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Abstract. A sensitivity study of stochastic crustal and 
Moho models on Moho refracted first arrivals is presented. 
The crustal model is a seff-affine velocity structure super- 
posed on a linear velocity gradient. The Moho is represented 
by a first-order discontinuity with a topography which is also 
seff-affine. The sensitivity of both travel-time and wave-field 
is considered. We found that the full wave-field around the 

Pn arrival is sensitive to crustal structures down to 1 kin, 
and to Moho undulations down to 5 kin. However, the first 
arrivals are only sensitive to crustal structure down to about 
3 kin, and to Moho structure down to 10 kin. Our analy- 
sis suggests that the wide-angle full wave-field has a sen- 
sitivity that is intermediate between the sensitivity of the 
vertically reflected wave-field and wide-angle arrival times. 
These findings give some justification to the mainstream ray 
tracing approach to wide-angle data inversion, where result- 
ing models incorporate only a moderate number of features 
at relatively large scales. 

Introduction 

Deep-seismic wide-angle data are commonly used to ob- 
tain velocity models of the crust and upper mantle [Chris- 
tensen and Mooney, 1995]. In general, main phase arrivals 
are picked, and a large-scale velocity model is obtained us- 
ing a forward modeling [Cerveny, 1977] or inversion method 
e.g. [Zett and Smith, 1992] based on ray theory. Only long 
wavelength structures can be resolved using a ray-theoretical 
approach. The fine-scale structural information is contained 
in seismic wave-forms. Based on qualitative fit between ob- 
served seismic data and synthetic data obtained from geo- 
logically derived models, Holtiger et at. [1993] and Levan- 
der et at. [1994] have proposed very detailed models con- 
taining fine-scale structure. These models are of stochas- 
tic nature and show fine-scale variability both in velocity 
and in Moho topography, [Dainty et at., 1995; Larkin et at., 
1997]. Seismic data contain information about the subsur- 
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face structures, which is limited by the bandwith of the 
source wavelet and recording offset, e.g. Neves and Singh 
[1996]. The study of Neves and Singh [1996] was limited to 
a deterministic model and did not include turning rays and 
refracted arrivals, commonly used in crustal studies. Here 
we present an analysis of a stochastic crustal-type model 
proposed by Hottiger and Levander [1993] 

We investigate which spatial wavelengths in the velocity 
field are sensed by travel time picks and the full wave-field 
of wide-angle seismic data, respectively. This quantitative 
study is performed by comparing the modeled output from 
progressively filtered reference models of the crust, using a 
L2-norm. 

Reference Model 

A stochastic model based on the petrophysical represen- 
tation of the crust and upper mantle must contain a large 
range of wavelengths. We have chosen a stochastic model 
closely connected to the Ivrea model proposed by Levander 
et. at. [1994]. A stochastic medium can, conveniently, be 
represented by its deterministic and random content. The 
deterministic part of the velocity model is chosen to be hor- 
izontally stratified with a constant vertical P-wave velocity 
gradient with Vp-4.0 km/s at the surface and 6.0 km/s 
above Moho, which is at a constant depth of z-29 km. Den- 
sity is assumed to be constant, p=2.7 g/cm a. Below Moho 
Vp-8.1 km/s and p-3.1 g/cm a. S-wave velocity is defined 
as Vs-Vp/x/'• everywhere in the model. 

The stochastic part of the model (Figure 1) has two 
elements: (I) A 2D bimodal velocity distribution based 
on avon Karman distribution with correlation lengths 
(ax, a•.)=(0.75km,0.20km) and velocity perturbations +/- 
0.3 km/s. These stochastic parameters obey closely the em- 
pirical values derived by Levander et at. [1994] for rocks in 
the Ivrea exposure. (II) A randomly varying Moho at z=29 
km with a vertical variation of 4-1 km and a 1D von Karman 

distribution with a horizontal correlation length of 4 kin. 
Two test reference models were considered: (a) A Fully 

Stochastic model (FS) where the stochastic crust and depth 
to Moho are superimposed on the deterministic model and 
(b) a Deterministic Crust model (DC) with a purely deter- 
ministic crust and a stochastic depth to Moho. 
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Figure 1. 2D velocity distribution of the stochastic part 
of the reference model. The velocity in the crust is hi- 
modal (:k 300m/s), and the variation on Moho-topography 
is + 1 km. 

