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Abstract

We asses the basis set convergence of harmonic frequencies using different explicitly

correlated wave function based methods. All commonly available CCSD(T) variants

as well as MP2-F12 and MP4(F12*) are considered and a hierarchy of the different

approaches is established. As for reaction and atomization energies CCSD(F12*)(T*)

is a close approximation to CCSD(F12)(T*) and clearly superior to the other tested

approximations. The used scaling for the triples correction enhances the accuracy

relative to CCSD(F12*)(T) especially for small basis sets and is very attractive since

no additional computational costs are added. However this scaling slightly breaks size

consistency and therefore we additionally study the accuracy of CCSD(F12*)(T*) and

CCSD(F12*)(T) in the context of calculating anharmonic frequencies to check if this

causes problems in the generation of the potential energy surface (PES). We find a

fast basis set convergence for harmonic and anharmonic frequencies. Already in the

cc-pVDZ-F12 basis the RMSD to the CBS-limit is only around 4–5 cm−1.
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Introduction

Vibrational spectroscopy plays an important role in understanding phenomena in different

fields of chemistry ranging from industrial to biological applications. Theoretical chemistry

is therefore expected to provide tools with accurate predictive power to assists the scien-

tists in these areas. Over the last decade methods like Vibrational Perturbation Theory1–3

(VPT), Vibrational Configuration Interaction4–6 (VCI) or Vibrational Coupled Cluster6–8

(VCC) gained a lot of interest, since they provide a highly accurate description of anhar-

monic frequencies. However these methods need accurate potential surfaces (PESs) and a

sufficiently accurate description of harmonic frequencies, which are the major contribution

to anharmonic frequencies. Therefore very accurate methods like Coupled Cluster (CC)

methods e.g. Coupled Cluster singles and doubles with inclusion of the perturbative triples

correction (CCSD(T)) for calculating the electronic structure are required. But the problems

of these methods like the slow basis set convergence directly translates to the computation

of harmonic and anharmonic frequencies. The basis set convergence problem can be ame-

liorated if terms with an explicit dependence on the inter electronic distance are included

in the electronic wave functions. This allows a better description of the electron electron

cusp. Nowadays the most widely used explicitly correlated methods are the R12 and F12

methods, which go back to work by Kutzelnigg and Klopper,9–11 where the Hartree Fock

(HF) reference is augmented by pair functionals χij called geminals. The geminals have

an explicit dependence on r12 via a correlation factor f(r12). In R12 theory it is given as

f(r12) = r12 and in F12 theory as f12(r12) = − 1
γ
· exp (−γr12), where γ is a parameter which

is optimized for a given basis set and usually close to one. One usually observes that the

usage of F12 theory enhances the basis set convergence of the correlation energy in such a

way that with a basis set of cardinal number X results are obtained with an accuracy as in

conventional methods with a basis sets of cardinal number X + 2.

Therefore explicitly correlated methods are of great interest to calculate vibrational spectra

and pave the way to use smaller basis sets and still obtain highly accurate PES. Recently
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Martin et al.12 studied the convergence of some explicitly CCSD(T) methods for calculating

harmonic frequencies and earlier Rauhut et al.13 investigated the same issue for CCSD-

F12a(T) and CCSD-F12b(T) and later used explicitly correlated CCSD(T) for application

studies.14,15 Furthermore the work of Tew et al. in Ref. 16 is to mention, where they

did a similar assessment. We extend these studies by taking more variants of explicitly

correlated CCSD(T) methods and additional explicitly correlated methods like MP2-F12

and MP4(F12*) into account. The later one is defined as a fourth order approximation to

CCSD(F12*(T).

Furthermore we use less approximate methods as internal reference. Our work complements

already available studies on the basis set convergence for molecular properties on the CC

level like in Refs. 17–19 by focusing especially on explicit correlated methods. However, we

limit ourself to the CCSD(T) level and for the influence of higher order excitations we refer

to the work of Heckert et al.18 or Ruden et al.19

As Martin et al.12 we explore the usage of the scaled triples correction (T*), which approxi-

mately introduces explicitly correlated effects in this contribution. Usually only the explicitly

correlated CCSD variant is combined with the conventional triples correction. But because

in the presence of explicitly correlated terms the doubles amplitudes are typically slightly

smaller in magnitude, the triples correction is less accurate and is known to often limit the

accuracy. Knizia et al. therefore proposed to scale the conventional triples correction with

the ratio of the MP2-F12 and MP2 energy to lift this problem.20 As all explicitly correlated

contributions the scaling vanishes in the complete basis set (CBS) limit, but this approach

slightly breaks size consistency and this could be a problem in the generation of PESs, which

we also want to explore in the current study. The issue of missing size consistency has been

noted before. For example in Ref. 21 of Ahnen et al. a supermolecule approach is favored,

when calculating interaction energies and also in Ref. 22 the scaling is kept fixed when calcu-

lating interaction energies to resolve this issue. We note that Köhn reported in Ref. 23 and

24 an explicitly correlated triples correction. However it is not straightforward to implement
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without code generators and therefore not available in many program packages. The scaling

correction is therefore at the moment the most used pragmatic choice since it is easy to

implement and comes at no extra cost.

To construct the PES we use the so called n-mode representation in normal coordinates,

where cuts through the hypersurface are used including terms, where just 1, 2, .., n coordi-

nates are varied at a time. We note that several authors also report results using a full

dimensional description.25–30 This paper is organized as follows: First the selected test set is

presented. Afterwards the computational setup is discussed in detail. The actual analysis is

then separated into 4 parts. In the first part we asses the accuracy of harmonic frequencies

obtained with explicitly correlated CCSD(T) variants with only a minimal number of ap-

proximations. The best performing method from this initial study is then chosen as internal

reference to study the accuracy of more approximate methods in part 2. In part 3 the accu-

racy relative to anharmonic frequencies is studied and simple corrections like scaling factors

are considered. In the last part anharmonic corrections with means of VCC are calculated

and we explore the basis set convergence in this context and if the triples scaling can cause

negative effects.

Theoretical methods

Table 1: Summary of some of the characteristics of the used methods.

