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Summary

This thesis consists of three self-contained chapters on the econometric analysis of high-
frequency assets returns variances, covariances and correlations. The analysis of volatilities is
of fundamental importance to financial economics applications, such as asset and derivative
pricing, risk management, and optimal asset allocation. The overall purpose of this disserta-
tion is to examine and or to compare parametric and non-parametric estimation methods for
spot variances, covariances and correlations. A specific attractive of spot measures is that they
offer the possibility of building functionals of them in order to obtain other measures, such as
integrated measures, which we also address.

Chapter 1 in this dissertation, “Using a GARCH(1,1) for High-Frequency Volatility”, ana-
lyzes the performance of high-frequency conditional variances of a discrete-time GARCH(1,1)
for the spot variance of two different stochastic volatility diffusions as data-generating pro-
cesses. Within this setting, the discrete-time model is misspecified but it should still provide a
good approximation to the underlying unobservable latent volatility process. This was studied
by Nelson and Foster (1994) and is well-known as ARCH-type filtering, a work subsequent to
Nelson (1990) on discrete-time high-frequency ARCH-type processes weakly converging to
ARCH-type diffusions. Chen et al. (2015) exploit the GARCH diffusion of Drost and Werker
(1996), instead of the GARCH diffusion of Nelson (1990), to show that summed forecasts
of an aggregated weak discrete-time GARCH(1,1) over a fixed period of time is a consis-
tent estimator for the predictable component of the integrated variance of Drost and Werker
(1996) diffusion. We review and connect the above mentioned results as well as others within
this literature and provide simulations to illustrate them along with non-parametric spot and
integrated estimators.

Chapter 2 in this dissertation, “A cDCC-GARCH Filter for Spot Correlations”, co-authored
with Francesco Violante, is devoted to explore if there is an appropriate discrete-time model
which allows us to obtain consistent estimates of the parameters of the cDCC-GARCH diffu-
sion of Hafner et al. (2017). The relevance of this research lies in the possibility of circumvent-
ing the direct and complex inference of diffusion parameters, through the simple estimation
instead of a discrete-time model. For this, we suggest a new setting of the quasi maximum
likelihood approach of Fornari and Mele (2006), not covered in Hafner et al. (2017). We base
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it on our findings on which is the appropriately scaled discrete-time cDCC-GARCH model
of Aielli (2013) that is generated by the cDCC-GARCH diffusion of Hafner et al. (2017).
These results contribute to the work of Nelson (1996) on other multivariate GARCH models
used as filters under misspecification. Finally, we find heuristically that the sum of the condi-
tional variances and covariances of such discrete-time model can consistently approximate the
integrated covariance of a particular stochastic volatility diffusion, the limit of Hafner et al.
(2017), and we leave the theory behind this empirical result for future research.

Chapter 3 in this dissertation, “Betas in a Multi-Factor Model in the Presence of Noise
and Asynchronicity”, co-authored with Sebastièn Laurent and Orimar Sauri, proposes a new
theory for spot and integrated betas together with their corresponding estimation method. It
has the appeal of working within the high-frequency and non-parametric framework while al-
lowing for multiple factors. In addition, it provides a test on whether the betas of the Cholesky
decomposition of the spot covariance matrix are constant over time. By so, it contributes to
the discussion on which is the appropiate length of the time-window to consider that the betas
are constant. As noted by Patton and Verardo (2012), when this is the case, standard OLS
will provide consistent estimates of the realized betas. The estimator we propose in our the-
ory, based on an extended realized CAPM with multi-factors, is equivalent to the multivariate
OLS estimates when the aforementioned spot betas are constant over time. In turn, the spot
betas estimates rely on the spot covariance estimator of Jacod and Protter (2012) and the novel
estimator of Bibinger et al. (2017).



