozen KS potential, and it is
shown in Fig. 4 that the highest-occupied impurity-state
orbital determines the total HHG spectrum for a wide
range of harmonic orders in the case of donor-type dop-
ing. Thus we infer that our discussion of the impurity
effects is insensitive to the system size considered in our
simulations, as long as the system is sufficiently large
(e.g., with more than ∼ 80 nuclei) such that it behaves
like a solid and contains the real-space motion of the
impurity-state electron.

Although our discussion of doping effects is based on
TDDFT simulations in a model, the underlying physics
of the impurity-state HHG should be true for a real band-
gap material. Since the doping-induced impurity orbitals
are spatially localized around the impurity ion, we expect
our results to be qualitatively valid for a target system
with more than one impurity ion, as long as the impurity
ions are many unit-cell distances away from each other.
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FIG. 7. (a) A real-space view of the energy-isolated orbitals for the acceptor-doped system with N = 101 nuclei. The orbitals
with index j = 101 and j = 202 correspond to the lower and upper isolated energies in Fig. 2(b), respectively. (b) A real-space
view of the energy-isolated orbitals for the donor-doped system. The orbitals with index j = 1, j = 102 and j = 203 correspond
to the isolated energies marked by arrows in Fig. 2(c), from bottom to top. In both acceptor- and donor-type doping cases,
the corresponding Kohn-Sham (KS) potentials are shown for an illustrative view of the impurity and its neighbouring ions.
The lower panels (c) and (d) present the impurity orbitals for smaller doped systems with N = 81 nuclei. In our model, the
separation between two neighbouring nuclei, i.e., the unit-cell length, is a = 7.
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A. Rubio, “Impact of the Electronic Band Structure
in High-Harmonic Generation Spectra of Solids,” Phys.
Rev. Lett. 118, 087403 (2017).

[28] K. K. Hansen, T. Deffge, and D. Bauer, “High-order
harmonic generation in solid slabs beyond the single-
active-electron approximation,” Phys. Rev. A 96, 053418
(2017).

[29] K. K. Hansen, D. Bauer, and L. B. Madsen, “Finite-
system effects on high-order harmonic generation: From
atoms to solids,” Phys. Rev. A 97, 043424 (2018).

[30] D. Bauer and K. K. Hansen, “High-Harmonic Genera-
tion in Solids with and without Topological Edge States,”
Phys. Rev. Lett. 120, 177401 (2018).

[31] Y. Murakami, M. Eckstein, and P. Werner, “High-
Harmonic Generation in Mott Insulators,” Phys. Rev.
Lett. 121, 057405 (2018).

[32] R. Silva, I. V. Blinov, A. N. Rubtsov, O. Smirnova,
and M. Ivanov, “High-harmonic spectroscopy of ultrafast
many-body dynamics in strongly correlated systems,”
Nat. Photon. 12, 266 (2018).

[33] T. T. Luu and H. J. Wörner, “Measurement of the Berry
curvature of solids using high-harmonic spectroscopy,”
Nat. Commun. 9, 916 (2018).

[34] M. Sivis, M. Taucer, G. Vampa, K. Johnston, A. Staudte,
A. Y. Naumov, D. M. Villeneuve, C. Ropers, and P. B.
Corkum, “Tailored semiconductors for high-harmonic op-
toelectronics,” Science 357, 303 (2017).

[35] C. R. McDonald, K. S. Amin, S. Aalmalki, and
T. Brabec, “Enhancing High Harmonic Output in Solids
through Quantum Confinement,” Phys. Rev. Lett. 119,

116



9

183902 (2017).
[36] T.-Y. Du, Z. Guan, X.-X. Zhou, and X.-B. Bian, “En-

hanced high-order harmonic generation from periodic po-
tentials in inhomogeneous laser fields,” Phys. Rev. A 94,
023419 (2016).

[37] T. Huang, X. Zhu, L. Li, X. Liu, P. Lan, and P. Lu,
“High-order-harmonic generation of a doped semiconduc-
tor,” Phys. Rev. A 96, 043425 (2017).

[38] T. Burgess, D. Saxena, S. Mokkapati, Z. Li, C. R. Hall,
J. A. Davis, Y. Wang, L. M. Smith, L. Fu, P. Caroff,
et al., “Doping-enhanced radiative efficiency enables las-
ing in unpassivated GaAs nanowires,” Nat. Commun. 7,
11927 (2016).