Synthetic Models 

In order to study the sensitivity of the wavefield and first 
arrivals to the random part of the velocity field, the refer- 
ence model was low-pass filtered with varying cut-off wave- 
numbers. 

A spatial low-pass filter was designed to produce velocity 
models with a good compromise between wave-number defi- 
nition and ringing in the space domain (Gibbs phenomenon, 
e.g. [Bracewell, 1978]). The filtering was performed in the 
wave-number domain and characterized by the critical wave- 
number, k½ = 1/A½, (A½ is the corresponding critical wave- 
length in the space domain), which is the first wave-number 
that will be affected by the filtering. The filter was 1.0 from 
0 to k½ and decreased as a cosine taper from k½ to 2k½. 

Eight filtered models with A½=0.3, 1, 3, 10, 33, 100, 333, 
1000 km were considered for the DC-model, and 10 models 
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Figure 2. Filtered Velocity Fields of the random part of 
the Crust. Black corresponds to an anomaly of +300 m/s, 
and white to-300 m/s. Critical wavelength, Ac, in km. 
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Figure 3. Computed seismogram for the non-filtered fully 
stochastic model. The solid box denotes the region in which 
the first arrival times and the wave-fields are expanded in 
Figure 4 and 5. The dashed box denotes the region in which 
the misfit calcuations have been done. 

with Ac=0.3, 1, 2, 3, 6, 10, 33, 100, 333, 1000 km were 
considered for the FS-model. This progressive filtering is 
illustrated in Figure 2 which shows a 3x3 km section of the 
random part of the crust. 

Modeling 

Synthetic seismograms for a shallow explosive source at 
x-0 km were computed using a visco-elastic finite difference 
code [Robertsson et al. 1994, ]. The model was discretized 
with a spatial distance of 50 m in a 3000x720 grid. The 
source pulse was a Pdcker wavelet with a dominant frequency 
of 10 Hz, thus with the dominant wavelength in the lower 
crust being 500- 600 m. Part of the resulting data from a 
modeling of the FS reference model is shown in Figure 3. 
The part of the section used for the sensitivity analysis is 
indicated in Figure 3 as a dashed rectangle. For detailed 
qualitative comparison the first arrivals from the solid rect- 
angle in Figure 3 are expanded in Figure 4 and the wave- 
fields are expanded in Figure 5 for At=(0, 1,3,10) kin, since 
this is the interval where major changes happen. 

Sensitivity Analysis 

A quantitative comparison of the computed seismograms 
was performed using least-square misfit functions defined for 
the full wave-field as, 

}1/2 L2,W(Ac): y• Z(W(t,x, 0) - W(t,x, Ac)) 2 , (1) 
x • 

where W(t,x,0) is the computed wave-field for the reference 
model, and W(t,x,Ac) is computed from the Ac-filtered mod- 
els. 

The travel time misfit is defined as, 

= 0) - T(x, Xc)) , (2) 

where T(x,0) is the first arrival time kom the computM 
output of the reference model and T(x,Ac) is the arrival time 
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Figure 4. First arrival times of wide-angle data at offsets 
from 110 to 120 km, for the unfiltered reference models and 
Xc=(1,3,10) km. 

from the At-filtered models. For the misfit calculations, we 
haved used offsets between 110 and 150 km. 

The first arrivals were picked at the maximum of the first 
negative lobe. Figure 4 shows a close-up of the first arrival 
times for the wide-angle data, for offsets from 110 to 120 
km for 4 different models. The misfit for the full wave-field 

x 

was computed between 8.3 s < t S. XFm/s < 9.0 S. Figure 
5 shows the full wave-field for the wide-angle data at the 
same offsets and Xc as in Figure 4. The relative misfits, 

L•.,w(•c) and Lr• •-(X•) - L•.,•.(•c) derived Lret,w(Ac)- L2,w(,•inf ) , L2,T(,•inf ) 
from (1) and (2) are shown in Figure 6. 

Seismograms for the unfiltered models can be considered 
as real data without any distortion, whereas that for the 
filtered models as observed data. We assume pragmatically 
that a misfit of less than 5% could be due to noise, and that 
one of 20% could be significant. 