Dansk Resume

Denne afhandling består af tre kapitler omhandlende den økonometriske analyse af høj-frekevens
volatiliteter og kovarianser af afkast. Analysen af volatiliteter er af fundamental vigtighed i
mange anvendelser så som risikostyring og prisfastsættelse af aktiver. Det overordnede mål for
denne afhandling er at sammenligne parametriske og ikke-parametriske estimationsmetoder af
spot varianser, kovarianser of korrelationer. En særlig attraktiv egenskab ved spot-mål er at de
tillader konstruktionen af funktionaler af disse såsom integreret volatilitet.

Kapitel 1 i denne afhandling, ”Using a GARCH(1,1) for High-Frequency Volatility”, anal-
yserer hvor godt høj-frekvens betingede volatiliteter af diskret tids GARCH(1,1) for stokastisk
volatilitet for to forskellige processer. I denne modelleringsramme er diskrettidsmodellen fe-
jlspecificeret, men den bør være en god approksimation til den underliggende uobserverbare
proces. Dette er blevet studeret i Nelson and Foster (1994) og er kendt som ARCH-filtrering,
et arbejde der kom efter Nelson (1990) om diskret tids ARCH-processer der konvergerer svagt
til ARCH-diffusioner. Chen et al. (2015) udnyttede GARCH-diffusionen af Drost and Werker
(1996) i stedet for GARCH-diffusionen af Nelson (1990) til at vise at summerede forecast af
en aggregeret svag diskret tids GARCH(1,1) over en fast tidsperiode er en konsistent estimator
af den predikterbare komponent af den integrerede varians i Drost and Werker (1996) diffu-
sioner. Vi gennemgår og forbinder disse resultater såvel som andre i denne litteratur og giver
simuleringer, der illustrerer dem samt ikke-parametriske spot- og integrerede estimatorer.

Kaptiel 2 i denne afhandling, ”A cDCC-GARCH Filter for Spot Correlations”, skrevet
i samarbejde med Francesco Violante, forsøger at finde en diskret tids-model der konsistent
kan estimere parametrene i cDCC-GARCH diffusionen af Hafner et al. (2017). Dette er rel-
evant og vigtigt, da man herved kan omgå den komplekse estimation diffusionsparametre og
i stedet kan fokusere på en diskret tids model. Til dette formål foreslår vi et nyt setting til
quasi maximum likelihood tilgangen af Fornari and Mele (2006), der ikke er omfattet i Hafner
et al. (2017). Dette baserer vi på vores resultat om den passende skalerede diskret-tids cDCC-
GARCH model af Aielli (2013), som er genreret af cDDC-GARCH diffusionen i Hafner et al.
(2017). Disse resultater bidrager til arbejdet af Nelson (1996) om andre multivariate GARCH
modeller, der blev benyttet som filtre under fejlspecificering. Slutteligt finder vi heuristisk
at summen af de betingede varianser og kovarianser af såddane diskret-tids modeller konsis-



xii |

tent kan approksimere den integrerede kovarians af specielle stokastisk volatiltets-difussioner,
grænsen af Hafner et al. (2017), og vi efterlader teorien bag dette empiriske resultat til frem-
tidigt arbejde.

Kapitel 3 i denne afhandling, ”Betas in a Multi-Factor Model in Presence of Noise and
Aynchronicity”, skrevet i samarbejde med Sebastièn Laurent og Orimar Sauri, foreslår en ny
teori for spot og integrerede betaer samt en estimationsmetode for disse. Metoden fungerer i
en høj-frekvens of ikke-parametrisk ramme og tillader for multiple faktorer. Ydermere fores-
lår vi et test for hvorvidt betaerne i Cholesky dekompositionen af spotkovarians matricen er
konstante over tid. Vi bidrager således til diskussionen om, hvad der er et den rette vindues-
længde at benytte, når hvilket betaerne skal være konstante over dette vindue. Som observeret
i Patton and Verardo (2012), er OLS konsistent for de realiserede betaer når betaerne er kon-
stante over tid. Estimatoren, som vi foreslår i vores teori, der er baseret på en udvidet realized
CAPM med multiple faktorer, er ækvivalent til OLS, når de tidligere nævnte spot-betaer er
konstante over tid. Spot-beta estimaterne afhænger af spot-kovarians estimatoren af Jacod and
Protter (2012) og den nye estimator i Bibinger et al. (2017).
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Chapter 1