Method Fixed Amplitude Projector F12 contribution Add. approx to CCSD(F12)

CCSD(F12) No Full In CC equations -
CCSD(F12)-SP Yes Full In CC equations -

CCSD(F12*) Yes Full + approx. In CC equations Terms up to 3th order
and approx. higher order

CCSD[F12] Yes Full In CC equations Terms up to 3th order
CCSD-F12b Yes approx. In CC equations Terms up to 3th order

CCSD(2)F12 Yes Full Perturbative
CCSD(2*)F12 Yes Full Perturbative extended Brillouin condition
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Before discussing the chosen test set and the results, we give a brief summary of the

used theoretical methods in our study. The main focus of this work is to compare different

explicitly correlated methods and especially their CCSD(T) variants. As already outlined

in the introduction the conventional triples correction is usually combined with an explicitly

correlated CCSD variant. In order to approximately include explicitly correlated effects in

the triples correction, one can scale this correction, for example by the ratio of the MP2-F12

and MP2 correlation energy giving rise to the (T*) approximation. Using either the (T)

or (T*) correction the main difference is the underlying CCSD variant, which should be

described in the following. CCSD(R12) introduced by Fliegel et al. in the R12 Framework31

using the correlation factor f(r12) = r12 and later extended to F12 Theory by Tew et al.32

using the correlation factor f12(r12) = − 1
γ
· exp (−γr12)33 is known to be very close to the

full CCSD-R12/CCSD-F12. In the following we want to discuss the key differences of the

approximations to CCSD(F12) used in this work. However this can only be a short overview

and we refer for the interested reader for example to the review of Hättig et al.34 and to the

very recent review on perspectives and challenges in F12 theory by Grüneis et al.35

In modern implementations the geminal coefficients are usually fixed by invoking the cusp

condition.36,37 The postfix SP or Fix is often used to emphasize its usage. However in some

methods like CCSD(F12*) this postfix is omitted, since this methods were presented using

this approximation and are not rigorously tested without it.

For the available CCSD variants we can loosely define two categories. In the first one terms in

the CCSD-F12 equations are neglected based on arguments originating from the connection

to perturbation theory or a careful cost analysis.38,39 In the second category the explicit

electron correlation is incorporated solely by means of perturbation theory.40 The methods

CCSD[F12] and CCSD(F12*)1 of Hättig et al.38 and the methods CCSD-F12a and CCSD-

F12b of Adler et al.39 fall in the first category. However in CCSD-F12a and CCSD-F12b

for all terms not already included in MP2-F12 a more approximate strong orthogonality
1We note that CCSD(F12*) is by some authors referred to as CCSD-F12c.
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projector is used. This projector is used to keep the geminals orthogonal to the orbital basis

and due to the invoked approximations it removes additionally explicitly correlated terms,

which give a minor contribution. Additionally some terms are discarded in CCSD-F12a and

CCSD-F12b due to efficiency reasons. For CCSD[F12] and CCSD(F12*) explicitly correlated

terms are mainly neglected based on the order in perturbation theory where they contribute

to the energy and the same projector as for CCSD(F12) is used for most contributions.

A more approximate projector is however also used for CCSD(F12*) for contributions in

fourth or higher order to capture the most important higher order contributions while staying

computational efficient. The method CCSD(2*)F12 introduced by Torheyden and Valeev40

and later extended to CCSD(2)F12 by Hättig et al.38 falls in the second category.2 The later

method is more accurate since it includes coupling elements between the orbital basis and the

Complementary Auxiliary basis set (CABS), which vanish if one assumes that the extended

Brillouin condition is fulfilled. Table 1 summarizes these methods and indicates the used

approximations.

Test set

In the following section the accuracy of harmonic vibrational frequencies obtained with

CCSD(F12*)(T*) will be discussed. For that purpose we use the F1 test set from Ref.

41, from which we exclude all open shell molecules and some special cases. Therefore we

refer to this subset as F1-sub1 and list all molecules in Table 2. In the supporting material

additional information like the optimized structures and frequencies can be found. This test

set contains 110 molecules and 865 frequencies. Furthermore an additional F1-sub2 subset

is formed containing 13 molecules and 74 harmonic frequencies, for which highly accurate

references are available, which are deduced from experiment or from high level ab initio

calculation which aim at experimental accuracy. The F1-sub1 test set therefore gives good
2We adopt the notation from Ref. 38, where CCSD(2)F12 was introduced as a modification to the method

CCSD(2)R12 introduced in Ref. 40. The previous reported (more approximate) method is referred to as
CCSD(2*)F12.
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insight into the agreement with experiments including anharmonic effects while the F1-sub2

test set assess the accuracy in relation to "true" harmonic frequencies. The molecules forming

the reduced set are given in Table 3. Since the F1-sub1 set is much larger an in-depth analysis

using various basis sets is only done for the F1-sub2 set and the most cost effective methods

are chosen for the larger one.

Table 2: List of the molecules in the F1-sub1 test set.

Molecules

AlCl3 B2H6 BF3 BH3CO C2H2 C2H4 C2N2

cC2H2N cC2H4O cC3H6 CH2CCCH2 CH2CCHCl CH2CCl2
CH2CHCHO CH2Cl2 CH3CCCH3 CH3CCH CH3CH2Cl CH3CH2CN
CH3CH2F CH3CH3 CH3CHO CH3Cl CH3CN CH3COCH3 CH3COF
CH3COOH CH3F CH3NC CH3NH2 CH3NNCH3 CH3OCH3 CH3OH

CH3SiH3 CH4 CHCl3 CHF3 cis-Butadiene cis-CHClCHCl cis-CHFCHF
cis-OCCO Cl2O ClCCCl ClCCH ClCN ClF3 ClNO ClNO2 ClNS CO2

COCl2 COClF COF2 COS CS2 CSCl2 CSF2 F2 F2NH F2O
F2SO FCN gauche-CH2ClCH2Cl H2CO H2O H2O2 H2S H2S2

HCCCCH HCCCH2Cl HCCCH2F HCCF HCN HCOOH HCOOHCH3 HNCO
HNO3 HOCl HOF LiF N2 N2F2 N3H NCl2F NClF2 NF3 NH3 NNO NOF

NSF PCl3 PF3 PH3 S2F2 SCl2 SiH2Cl2 SiH3CCH SiH3Cl
SiH3F SiH4 SiHCl3 SiHF3 SO2 SO3 SOCl2 trans-CHCClCHCl

trans-Butadiene trans-CH2ClCH2Cl trans-CHFCHF trans-OCCO

Table 3: List of the molecules in the F1-sub2 test set (in arbitrary order) with the references
for the harmonic frequencies.