[39] K. Klyukin, L. L. Tao, E. Y. Tsymbal, and V. Alexan-
drov, “Defect-Assisted Tunneling Electroresistance in
Ferroelectric Tunnel Junctions,” Phys. Rev. Lett. 121,
056601 (2018).

[40] The periodic arrangement of dopants at a very high
impurity concentration considered in the single-active-
electron model calculations of Ref. [37] is atypical and
leads to a substantial change of the system.

[41] E. Runge and E. K. U. Gross, “Density-Functional The-
ory for Time-Dependent Systems,” Phys. Rev. Lett. 52,
997 (1984).

[42] C. A. Ullrich, Time-Dependent Density-Functional The-
ory: Concepts and Applications (Oxford University

Press, Oxford, 2011).
[43] S. T. Pantelides, “The electronic structure of impurities

and other point defects in semiconductors,” Rev. Mod.
Phys. 50, 797 (1978).

[44] D. Bauer, ed., Computational Strong-field Quantum Dy-
namics: Intense Light-matter Interactions (De Gruyter,
Berlin, 2017).

[45] J. C. Slater, “Electrons in Perturbed Periodic Lattices,”
Phys. Rev. 76, 1592 (1949).

[46] J. M. Luttinger and W. Kohn, “Motion of Electrons and
Holes in Perturbed Periodic Fields,” Phys. Rev. 97, 869
(1955).

[47] W. Kohn, “Shallow Impurity States in Silicon and Ger-
manium,” Solid State Phys., 5, 257 (1957).

[48] F. Bassani, G. Iadonisi, and B. Preziosi, “Electronic im-
purity levels in semiconductors,” Rep. Prog. Phys. 37,
1099 (1974).

[49] L. V. Keldysh, “Ionization in the field of a strong elec-
tromagnetic wave,” Sov. Phys. JETP 20, 1307 (1965).

[50] S. Almalki, A. M. Parks, G. Bart, P. B. Corkum,
T. Brabec, and C. R. McDonald, “High harmonic gen-
eration tomography of impurities in solids: Conceptual
analysis,” Phys. Rev. B 98, 144307 (2018).

[51] For the considered vector-potential amplitude A0 =
0.22 < π/(2a), we simply restrict to a single conduc-
tion band, CB1, since the semiclassical electron will not
reach the first-Brillouin-zone boundary [Eq. (4)].

117



A Exchange-Correlation
Functionals

There is a wide range of different exchange-correlation (xc) functionals
whom all try to achieve different goals. You could choose a different xc
functional each day of a PhD project and probably not run out before
handing in your thesis. Luckily there is an overarching order to xc
functionals created by the complexity of the functionals. Using this order
as a guideline, one can choose the best functional for the problem at
hand.

The lowest order functional is the local (spin) density approximation
(LDA) functional which only uses the local density of the system. This
is expanded upon by, in order of complexity, the generalized gradient
approximation (GGA), meta-GGA, hybrid functionals and beyond that,
the optimized effective potentials (OEP). Most of the higher-order func-
tionals use empirical data for fitting to improve the result of the DFT
calculations by making the functionals more specialized for the problem.

In this thesis, we used the LDA to make systems that exhibit many
solid state features and produce HHG as would be expected from solid
state systems. The LDA is based upon a uniform electron gas (jellium)
with a constant density, and is constructed to reproduce the xc energy for
this system. This makes it great for systems with a uniform density, e.g.
solid state system where the total density only changes significantly at
the edges. When introducing new effects, like defects and missing nuclei,
this approximation gets worse. The problem can then be alleviated by
using a higher order xc functional.

We will here use the GGA, which incorporates a dependence on
the gradient of the density, ∇n(r), to make the xc functional better at
handling nonuniform densities. While the the LDA is based solely upon
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the density, n(r), GGA’s include the effect of gradient of the density,
∇n(r), creating energy functionals of the form

E[n] =
∫
drε(n,∇n), (A.1)

where ε is the xc energy per unit volume. The xc potential can be
determined using variation, as with the LDA,

vx[n](r) = δExc

δn
, (A.2)

where through Taylor expansion of ε around n and ∇n we can obtain an
expression we can evaluate:

vxc[n](r) = ∂ε(n,∇n)
∂n(r) −∇∂ε(n,∇n)

∂(∇n(r)) . (A.3)