Using a GARCH(1,1) for High-Frequency
Volatility
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..................... ........................ z.......................... .....................................................................
ABSTRACT. This paper analyzes the performance of a discrete-time GARCH(1,1) on high-frequency data rela-
tive to the performance of non-parametric estimators for the spot variance. We conduct simulation studies com-
paring the conditional variances of high-frequency discrete-time GARCH(1,1) processes with non-parametric es-
timators for the spot variance using data with different time-frequencies. We also compare summed GARCH(1,1)
variances with estimators for the integrated variance. An empirical application with high-frequency data from
the Standard & Poor’s Depository Receipt (SPIDER) is carried out. We find that the summed GARCH(1,1) vari-
ances perform as well as the realized variance estimator. This paper contributes with a review of continuous-time
modelling and filtering using a discrete-time GARCH(1,1) as well as with a comparison of the performances for a
given time-frequency of the two arguably most popular choices for estimating volatilities...................................................................................................................................
..................................................................... ..............................................................................................................................
Keywords: GARCH diffusion, GARCH(1,1) filter, temporal aggregation, parametric spot variance, parametric
integrated variance, realized variance, high-frequency GARCH(1,1) .................................................................................................................................................................................................................
.......................................................................................................................................................
JEL Classification: C22, C58, G10

1.1 Introduction

Non-parametric estimators for the ex-post variation of asset prices became highly popular with
the advent of high-frequency data. Estimators of the aggregated spot variance over fixed time-
intervals, that is, estimators of the integrated variance, have been studied thoroughly since
Barndorff-Nielsen and Shephard (2002). However, estimators for the spot variance itself have

1(a)
Center for Research in Econometric Analysis of Time Series (CREATES), Department of Economics and Business Economics, Aarhus University.
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received increased attention only recently. There are two main advantages of spot variance
estimators relative to integrated variance estimators which have been highlighted in the recent
literature. The first one is the possibility of building functionals of the spot estimator to obtain
other measures, such as integrated measures. The second one is that an estimator for the spot
variance could be used in dealing with market microstructure noise.

A specific advantage of a parametric approach to the spot variance, which we explore
here, lies in the inevitable need for a model when forecasting. With non-parametric realized
variance estimators, the forecasting is usually done through an ARMA model (see, for in-
stance, Andersen et al., 2007 and Andersen et al., 2006). Furthermore, among the parametric
approaches, the discrete-time GARCH(1,1) is an attractive option since it has been widely
employed successfully in the financial econometrics literature for many applications, mainly
prior to the advent of high-frequency data.

However, the approach to spot variances is not without challenges. The main challenge
is that building a spot variance estimator typically involves a non-trivial derivative of an in-
tegrated measure of the variance. The parametric estimator (i.e., filter) of Nelson and Foster
(1994), which we review here, circumvents this problem by extending the result of Nelson
(1990) on the weak convergence of high-frequency conditional variances of a discrete-time
GARCH(1,1) towards a particular stochastic volatility diffusion (i.e., a process within the
continuous-time Itô semi-martingale framework upon which non-parametric estimators of the
integrated variance have been developed). Nelson and Foster (1994) showed that a sequence of
filtered discrete-time GARCH(1,1) processes at high-frequency can estimate consistently the
spot variance of a particular stochastic volatility diffusion regarded as the true data-generating
process (DGP). Here we contribute with a review of this univariate ARCH-type filtering re-
sult from Nelson and Foster (1994) while incorporating a correction and further explanations,
which were provided later in Nelson (1996) for multivariate ARCH-type processes.