Molecules

H2O42 HCN43 CO2
44 C2H2

45 H2S46 H2CO47 PH3
48

CH3OH49 NH3
50 N2

51 F2
51 CH4

52 C2H4
53

Computational details

All electronic structure calculations were carried out using the TURBOMOLE program pack-

age54 and for the anharmonic frequency calculations the MidasCpp program package55 was

used. The CCSD(F12*)(T*) calculations were done with the ccsdf12 module and the cc-

pVXZ-F12 basis set family of Peterson and co-workers was used.56 For DFT reference cal-

culation the def2-TZVPP basis57 was applied and for some semi empirical calculations the
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minix basis set family58 was used. The geometry optimization and the calculation of the

Hessian were done using numerical differentiation. The step length for the gradient was

0.005 au while for the hessian a step length of 0.01 au was chosen. The displacements were

carried out in symmetry adapted coordinates. Throughout this work the frozen core ap-

proximation was used for calculating the correlation energy. All orbitals with an energy

below −3 Hartree were excluded from the correlation treatment. In the F12 calculations

we applied the complementary auxiliary basis set (CABS) approach. As CABS thresholds

we used a value of 10−8. We note that potentially small discontinuities can appear due to

CABS orbitals moving above or below the threshold for linear dependence. We did however

not observe any practical problems in this regard.

Additionally some DFT reference calculations were carried out, where representatives from

each main category was chosen: PBE59 for functionals using the Generalized Gradient Ap-

proximation (GGA), B3-LYP60,61 for hybrid functionals and TPSS62 for meta-GGAs. Fur-

thermore we also included the HF-3c58 method in our study to represent semi-empirical

methods.

Anharmonic frequencies were calculated by means of VCC[3] response theory63 using po-

tentials with at most 3 mode couplings. The primitive modal basis consists of B-Splines of

order 10, where the density of the localized basis is set to 0.8 as described in Ref. 64. To

generate the PES an adaptive density guided approach (ADGA)65 to select the grid points

based on physical information was used. The threshold are chosen in such a way that this

adaptive approach is converged when the relative change in the potential from one iteration

to the other is less than 10−2 and the absolute change less than 10−6.

Accuracy for vibrational frequencies using numerical differentiation

The numerical differentiation introduces an additional error in the frequency calculation.

Intensive numerical tests suggest to use a step length of 0.01 au for the hessian calculation

and 0.005 au for the gradient calculation to keep the error sufficiently small. Furthermore
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the SCF calculation, the density and in CC calculation the residual should be converged

tightly. In the current cases the SCF energy is converged up to the 10th digit after the

comma ($scfonv) as well as the root mean square of the density matrix ($denconv). The CC

residual ($oconv) is at least converged to the 9th digit after the comma.

To give an estimate for the expected influence of the numerical differentiation, the harmonic

frequencies are compared with semi-numerical (analytical gradient and numerical 2nd deriva-

tives) ones on the MP2/cc-pVDZ-F12 level of theory. For that purpose the F1-sub2 as well

as the larger F1-sub1 set is used. In Table 4 the root-means-square-deviation (RMSD), the

mean (MEAN), the mean absolute deviation (MAD) and the standard deviation (STD) is

listed for both sets, where as reference the semi-numerical frequencies are used. The im-

portant error marks are below 1 cm−1 and taking a confidence interval of 2 STD we can

estimate an error range of 1.2 cm−1. As complementary information Table 5 lists these error

measures for both test sets with respect to the experimental values. This indirect way of

assessing the accuracy of the fully numerical frequencies yields a bit smaller errors indicat-

ing some error cancellation. The overall accuracy should only be slightly effected by using

numerical Hessians and the observed errors should be transferable to the subsidiary studies.

They might be a bit larger since in contrast to MP2 the doubles amplitudes in CC calcu-

lation are only solved up to a certain precision while the MP2 amplitudes are exact up to

machine precision. This additional numerical noise also effects the final accuracy, but should

be sufficiently small.

Table 4: Error statistic (in cm−1) for the harmonic frequencies on the MP2/cc-pVDZ-F12
level of theory using fully numerical frequencies instead of semi numerical frequencies.

test set RMSD MEAN MAD STD

F1-sub1 0.60 -0.09 0.15 0.60
F1-sub2 0.48 -0.26 0.28 0.46
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Table 5: Error statistic (in cm−1) for the harmonic frequencies on the MP2/cc-pVDZ-F12
level of theory using fully numerical and semi numerical frequencies.

test set type RMSD MEAN MAD STD

F1-sub1 fully numerical 85.50 32.33 42.45 63.35
F1-sub1 semi numerical 85.63 32.42 42.46 63.47

∆ -0.13 -0.09 -0.01 -0.12

F1-sub2 fully numerical 37.54 -2.40 34.34 33.63
F1-sub2 semi numerical 37.52 -2.15 34.16 33.48

∆ 0.02 -0.25 0.18 0.15

Results and discussion

Accuracy relative to experiment

Table 6: Error statistic (in cm−1) for the harmonic frequencies relative to experiment using
different methods and basis sets for the F1-sub2 test set. The root mean square deviation
(RMSD), the mean error (MEAN), the mean absolute error (MAD), the standard deviation
(STD), the maximal (MAX) and minimal (MIN) error as well as the RANGE = (MAX -
MIN) is given. Additionally the molecule with the largest error for a frequency is listed in
the column Problematic case.