Using this expression we can obtain the potential through partial differ-
entiation of the xc functional, either by hand or through a CAS tool. If
comparison is wished with one of the popular xc libraries, like libxc [140],
one needs to notice that they use the contracted gradient, σ = (∇n)2,
and when calculating the potential from such a package, the expression
then instead becomes,

vxc[n](r) = ∂ε(n,∇n)
∂n(r) − 2∇ ·

[
∂ε(n,∇n)

∂σ
∇n(r)

]
. (A.4)

Of the many GGA’s, one of the most used is the Perdew-Burke-
Ernzerhof (PBE) xc functional [141]. Other versions, such as revPBE
and RPBE, seek to improve some properties of PBE for more specific
applications. We will here use the standard PBE to test the more general
results of using a GGA instead of the LDA. The total xc energy is
separated into a correlation and exchange part

EGGA
xc = EGGA

c + EGGA
x , (A.5)

which will be calculated separately. In PBE the correlation energy has
the form

EGGA
c [n↓, n↑] =

∫
dr n[εunif

c (rs, ζ) +H(rs, ζ, t)], (A.6)

where rs is the local Seitz radius (n = 3/4πr3
s = k3

F/3π2 = n↑ + n↓),
ζ = (n↑ − n↓)/n is the relative spin polarization, t = |∇n|/2ϕksn is a
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dimensionless density gradient, ϕ = [(1 + ζ)2/3 + (1− ζ)2/3]/2 is the spin
scaling factor, ks =

√
4kF/π and εunif

c is the correlation energy for the
uniform gas, which has to be chosen. The function H in PBE is

H(rs, ζ, t) = γϕ3 × ln
{

1 + β

γ
t2
[

1 + At2

1 + At2 + A2t4

]}
, (A.7)

where γ = (1 − ln 2)/π2, β = 0.06672455060314922 found from fitting
and

A = β

γ

1
e−εunif

c /γϕ3 − 1 . (A.8)

For εunif
c we use the Perdew-Wang (PW) approximation[142],

εunif
c (rs, ζ) = εc(rs, 0) + αc(rs)

f(ζ)
f ′′(0)(1− ζ4) + [εc(rs, 1)− ε(rs, 0)]f(ζ)ζ4,

(A.9)

where f ′′(0) = 1.709921, f(ζ) = (1+ζ)4/3+(1−ζ)4/3−2
24/3−2 and εc(rs, 0), εc(rs, 1)

and −αc(rs) are approximated with the function G,

G(rs, A, α1, β1, β2, β3, β4, p) = −2A(1 + α1rs) ln
[
1 + 1

2AGaux

]
, (A.10)

Gaux = β1r
1/2
s + β2rs + β3r

3/2
s + β4r

1+p
s , (A.11)

The function G approximates these quantities by fitting a set of parame-
ters βi, A, α1 and p for each function that it describes. The parameters
can be found in Ref. [142].

In PBE the exchange energy has the form

EGGA
c [n↓, n↑] =

∫
dr nεunif

x (n)Fx(s), (A.12)

where s = |∇n|/2kFn is another dimensionless density gradient, εunif
x =

−3kF/4π is the LDA exchange energy and in PBE

FPBE
x (s) = 1 + κ− κ

1 + µs2

κ

, (A.13)

with µ = βπ2/3 and κ = 0.804, which are found by fitting.
From these functionals we can then determine the xc potential using

Eq. (A.3), though their expression is too complicated to be written out
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explicitly in this work. Limiting the expression to the spin neutral case
will simplify the problem, and be of most interest since we currently only
use spin neutral systems. It can be mentioned that the calculation of the
xc potential is rather fast in comparison with the rest of the numerical
work needed in a TDDFT, and the expression for the potentials can
therefore be obtained directly from CAS tools with no further optimiza-
tion, without an increase in calculation time. This was the experience
from the case for the one-dimensional systems used here.

Open questions when going to more complex xc functionals are
whether the many fitted parameters in GGA will result in unseen chal-
lenges as the fitted parameters are all found for full dimensional systems.
There are truly low-dimensional xc functionals, but using functionals for
low dimensional systems wont necessarily equal results representative of
three dimensional solids, which is what is wished modeled.

It is mentioned, but not shown, that using PBE instead of LDA for
the calculations shown in this thesis changes almost nothing in the HHG
spectra.
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