On the non-parametric side of estimators for the spot variance, several contributions have
been made since the work of Foster and Nelson (1996) on rolling sample type estimators for
a general stochastic volatility diffusion. As Mancino et al. (2017) summarizes, these include
the work of Andreou and Ghysels (2002), on simple rolling sample estimators; the work of
Kristensen (2010) and Fan and Wang (2008) with kernels; the research of Mykland and Zhang
(2008) and Zu and Boswijk (2014) on localized estimators of the Two Scales Realized Vari-
ance of Zhang et al. (2005); and the work of Mancino and Malliavin (2002) with Fourier
transforms. In particular, Fan and Wang (2008) show that the assumptions needed to derive
the asymptotic distribution of their kernel-based estimator are met when the spot variance to
be approximated is generated by the GARCH diffusion of Nelson (1990). Framing the esti-
mator (i.e., filter) of Nelson and Foster (1994) as the kernel-based estimator of Fan and Wang
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(2008) could lead to stablishing fruitful links between parametric and non-parametric estima-
tors of the spot variance, which we leave for future work. We contribute in this article to
the relationship between these two type of spot estimators with a simulation study comparing
non-parametric spot variance estimators with spot parametric GARCH estimator and with a
review of continuous-time modelling using a GARCH(1,1).

As for the relationship between parametric and non-parametric integrated variance es-
timators, Chen et al. (2015) show that the sum over a fixed period of time of weak discrete-
time high-frequency GARCH(1,1) conditional variances estimates consistently the predictable
component of the integrated variance of the GARCH diffusion of Drost and Werker (1996).
Furthermore, they observe that this result boils down entirely to the spot components of these
two processes. This article supplements the finding of Chen et al. (2015) with a review of
the filtering results for the spot quantities of Nelson and Foster (1994), which is what ex-
plains why the high-frequency conditional variances of a GARCH(1,1) can approximate well
even the spot variance of the GARCH diffusion of Nelson (1990), which is a less restrictive
diffusion relative to the process of Drost and Werker (1996). A review of continuous-time
modelling and filtering with a GARCH(1,1) and a comparison with non-parametric estimators
has not been done yet to the best of our knowledge. Given the popularity of both approaches
to volatility, we deem this review to be a contribution to the existing literature.

This article is organized in seven sections. The second section covers the result of Nel-
son and Foster (1994) on the consistency of the discrete-time filtered GARCH(1,1) para-
metric estimator for the spot variance of a particular stochastic volatility diffusion, i.e., the
GARCH diffusion of Nelson (1990). The third section covers the results of Chen et al. (2015)
on the conditions under which the population conditional variances of a weak discrete-time
GARCH(1,1) can be used to obtain consistently the predictable component of the integrated
variance of a (yet another) particular stochastic volatility diffusion, i.e, the GARCH diffusion
of Drost and Werker (1996). Sections four and five cover a simulation study and empirical
application, respectively, in which we compare the spot GARCH(1,1) estimators with non-
parametric spot estimators computed on data with different time-frequencies. Following the
literature on non-parametric spot estimators, we assess the performance of these based on a
computation of Reimann sums, which can be loosely seen as “integrated counterparts” of such
spot estimators. Finally, we conclude and also provide future lines of research in section six.

All of the proofs are presented in the Appendix in section seven. We do not include proofs
which we found to be already reviewed in other articles or book chapters, but we provide
the references for those. Regarding notation, we follow the literature on continuous-time
modelling with ARCH processes and the ARCH filtering literature. We index the discrete-
time processes with k, the continuous-time (step-functions) processes with t and a superscript



4 | Using a GARCH(1,1) for High-Frequency Volatility

h, while we leave t without superscripts for diffusion limits. Processes are written within
curly brackets, {}, while we ommit the brackets for realizations. We use a dot υ̇ for the Euler
discretization of the DGP diffusion under consideration. We reserve ∆ for the length of the
time-interval while ∆ denotes increments over time.