Method basis set RMSD MEAN MAD STD MAX MIN RANGE Problematic case

CCSD(F12)(T*) cc-pVDZ-F12 5.61 1.49 3.88 6.00 15.20 -15.20 30.4 F2

CCSD(F12)(T*) cc-pVTZ-F12 4.61 0.86 2.94 4.82 11.88 -13.08 24.96 PH3

CCSD(F12)(T*) cc-pVQZ-F12 4.61 1.21 3.02 4.91 13.40 -12.52 25.92 F2

CCSD(F12)(T) cc-pVDZ-F12 7.20 6.02 7.00 8.86 31.46 -12.86 44.32 F2

CCSD(F12)(T) cc-pVTZ-F12 5.05 2.70 4.16 5.87 19.17 -12.23 31.4 F2

CCSD(F12)(T) cc-pVQZ-F12 4.84 2.15 3.70 5.43 17.33 -12.01 29.34 F2

CCSD(F12)-SP(T*) cc-pVDZ-F12 5.53 1.50 3.71 5.90 17.24 -13.58 30.82 F2

CCSD(F12)-SP(T*) cc-pVTZ-F12 4.69 1.44 3.29 5.08 13.96 -12.97 26.93 F2

CCSD(F12)-SP(T*) cc-pVQZ-F12 4.71 1.67 3.34 5.16 15.06 -12.47 27.53 F2

CCSD(F12*)(T*) cc-pVDZ-F12 5.45 1.29 3.52 5.75 15.32 -13.75 29.07 F2

CCSD(F12*)(T*) cc-pVTZ-F12 4.69 1.41 3.27 5.07 13.85 -12.97 26.82 F2

CCSD(F12*)(T*) cc-pVQZ-F12 4.71 1.66 3.34 5.16 15.06 -12.46 27.52 F2

In this section we focus on the accuracy relative to experiment. In this analysis only

methods with a minimum number of approximations are considered and the influence of

further approximations will be carefully examined. The error statistics are listed in Table 6

for different basis sets. The influence of the triples scaling (T*) is evident. Especially in small

basis sets the RMSD is significantly reduced. In larger basis sets the influence decreases,
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but is still observable. This lead us to the conclusion to only use the (T*) correction in the

subsequent studies on harmonic frequencies since it causes no extra cost in comparison to

the (T) correction, but improves the results significantly in small basis sets and also slightly

in large basis sets. Additionally the influence of the fixed amplitude approach is small as

expected and will be used for the rest of this work, where the CCSD(F12)(T*)/cc-pVQZ

results serve as internal standard, which defines a good estimate for the CCSD(T) CBS

limit. It is important to note that the convergence in the basis set sequence cc-pVDZ-F12,

cc-pVTZ-F12, cc-pVQZ-F12 is extremely fast. Already the results in the cc-pVDZ-F12 basis

are very close to the chosen reference. The RMSD is slightly above 5 cm−1. The remaining

disagreement to experiment is related to missing higher order excitations and relativistic

effects. We note that one can extract from the work of Heckert and Gauss17,18,66 that the

largest errors for CCSD(T)-F12 fundamentals compared to experiment are for vibrations

involving double or triple bonds, where post (T) correlation is significant.

Although the overall agreement in our current study is good, there are in a few cases still

some larger deviations. For F2 errors around 15 cm−1 are observed and those for N2 and PH3

lie around 5 cm−1. These three molecules are consistently problematic cases for all tested

methods and basis sets, where the errors for F2 are in nearly all cases the largest ones.

Accuracy relative to the CCSD(T) basis set limit

The next step is to benchmark more approximate CCSD(F12)(T) variants against the

CCSD(F12)(T*)/cc-pVQZ-F12 reference. In all these cases the fixed amplitude Ansatz

is used as well as the scaled triples correction. The explicitly correlated CCSD variants,

MP4(F12*), MP2-F12 and some common DFT functionals as well as the empiric HF-

3c method is also assessed for comparison. The results are summarized in Table 7. For

CCSD(F12*)(T*) a fast convergence to the reference is observed as shown in Figure 1 where

the error distributions for the different basis sets are depicted. For cc-pVTZ-F12 and cc-

pVQZ-F12 the distributions are quite narrow. But also the small cc-pVDZ-F12 basis enables
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Table 7: Error statistic (in cm−1) for the harmonic frequencies using different methods
and basis sets for the F1-sub2 test set and the CCSD(F12)(T*)/cc-pVQZ-F12 reference.
Additionally the molecule with the largest error for a frequency is listed in the column
Problematic case.