Fully Stochastic Model 

Considering the first arrival times of the FS model, it 
is evident, from Figure 4a, that only minor differences are 
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Figure 6. Relative misfit resulting from the progressive fil- 
tering of the velocity field, for a) the Fully Stochastic model 
and b) the Deterministic Crust model. Solid curves for the 
full wave-field and dashed curves for the travel-times. 

apparent between the reference model and the model at 
Ac = I km. For Ac -3.3 km, the misfit between the first 
arrival times becomes significant, which can be observed in 
the full wave-field seismograms (Figure 5a). The waveform 
changes significantly for Xc >_ 3 km. 

Figure 6a shows the corresponding RMS misfit. For 
Xc m 1.3 km the RMS misfit of the wave-field misfit is about 

20% , thus we do not expect to find sensitivity for wave- 
lengths smaller than 1.3 km. For the first arrival times, the 
20% RMS misfit level is reached at Xc • 3.3 km, indicating 
that no sensitivity should be found for wavelengths smaller 
than 3.3 km. Thus for the FS model, there seems to be a 
factor of about 3 between the sensitivity obtained from the 
full wave-field, as compared to the first arrival times only. 
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Figure 5. Wave-field around the first arrival times in Fig- 
ure 4 for progressive filtering, At. The upper 4 plots, (a), 
is for for the Fully Stochastic model, and the lower 4 plots, 
(b) is from the Deterministic Crust model. 

The effects of topography on Moho can be investigated 
from the results of the modeling on the DC model. Fig- 
ure 4b shows that no apparent change is noticeable for the 
first arrivals until Ac -- 10 km. The corresponding wave-field 
shows similar features. For Ac -(0.3,1,3.3) km, the misfit 
is below 5%. For Ac -- 10 km the misfit is close to 20% for 

the first arrival times and higher for the wave-field. This is 
just the level at which the qualitative comparison showed 
difference, indicating that the RMS misfit of 20% is a good 
choice for 'minimum acceptable noise'. RMS misfit reaches 
the 20% level at Ac • 11 km and Ac • 5.5 km for the first 

arrival times and wave-field, respectively. 
Thus the first arrival times are sensitive down to wave- 

lengths of 11 km, and the full wave-field is sensitive down 
to wavelengths of 5.5 km for the lateral variations on the 
topography on Moho, indicating a factor of 2 in difference 
in sensitivity. 
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Discussion and Conclusion 

This idealized investigation, which uses a 10 Hz wavelet, 
finds that the first arrivals show significant sensitivity to 
crustal velocity structures down to 3 km wavelengths. By 
incorporating the whole wave-field around the first arrivals, 
we demonstrate significant sensitivity down to 1 km wave- 
lengths. Therefore, any crustal-size model containing more 
features less than lkm, based on wide-angle seismic data, 
should not be taken seriously. 

The Moho topography case shows, as expected, less sen- 
sitivity. For first arrivals we find significant sensitivity of 
variations in Moho topography, down to 10 km wavelength, 
and down to 5 km wavelength when incorporating the full 
wave-field around the first arrivals. 

However fluctuations in travel time are very small, and 
thus the sensitivity would decrease further when working 
with noisy real data. 

Figure 6 shows that dashed and solid lines are almost 
identical except for a lateral offset. This indicates that the 
difference in significant sensitivity of the first arrivals versus 
the wave-field is only slightly dependent on which level is 
chosen as the threshold for significant RMS misfit. 

Reflection seismic data show strong amplitudes for layers 
as thin as a quarter of a wavelength, the so-called "tun- 
ing thickness" [Sheriff and Geldart, 1995]. Indeed, the full 
wave-field has a significantly better sensitivity to details, in 
general, compared to arrival times, but the sensitivity scale 
limit seems to be significantly poorer than the "tuning thick- 
ness" for reflection from a thin horizontal layer, presumably, 
mainly due to wave-front healing effects. 

Though forward modeling can illustrate the effect of com- 
plex scattering and reflections from non-specular surfaces, 
inversion of realistic band-limited data precludes the com- 
plete recovery of the model. Neither ray tracing nor full 
wave-field methods can overcome the bandwith limitations, 
but full wave-field inversion is shown to out perform ray trac- 
ing by a factor of 3 in sensitivity to the structural details of 
the crustal velocity field, and by a factor of 2 in sensitivity 
to the topography on Moho. 

University of Cambridge, contribution number 5585. We thank 
Johan Robertsson for providing the finite difference code, and we 
are grateful to Richard Hobbs for many stimulating discussions. 
Alan Levander and an anonymous reviewer gave very helpful com- 
ments that clarified the text. 
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