1.2 The Spot Variance with a GARCH(1,1)

In this section we contribute to the existing literature with a motivation for the GARCH(1,1)
filter of Nelson and Foster (1994) which relates it with the work on weigthed rolling-sample
estimators of Foster and Nelson (1996). We also state explicitly the contribution of Nelson
and Foster (1994) to Nelson (1990), and we review the GARCH(1,1) filtering result of Nelson
and Foster (1994) while incorporating a correction and further explanations which were pro-
vided later in Nelson (1996) for multivariate ARCH-type models. The filtering result on spot
quantities presented here lies at the core of the integrated quantities result which we cover in
the next section.

1.2.1 Motivation for the Estimator

A natural estimator for the unobservable spot variance of a diffusion for the log-price of a
financial asset is given by averaged squared high-frequency returns observed in a fixed given
time interval. Since the discrete-time GARCH(1,1) is a weighted averaged of lagged squared
returns, it should also provide intuitively consistent estimates when taken at a high-frequency,
as Nelson (1992) first noted. The more general theory on weighted rolling-sample estimators
within the stochastic volatility (SV) framework was developed by Foster and Nelson (1996),
who consider the following process:

d p
′
t = µ

′
(p

′
t ,σ

′
t )dt +σ

′
t dWp′ ,t

dσ
′2
t = κ

′
(p

′
t ,σ

′
t )dt +Λ

′1/2(p
′
t ,σ

′
t )dW

σ
′
,t

(1.1)

where p
′
t and σ

′
t are scalar-valued, Wp′ ,t and W

σ
′
,t are (possibly correlated) Brownian mo-

tions, and µ
′
(.), κ

′
(.) and Λ

′
(.) are continuous with Λ

′
(.) strictly positive. As Foster and

Nelson (1996) point out, the assumption of Λ
′
(.) being strictly positive is what separates their

approach from what they refer to as the “non-parametric” approach, i.e., the rolling-sample
estimators studied until that point in the literature. When {σ

′2
t } is an unobservable process, we

can use m observations of the process {p
′
t} over a time-interval [t −∆, t] to estimate it. With

the sequence of log-prices and ignoring the drift, the flat-weights (h−1 ≡ ∆

m
−1

) rolling-sample
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type estimator in (1.2) arises as a natural approach to the spot variance.

σ̂
′2
t (∆,m)≡ m−1

k=m

∑
k=1

(
∆

m
)−1(p

′(h)
t−(k−1) ∆

m
− p

′(h)
t−k ∆

m
)2 (1.2)

Intuitively, we require “continuity”. Over a suitably small time interval of length ∆ the changes
in {σ

′2
t } and µ

′
(.) can be made arbitrarily small. This is because {p

′
t} follows a diffusion, and

the sample path of {σ
′2
t } is continuous almost surely, meaning that for every ε > 0 and every

t > 0, there exists with probability one a random ∆(t)> 0 such that sup
t−∆(t)≤s≤t

∣∣σ2
s −σ2

t
∣∣< ε .

Basically, µ
′
(.) and {σ

′2
t } are effectively constant over a small time interval. Then, given

µ
′
t−∆

and σ
′2
t−∆

, we have that ∆p(h)t−(k−1)h ≡ (p(h)t−(k−1)h − p(h)t−kh) in (1.2), when ignoring the
drift, are conditionally approximately i.i.d. N(0,hσ2

t−∆
).2 Under suitable moment conditions,

with a sufficiently large number of observations m, through the Law of Large Numbers, we
have that (1.2) is a consistent estimator of the spot variance, pointwise in probability for each
t > 0. The result lies in double asymptotics. It requires an increasing number of observations
(m → ∞) over a shrinking time-interval window (∆ → 0), satisfying also that h ≡ ∆

m → 0.