Method Basis set RMSD MEAN MAD RANGE Problematic case

CCSD(F12)(T*) cc-pVDZ-F12 3.02 0.28 2.10 18.15 C2H4

CCSD(F12)(T*) cc-pVTZ-F12 0.86 -0.35 0.51 4.76 C2H2

CCSD(F12*)(T*) cc-pVDZ-F12 2.70 0.08 1.78 16.21 C2H4

CCSD(F12*)(T*) cc-pVTZ-F12 0.61 0.20 0.33 3.15 C2H4

CCSD(F12*)(T*) cc-pVQZ-F12 0.40 0.45 0.45 1.77 F2

CCSD[F12](T*) cc-pVDZ-F12 5.58 -5.66 5.86 27.19 F2

CCSD[F12](T*) cc-pVTZ-F12 1.92 -2.11 2.11 9.98 F2

CCSD[F12](T*) cc-pVQZ-F12 0.59 -0.69 0.69 3.57 F2

CCSD-F12b(T*) cc-pVDZ-F12 5.89 -5.18 5.70 24.51 F2

CCSD-F12b(T*) cc-pVTZ-F12 2.71 -2.95 2.95 11.65 F2

CCSD-F12b(T*) cc-pVQZ-F12 0.77 -0.90 0.90 4.12 F2

CCSD(2)F12(T*) cc-pVDZ-F12 5.70 -5.58 5.81 25.90 F2

CCSD(2)F12(T*) cc-pVTZ-F12 2.71 -2.71 2.71 12.23 F2

CCSD(2)F12(T*) cc-pVQZ-F12 0.86 -0.88 0.88 3.96 F2

CCSD(2*)F12(T*) cc-pVDZ-F12 10.09 -5.90 8.33 56.71 F2

CCSD(2*)F12(T*) cc-pVTZ-F12 2.35 -1.97 2.05 13.31 F2

CCSD(2*)F12(T*) cc-pVQZ-F12 1.01 -0.50 0.91 8.0 F2

CCSD(F12*) cc-pVDZ-F12 28.58 34.05 34.05 92.26 F2

CCSD(F12*) cc-pVTZ-F12 29.40 34.86 34.86 92.90 F2

CCSD(F12*) cc-pVQZ-F12 29.77 35.22 35.22 94.98 F2

MP4(F12*) cc-pVDZ-F12 24.73 -16.21 21.89 166.6 N2

MP4(F12*) cc-pVDZ-F12 25.29 -19.29 22.24 166.63 N2

MP4(F12*) cc-pVDZ-F12 25.89 -20.08 22.75 169.21 N2

MP2-F12 cc-pVDZ-F12 37.34 6.08 34.25 237.45 N2

MP2-F12 cc-pVTZ-F12 36.92 7.03 33.35 232.65 N2

MP2-F12 cc-pVQZ-F12 37.03 7.32 33.51 233.36 N2

MP2 cc-pVDZ-F12 39.52 -0.29 36.56 255.05 N2

MP2 cc-pVTZ-F12 33.54 0.70 30.58 226.37 N2

MP2 cc-pVQZ-F12 35.51 3.84 32.55 234.64 N2

CCSD(T) cc-pVDZ-F12 19.16 -12.96 14.99 90.56 C2H2

CCSD(T) cc-pVTZ-F12 10.3 -9.73 9.73 26.14 C2H2

CCSD(T) cc-pVQZ-F12 4.92 -4.64 4.64 12.61 H2O

PBE def2-TZVPP 67.95 -44.97 55.77 238.45 H2CO
B3-LYP def2-TZVPP 31.18 12.01 32.13 189.37 F2

TPSS def2-TZVPP 47.63 -20.16 34.98 210.12 H2O
TPSSH def2-TZVPP 30.20 8.98 26.96 189.2 F2

HF-3c minix 323.97 286.36 286.36 645.81 F2
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accurate results. We note that in the cc-pVQZ-F12 basis in principle all CCSD(T) methods

enable the same accuracy since the deviations fall below remaining error due to numerical

differentiation, which can be expected to be around 1 cm−1.

Interestingly CCSD(F12*)(T*) shows slightly improved error statistics in comparison to the

parent CCSD(F12)(T*) method. But this effect is small due to some error cancellation. Con-

cerning the accuracy, CCSD(F12*)(T*) is directly followed by CCSD[F12](T*). The RMSD

for CCSD[F12](T*) is approximately larger by a factor of two than that for CCSD(F12*)(T*)

for the same basis set. This decline in accuracy does not match the only slightly increased

cost when using CCSD(F12*)(T*) compared to CCSD[F12](T*). For the present test set

all CCSD(T) methods differ only slightly in computational costs. Taking calculations on

CH3OH in the cc-pVQZ-F12 basis as an example a single point calculation using 2 threads

on a Intel Xeon E5-2680 CPU with 2.50 GHz takes around 36 minutes for the cheapest cal-

culation (CCSD(2*)F12(T*)) and 38 minutes for the most expensive one (CCSD(F12*)(T*)).

In general for larger systems the (T) correction will dominate and the differences for the dif-

ferent CCSD variants are negligible. The results for CCSD-F12b(T*)39 and CCSD(2)F12(T*)

are quite similar and the gathered data is not sufficient to really state which method provides

more accurate results. However CCSD(2)F12(T*) is computational slightly more efficient and

might therefore be the preferred choice. In contrast CCSD(2*)F12(T*) should only be used

in combination with large basis sets. It is important to note that CCSD(F12)(T*) and

CCSD(F12*)(T*), already in the cc-pVDZ-F12 basis provide an accuracy comparable with

the results in the cc-pVTZ-F12 basis in most of the other CCSD(T) variants.

Compared to the CCSD(T) methods the RMSD for MP2-F12 and MP4(F12*) is significantly

larger, but still the basis set convergence is fast. The results do not significantly change by

increasing the basis set size. The intrinsic error due to the selected method is larger than

the basis set incompleteness error (BSIE) and therefore the convergence appears to be fast,

since the intrinsic error dominates. It is noteworthy that using MP4(F12*) and MP2-F12 we

observe some very large errors which affect the overall statistics significantly. For example
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at the MP4(F12*) level the frequency in N2 can not be described better than by an error of

150 cm−1.

For the explicitly correlated methods the following hierarchy concerning the accuracy can

therefore be concluded:

MP2-F12 < MP4(F12*) ≈ CCSD(F12*) < CCSD(2*)F12(T*) < CCSD(2)F12(T*) ≈ <

CCSD-F12b(T*) < CCSD[F12](T*) < CCSD(F12*)(T*)

To reach a fairly good accuracy at least CCSD(2)F12(T*) should be used. The basis set

convergence of conventional CCSD(T) is significantly slower.

Taking a look at the conventional CCSD(T) we observe as usual that with F12 theory in a

basis of cardinal number X results are obtained with an accuracy as in conventional methods

with a basis sets of cardinal number X+2. That this rule of thumb also holds for calculating

harmonic frequencies is not new and was already reported by several authors like Rauhut and

co-workers13–15 or Martin et al.,12 but for the sake of completeness we want to demonstrate

this important findings again. Furthermore it impressively shows the benefits of using F12

Theory with even modest basis sets. In the small cc-pVDZ-F12 basis we obtain as accurate

results as in a conventional calculation in the cc-pVQZ-F12 basis with CCSD(F12*)(T*).

All methods without triples correction and MP4(F12*) are significantly inferior to the so far

discussed methods. For the MPn family of methods, the picture is mixed. The frequencies

can be quite close to the reference values, but there are exceptions with large deviations,

which affect the overall statistics. If CCSD(F12*)(T*) calculations are not feasible due to the

size of a molecule one might fall back to MP2-F12 as a compromise, but our data suggests

that the accuracy is not significantly increased in comparison to conventional MP2, since

the intrinsic error is much larger than the basis set incompleteness error.

Most DFT functionals performs worse than the wave function based methods as seen in Ta-

ble 7. However TPSSH and B3-LYP enable a similar accuracy to the results obtained with
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CCSD(F12*). Nevertheless, this small test set shows the large variety of possible outcomes

when using different functionals. Obtaining systematically high accuracy is still a problem

when using DFT.