Consider now the sequence of log-returns εp,kh ≡
√

h
−1
(p(h)kh − p(h)

(k−1)h), whose conditional
variance follows the GARCH(1,1) of Bollerslev (1986):

p(h)kh = p(h)
(k−1)h +

√
hηp,khσ

(h)
kh

σ
2(h)
(k+1)h = ψh +αhε

2(h)
p,kh +βhσ

2(h)
kh

(1.3)

where ηp,kh ∼ N(0,1) i.i.d.∀k, and αh,βh are non-negative parameters, and ψh > 0, with ε
(h)
p,kh :

Ω→R being a martingale difference sequence with respect to the filtration Fkh ≡σ(ε
(h)
p,sh , s<

k). Consider also that there is an infinite amount of past observations. Using the ARCH(∞)
representation, we could think of approaching the spot volatility with (1.4) below:

σ̂
2
t (∆,m)≡ ψh

1−βh
+αh

∞

∑
i=1

β
i−1
h ε

2(h)
p,t−i−1 (1.4)

As h → 0 over a fixed time-interval ∆, we have that the GARCH(1,1) is approximately an
Exponentially Weighted Moving Average (EWMA), which, in the limit becomes an IGARCH
process as ψh → 0 at a rate h2, while αh → 1−βh at a rate h, and, finally βh → 1 and αh → 0,
both at a rate

√
h (see Nelson, 1990 and Drost and Werker, 1996).

2
Note that ignoring the drift in {p

′
t } or {σ

′2
t }, i.e., µ

′
(.) or κ

′
(.), does not affect the consistency result of the estimator. This can be seen in the proof in Appendix 1.7.3. See (1.61),

and equations therein.
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From an IGARCH perspective, the conditional heteroskedasticity in the GARCH(1,1) at a
high-frequency approximately disappears, and the parametric imposition of the GARCH(1,1)
structure vanishes. As Andersen et al. (2010) summarize from the ARCH filtering literature,
the GARCH(1,1) at a high-frequency can be interpreted as a non-parametric filter for the spot
variance. From the EWMA perspective, the high-frequency estimator in (1.4) is analogous to
(1.2) with m → ∞ and h → 0, but with exponentially decaying weights. Foster and Nelson
(1996), in their Theorem 5, provide (1−βh)∑

∞
j=1 β

j
h as the optimal weights.

1.2.2 The Filtered Discrete-Time GARCH(1,1)

As with the rolling-sample estimator in (1.2), “continuity” is required to ensure that the
GARCH(1,1) obtains consistently the spot variance. This was addressed first by Nelson
(1990), who exploits results on the weak convergence of Markov chains towards diffusions
to obtain a limit process for the GARCH(1,1). For the Markovian representation of the
discrete-time GARCH(1,1) we go through its ARMA representation. For this, we consider the
continuous-time (step-functions) normalized innovations {εp,t+h,εσ2,t+h} of a Markov pro-

cess given by {p(h)t+h,σ
2(h)
t+h }. That is, we consider:

p(h)t+h = p(h)t +hµ(h)(p(h)t ,σ
2(h)
t ,h)+

√
hεp,t+h

σ
2(h)
t+h = σ

2(h)
t +hκ(h)(p(h)t ,σ

2(h)
t ,h)+

√
hεσ2,t+h

(1.5)

Observe that (1.3) is in the form of (1.5) once we take µ(h) = 0 and consider the ARMA rep-
resentation of the continuous-time (step-functions) of the (assumed stationary) GARCH(1,1)
conditional variances of (1.3), as we state below:

Et(hε
2
p,t+h) = Et−h(hε

2
p,t)+hEt−h(ψ −θε

2
p,t)+αhhut+h (1.6)

where hut+h ≡ hε2
p,t+h −Et(hε2

p,t+h), θh ≡ 1−αh −βh, and (1.6) matches the volatilities in

(1.5) if we take Et(hε2
p,t+h) ≡ hσ2

t+h = σ
2(h)
t+h , ψ − θσ

2(h)
t ≡ κ(h) and αhhut+h ≡ g(h)t+h being

such that it approximates well
√

hεσ2,t+h.3 ARCH-type models treat the noise in the variance
as observable, rather than as latent and unobservable as in stochastic volatility models. In the
GARCH(1,1) the noise in the variance is set as an αh-adjusted linear projection error (hut+h)

of the observable process (hε2
p,t+h). This treatment of the noise as observable produces what

3
This setting of κ(h) and g(h)t+h is stated in Nelson and Foster (1994). Equation (1.6) is ours. For a review on the ARMA and ARCH(∞) representations of the GARCH(1,1) see for

instance Francq and Zakoïan (2010).
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is dubbed as the measurement error in the ARCH filtering literature:

ě(h)t ≡ (σ̂
2,(h)
t − σ̇

2,(h)
t ) (1.7)

Then the error arises from filtering the data with a g(h) function, i.e., from computing ĝ(h) to
obtain σ̂

2,(h)
t , a GARCH(1,1) as in (1.3), a function which in addition assumes that the noise is

observable, and in particular, built directly from log-prices. However, the true variance σ̇
2(h)
t

with a latent noise, can be from a discrete-time stochastic volatility DGP as in (1.5), referred
to as “near-diffusion” in the literature, i.e., the Euler discretization of a diffusion as in (1.1)
but with uncorrelated Brownian motions.

A good behavior of the “continuous” measurement error, and not only “continuity” of
σ

2(h)
t , is then required to obtain consistently the spot variance. The latter is ensured by the

result of Nelson (1990) on the GARCH diffusion (Theorem 1), while the “continuous” error
is well-behaved under some mild assumptions (Theorem 2). Note that the latter result hingers
on the GARCH diffusion regarded as DGP (and not on a discrete-time GARCH(1,1) as it
is the case for the result of Nelson, 1990). Since the noises embedded in the discrete-time
GARCH(1,1) and in the GARCH diffusion (i.e., a particular stochastic volatility diffusion)
are quite different, then it is not trivial that the former can approximate well the latter. Fur-
thermore, the result on the error being well-behaved uses a filtered discrete-time GARCH(1,1)
rather than a population GARCH(1,1). These two observations highlight the contribution of
Nelson and Foster (1994) to the work done in Nelson (1990).

Theorem 1 4: Under Assumptions 1-4 in Theorem ND in Appendix 1.7.1, the discrete-
time GARCH(1,1) given in (1.3) converges weakly to the diffusion limit:

d pt = σtdWp,t

dσ2
t = (ψ −θσ2

t )dt +ασ2
t dWσ ,t

(1.8)

where Wp,t and Wσ ,t are two independent standard Brownian motions and θ ≡ 1−α − β .
The parameters ψ > 0, θ , and α2 > 0 are the limits of ψh, θh, and α2

h , properly scaled, i.e.,

ψ ≡ lim
h→0

ψh
h , θ ≡ lim

h→0

1−αh−βh
h and α2 ≡ lim

h→0

2α2
h

h .5

Other limits for the discrete-time GARCH(1,1) can be considered, depending on the de-

4
This result is given in Section 2.3. of Nelson (1990) and it is an application of Theorem ND in Appendix 1.7.1 (or Theorem 2.2 of Nelson, 1990). We define the space under

consideration in Appendix 1.7.1. A proof of Theorem 1 stated here can be found in Francq and Zakoïan (2010) or Kalsbeek (2011), in addition to the proof available in Nelson (1990).
5

Note that the starting point in discrete-time is a strong GARCH(1,1) in the sense of Drost and Nijman (1993), see their Definition 1 or Definition 2.2 in Francq and Zakoïan (2010).

The latter reads, for our notation, as: “Let ηp,kh be an i.i.d. sequence with distribution η . The process εp,kh is called a strong GARCH(1,1), with respect to the sequence ηp,kh , if it satisfies

(1.3) where αh and βh are non-negative constants and ψh > 0” . Furthermore, note also that it is possible to obtain a degenerate limit if the rate for αh is faster than the square root imposed

in the result of Nelson (1990), and used in our results of Appendix 1.7.4, as Corradi (2000) showed.
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sired features for the “continuous” GARCH process. As Müller (2010) summarizes, it can
be such that it can be derived as a functional limit of GARCH(1,1), or one that exhibits a
GARCH-type behavior when sampled in discrete-time, or it can be a process that preserves
the stochastic random recurrence nature of the GARCH(1,1) and incorporates only one noise,
or finally, it can be one that is statistically equivalent to the discrete-time GARCH in the sense
of Le Cam. Different GARCH limits are available in the literature with different statistical
properties. In Appendix 1.7.2 we briefly review the most recent limit available in the litera-
ture, the Continuous-Time GARCH limit (COGARCH) .