Taking a look at the range of errors, one has to note that it can become quite large for some

methods. Therefore it is interesting to check if this large range is only due to outliers or if the

distribution of errors is generally broader. For that purpose a histogram of the errors in the

frequencies is depicted in Fig.2 for CCSD(F12*)(T*), CCSD(F12*), MP4(F12*) and MP2-

F12. Although for the given range the plot for CCSD(F12*)(T*) is simply a line, we keep it

for comparison to the other methods. For CCSD(F12*) and MP2-F12 and MP4(F12*) out-

liers can be observed. For CCSD(F12*) only on the positive side of the x axis, for MP4(F12*)

and MP2-F12 primarily on the negative side, but for MP2-F12 the distribution is broader

towards the positive side. For MP2-F12 and MP4(F12*) as already pointed out N2 is a

problematic case and still errors around 150 cm−1 remain. The other outermost outlier is F2

and one frequency of HCN. F2 is a difficult case for nearly all tested methods.

Since a substantial fraction of CC based vibrational calculations in the literature opposed to

R12/F12 relies on extrapolation techniques, it is interesting to also compare this approach

with the already tested explicitly correlated methods. This is also interesting from the per-

spective that analytical derivatives are harder to implement for F12 CC methods compared

to conventional CC methods. For this purpose we did extrapolations from the cc-pVDZ-

F12/cc-pVTZ-F12 (CBS(23)) as well as cc-pVTZ-F12/cc-pVQZ-F12 (CBS(34)) basis sets.

We choose to continue with the F12 basis sets as compared to the smaller cc-pVXZ basis sets

conventionally used, as we eventually want to compare with the F12 results. We considered

to extrapolate only the correlation energy using the equation of Halkier et al.67

E∞corr(X, Y ) =
X3Ecorr(X) − Y 3Ecorr(Y )

X3 − Y 3
(1)

while keeping the HF energy of the larger basis and to extrapolate also the HF energy with
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the two point extrapolation of Petersson and co-workers:68

E∞HF(X, Y ) =
e−a
√
YEHF(X) − e−a

√
XEHF(Y )

e−a
√
Y − e−a

√
X

, (2)

where X < Y and a is set to 6.30 as recommended in Ref. 68. The error statistics with

respect to the CCSD(F12)(T*)/cc-pVQZ-F12 reference can be found in Table 8. It is ev-

ident that the influence of the extrapolation of the HF part has virtually no effect for the

CBS(23) extrapolation and a very minor effect for the CBS(34) one. Compared to the ex-

plicitly correlated results even the CBS(34) extrapolation does with a RMSD around 2.5

not yield significantly better results than with CCSD(F12*)(T*)/cc-pVDZ-F12, where we

observe a RMSD of 3.02. Also the comparison to the conventional calculations shows that

in the reported case extrapolation does not significantly improve the accuracy of the larger

basis. In case of the CBS(23) extrapolation we even observe slightly larger errors than for

CCSD(T)/cc-pVDZ-F12. But in case of CBS(34) the error statistic is however improved

compared to the CCSD(T)/cc-pVQZ-F12 results and the RMSD roughly reduced by a fac-

tor of two.

We are aware that we restricted ourself to only the simplest extrapolation schemes, but nev-

ertheless this demonstrates that the inclusion of explicitly correlated terms is the preferred

choice for systematically increasing the accuracy in the calculation of harmonic frequencies.

Most likely we would with a CBS(45) extrapolation enter the target regime, but the compu-

tational costs can then not compete with the CCSD(F12*)(T*)/cc-pVQZ-F12 calculations.

Table 8: Error statistic (in cm−1) for the harmonic frequencies using different extrapolation
schemes. Additionally the molecule with the largest error for a frequency is listed in the
column Problematic case.

Method HF extrapol? RMSD MEAN MAD RANGE Problematic case

CCSD(T)/CBS(23) No 11.12 -11.47 11.47 43.05 N2

CCSD(T)/CBS(34) No 2.73 -1.20 1.78 13.32 NH3

CCSD(T)/CBS(23) Yes 11.13 -11.55 11.55 44.98 N2

CCSD(T)/CBS(34) Yes 2.56 -1.12 1.75 12.60 NH3
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Figure 1: Error distribution of CCSD(F12*)(T*) relative to the CCSD(F12)(T)/cc-pVQZ-
F12 reference.

Accuracy in relation to anharmonic frequencies

Direct comparison and empiric corrections

The next step is to use the experimental frequencies (including anharmonicities) of the F1-

sub1 set for a further assessment of CCSD(F12*)(T*), which showed good performance while

still being computational feasible. Initially we compare experimental anharmonic frequencies,

with calculated harmonic frequencies. We do this not because it is theoretically attractive,

but because this is a common approach as well as starting point for the pragmatic approach

of using scaling factors. In this analysis (see Table 9) we again also include some popular

DFT functionals, MP2 and the semi empiric HF-3c method as comparison. In contrast

to the results from Table 7 the RMSD is approximately increased by a factor of 13 for

CCSD(F12*)(T*). Such large deviations may be expected due to the neglect of anharmonic

effects. For the other methods the error statistics change less dramatic. For the tested DFT

functionals as well the RMSD increases. In contrast to the previous part the DFT functionals

perform better than the wave function based methods. This is due to the larger errors in

the harmonic frequencies, which compensate errors due to anharmonic effects. The results
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Figure 2: Distribution of the mean error for some of the tested electronic structure methods.

for the PBE functional are a good example. The raw RMSD for PBE is smaller than for

any other tested method. However when we compared to harmonic frequencies, PBE was

the functional with the largest errors.

For HF-3c the error statistics for harmonic and anharmonic frequencies are nearly the same

pointing out the large error bar for this method. Since the agreement of the coupled cluster

results with the reference values is very good in case of harmonic frequencies, this results

give an impression on the influence of anharmonic effects. This also gives the possibility to

calculate scaling factors, which are empirical factors to correct for basis set incompleteness,
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anharmonic effects and other effects not present in the used model. As in Ref.41 the scaling

factors are obtained by minimizing the residual

∆ =
∑
i

(
λνtheori − νexpti

)2 (3)

in a least square fit sense, which leads to the simple expression

λ =

∑
i ν

theor
i νexpti∑

i

(
νtheori

)2 (4)

for the scaling factors. Table 9 lists the factors for the different tested methods. Although the

scaling factor offers a simple correction it is only an ad hoc repair and we do not recommend

the general usage. The over all accuracy can be improved, but still the RMSD is around 35–

40 cm−1 and will likely be quite different when a different test set is used. The results do show

that when such pragmatic approaches are used the differences between methods are much

reduced. The lowest RMSDopt are for example very similar for CCSD(F12*)(T*)/cc-pVDZ-

F12 and B3-LYP/def2-TZVPP and TPSSH/def2-TZVPP. The calculated scaling factors are

in agreement with that recently reported factors by Kesharwani et al.69 However they report

a smaller RMSD of 24.14 cm−1 after optimization for CCSD(F12*)(T*)/cc-pVQZ-F12. But

since in both studies different test sets are used a direct comparison is difficult and just

indicates the range of possible outcomes if different test sets are used.

Correct inclusion of anharmonic effects

For a valid treatment to calculate anharmonic frequencies vibrational a serious attempt to

solve the vibrational Schrödinger equation is mandatory. For example through self-consistent

field methods (VSCF) with subsequent treatment of vibrational correlation effect using vari-

ational methods (VCI) or coupled cluster methods (VCC). To address this issue some of the
3For this basis set the test set had to be slightly decreased and contains 100 instead of 110 molecules.

(See suportive information for details).
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Table 9: Root mean square deviation for the experimental frequencies (in cm−1) using differ-
ent methods. The scaling factors are listed as well as the root mean square deviation using
the scaling factor.

Method Basis set RMSD λ RMSDopt

CCSD(F12*)(T*) cc-pVDZ-F12 70.34 0.96402 33.95
CCSD(F12*)(T*) cc-pVTZ-F12 70.81 0.96376 34.07
CCSD(F12*)(T*) cc-pVQZ-F123 68.79 0.96439 36.30

MP2 cc-pVDZ-F12 85.63 0.95667 46.46
PBE def2-TZVPP 41.76 0.99454 40.77

B3-LYP def2-TZVPP 63.71 0.96868 34.79
TPSS def2-TZVPP 48.55 0.98218 38.16
TPSSH def2-TZVPP 61.87 0.96977 34.35
HF-3c minix 315.73 0.84458 84.90

molecules (H2O, CO2, H2S, H2CO, N2, F2) in the F1-sub2 set are picked out for a further

analysis with means of VCC[3] calculations using potentials with at most 3 mode couplings.

For the molecules in the test set with 3 or less atoms this leads to a full dimensional de-

scription of the PES and the vibrational wave function. With the exception of N2 and F2

we included a mass-dependent kinetic energy contribution to the vibrational Hamiltonian,

which is usually referred to as Watson correction. This correction has for light molecules

usually a substantial impact and we also observed a correction up to 15 cm−1. As described

in Ref. 70 we used a simplified form of the Watson kinetic energy term by approximating

the elements of the µ tensor with their equilibrium values. For some of the test molecules

we confirmed that the errors due to this approximation are in the sub wave-number regime.

The electronic structure single point calculations were done at the CCSD(F12*)(T*) and

CCSD(F12*)(T) level of theory using the cc-pVDZ-F12, cc-pVTZ-F12 and cc-pVQZ-F12

basis.

To study the basis set convergence we consider the results obtained with the PES using the

cc-pVQZ-F12 basis as internal reference. Table 10 lists the RMSD for the different molecules

to this reference and experiment. Using the cc-pVDZ-F12 basis at maximum a RMSD of 5

cm−1 can be observed, but there are in fact also cases with a RMSD around 1 cm−1 or below.

However for F2 the origin of a low RMSD below 1 cm−1 is due to error cancellations in the
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small basis and it increases when the basis set is increased. If one uses the cc-pVTZ-F12

basis in the PES construction the RMSD is typically below 1 cm−1 or slightly above. This

trend is consistent with the observation made during the calculation of harmonic frequencies.

Also Kahn et al.71 demonstrated in their calculation of cubic and quartic force constants for

water using explicitly correlated methods that the enhanced basis set convergence takes over

to the calculation of anharmonic frequencies. Nevertheless, we see that the RMSDs for the

small basis set are likely to be a bit larger for the anharmonic treatment than in the context

of calculating harmonic frequencies. The comparison to experiment shows that in most cases

it is possible to reach a fairly good accuracy with a RMSD around 3 cm−1. The remaining

disagreement is likely related to missing higher order excitations, missing core correlation,

and relativistic effects in the potential.

Complementary to these findings we repeated this calculations with a PES constructed us-

ing CCSD(F12*)(T) calculations. The results can be found in Table 11. It is evident that

the basis set convergence is slower and even in the cc-pVTZ-F12 basis the RMSD to the

cc-pVQZ-F12 results is typically above 1 cm−1. If one takes a look at the RMSD to experi-

mental values the basis set convergence of the frequencies is also slower.

There are also examples, which show in the cc-pVDZ-F12 basis already a quite good agree-

ment, but this agreement is than due to error cancellation. As an example we observe for

CO2 better results using the PES constructed from CCSD(F12*)(T*) calculations in the

same basis. However this better agreement is attributed to error cancellation. If the basis

set is increased the RMSD converges towards the results of CCSD(F12*)(T*), which indi-

cates that also in the context of calculating anharmonic frequencies CCSD(F12*)(T*) is the

preferred choice over CCSD(F12*)(T).

Overtones

So far we considered fundamental frequencies and found that the triples scaling enhances the

accuracy in the potential. Besides fundamentals also overtones can be of interest. Compared
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Table 10: Root mean square deviation of the anharmonic fundamental frequencies (in cm−1)
obtained with different PESs varying the basis set in the electronic structure calculation.
The RMSDs to the cc-pVQZ-F12 results as well as to experiment (RMSDexp) are given. The
single point calculations were carried out on the CCSD(F12*)(T*) level of theory.

Molecule PES RMSD RMSDexp

H2O cc-pVDZ-F12 1.04 3.71
H2O cc-pVTZ-F12 0.64 3.12
H2O cc-pVQZ-F12 0.00 3.03

CO2 cc-pVDZ-F12 4.43 3.52
CO2 cc-pVTZ-F12 0.22 1.03
CO2 cc-pVQZ-F12 0.00 0.97

H2S cc-pVDZ-F12 5.05 10.35
H2S cc-pVTZ-F12 0.86 6.31
H2S cc-pVQZ-F12 0.00 5.65

H2CO cc-pVDZ-F12 3.32 2.69
H2CO cc-pVTZ-F12 0.66 3.07
H2CO cc-pVQZ-F12 0.00 3.45

N2 cc-pVDZ-F12 3.03 3.29
N2 cc-pVTZ-F12 0.01 6.33
N2 cc-pVQZ-F12 0.00 6.32

F2 cc-pVDZ-F12 0.43 14.99
F2 cc-pVTZ-F12 1.05 13.50
F2 cc-pVQZ-F12 0.00 14.55
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Table 11: Root mean square deviation of the anharmonic fundamental frequencies (in cm−1)
obtained with different PESs varying the basis set in the electronic structure calculation.
The RMSDs to the cc-pVQZ-F12 results as well as to experiment (RMSDexp) are given. The
single point calculations were carried out on the CCSD(F12*)(T) level of theory.

Molecule PES RMSD RMSDexp

H2O cc-pVDZ-F12 2.70 6.19
H2O cc-pVTZ-F12 1.24 5.17
H2O cc-pVQZ-F12 0.00 4.00

CO2 cc-pVDZ-F12 1.31 1.91
CO2 cc-pVTZ-F12 1.09 3.03
CO2 cc-pVQZ-F12 0.00 1.97

H2S cc-pVDZ-F12 7.98 14.11
H2S cc-pVTZ-F12 1.51 7.80
H2S cc-pVQZ-F12 0.00 6.48

H2CO cc-pVDZ-F12 3.21 5.61
H2CO cc-pVTZ-F12 0.81 4.62
H2CO cc-pVQZ-F12 0.00 4.20

N2 cc-pVDZ-F12 2.09 9.65
N2 cc-pVTZ-F12 1.37 8.93
N2 cc-pVQZ-F12 0.00 7.56

F2 cc-pVDZ-F12 12.65 31.35
F2 cc-pVTZ-F12 2.36 21.06
F2 cc-pVQZ-F12 0.00 18.70
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to fundamentals the overtones will probe wider parts of the potential. As an additional test

we therefore calculated for N2 and FH 10 excitation energies and studied again the basis

set convergence in the PES using CCSD(F12*)(T*) and CCSD(F12*)(T). Figure 3 shows a

bar chart with the different errors with respect to the selected cc-pVQZ-F12 reference for

both electronic structure methods. Going to higher and higher excitation energies the errors

increase. This has two reasons: First the (excitation) energy is an extensive property and

therefore its error has to be extensive as well and increases together with the energy. Second

it becomes more and more difficult to describe the overtones.

Like for the already studied cases the triples scaling improves the convergence and reduces

the errors to the reference. However one has also to note that for the case of N2 the errors

for the cc-pVDZ-F12 basis have a different sign than for the other cases and that the errors

first increase and afterwards decrease again. Although the results with the PES obtained

from CCSD(F12*)(T) energies show larger errors, they are more systematic in this regard.

Since one is often only interested in the first few overtones, we conclude from the current

observations that the triples scaling does not introduce large artifacts and do give a cost

effective improvement. Although there is a potential issue due to the scaling, it is probably

not of practical significance in most applications. From the study on harmonic frequencies it

is evident that N2 is a very problematic case for MP2 and MP4 and still we do not observe

a major break down due to the scaling of the ratio of the MP2-F12 and MP2 correlation

energy here, where we probe a wider range of the PES.
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Figure 3: Error in the excitation energies to the chosen cc-pVQZ-F12 reference for PES
obtained with CCSD(F12*)(T*) and CCSD(F12*)(T) calculations.
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Outlook and Conclusion

We studied the usage of explicitly correlated wave function based methods in the context of

calculating harmonic and anharmonic frequencies. For calculation of harmonic frequencies

a hierarchy of the different tested wave function based methods could be established. The

observed trend is in agreement with similar studies dealing with reaction and atomization

energies. CCSD(F12*)(T) is a close approximation to the parent CCSD(F12)(T) method

and its accuracy can be enhanced in the CCSD(F12*)(T*) method if the triples correction

is scaled by the ratio of the MP2-F12 and MP2 correlation energy to approximately include

explicitly correlated effects also in the triples excitations. However the scaling leads for super

molecules to unphysical results and more systematic models to include explicitly correlated

terms in the triples correction are in these cases required. As often observed the basis set

convergence is very fast and results in the cc-pVTZ-F12 basis are only slightly inferior than

calculations in the larger cc-pVQZ-F12 basis. Also the usage of the cc-pVDZ-F12 basis al-

lows results with a RMSD below 4 cm−1 to the CBS limit. If CCSD(F12*)(T*) calculations

are not feasible a natural choice is to use MP2-F12 calculations as a replacement. However

we find that due to the large intrinsic MP2 error the accuracy is not significantly increased

in comparison to conventional MP2.

For the calculation of anharmonic frequencies the observed basis set dependence of the

harmonic frequencies is to a large extent transferable. For the cc-pVDZ-F12 basis a RMSD

around 5 cm−1 was found, while in the harmonic case it is below 4 cm−1. Also for the calcula-

tion of anharmonic frequencies we find that CCSD(F12*)(T*) is superior to CCSD(F12*)(T)

if fundamentals and overtones are considered. For CCSD(F12*)(T) the basis set convergence

is much slower and the results converge to the CCSD(F12*)(T*) results. This indicates that

the triples scaling causes no problem and only enhances the convergence. Due to the findings

we plan to report further studies on anharmonic frequencies using the CCSD(F12*)(T*)/cc-

pVDZ-F12 calculations for the generation of the PES since it allows accurate frequencies

while still being economical for systems larger than in the current study. Furthermore the
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obtained harmonic frequencies and geometries on the CCSD(F12*)(T*)/cc-pVQZ-F12 level

can be used for further assessments of more approximate methods.
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