One of the advantages of the GARCH limit (1.8), when compared to the COGARCH,
is that it links the GARCH(1,1) with the more general and widely used stochastic volatility
diffusions as in (1.1). By doing so, it enables us to find the error of the GARCH(1,1) when it
is used as a filter to approximate the high-frequency volatility of a process which has a fairly
general dynamic.

1.2.3 Error of the Filtered Discrete-Time GARCH(1,1)

As mentioned, the error lies in using ĝ(h)(ε̂2(h)
p,t+h, p(h)t , σ̂

2(h)
t , t,h). Then, to compute the error

we use a Taylor expansion of ĝ(h) around the true g(h), which depends on ε
2(h)
p,t+h and σ

2(h)
t .

Substituting ĝ(h) with its expansion, we can derive an expression for ě(h)t in (1.7), which in-
cludes the true processes. We present these derivations in Appendix 1.7.3. Nelson and Foster
(1994) show that ě(h)t , properly re-scaled, provides a suitable diffusion limit candidate:

deτ = [d(et)]eτdτ +[v1/2(et)]dWe,τ (1.9)

where e(h)τ ≡ h−1/4ě(h)t , τ ≡ h−1/2(t − t), and We is a standard Brownian motion. The drift

and diffusion in (1.9) are the limits as h → 0 of the conditional expectations of ∂g(h)(.)
∂σ2 and of

(g(h)(.)− ε
(h)
σ̇2,t+h)

2, respectively, which we formally define in Appendix 1.7.3. Under some
assumptions we give there along with the proof, Theorem 2 below ensures the consistency of
the filter when the DGP is assumed to be a particular diffusion. In these results, “ P→” denotes
convergence in probability pointwise for a given fixed t.6

Theorem 2 : Let the DGP be the GARCH diffusion (1.8). Then σ̇
2(h)
t is given by this

process taken at some discrete times h. Consider {zt} ≡ {pt ,σ
2
t , ět}, where ět is the moment-

matching diffusion of (1.7). Assume that {z0} and {z(h)0 } are random with distribution func-
tions F(.) and F(h)(.), respectively, such that F(h)(.)⇒ F(.) as h → 0, and that Assumption

6
Theorem 2 below is a complete statement of Theorem 4.3 in Nelson and Foster (1994). The statement in Nelson and Foster (1994) is given referencing equations along their work as

well as the more general results they cover. In Appendix 1.7.3 we build a proof using these general results and their corresponding equations, and the later updates done in Nelson (1996).

That is, in Nelson and Foster (1994), Theorem 4.3 is an application of the more general result stated in their Theorem 5.1, which we dubbed here as Theorem D in our Appendix 1.7.1.
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1” in Appendix 1.7.3 holds. Then e(h)t
P→ 0 for a fixed given point in time.7

Consistency is achieved through Theorem 2 due to the fact that (1.9) is an Ornstein Uh-
lenbeck (OU) whose conditional asymptotic distribution for each fixed point in time, τ > 0,
converges in law to a normal distribution (as h → 0) with drift exp[d(et)τ]et . Then, as τ → ∞,
for a fixed given and negative d(et), such as −α , which is the case of the GARCH(1,1), we
have that the drift of the conditional normal distribution is asymptotically zero.8

Since the discrete-time GARCH(1,1), as in (1.3), can be used as a filter to obtain con-
sistently the spot variance, it seems natural to consider if it is possible to use it to obtain a
consistent estimator of a functional of that spot variance, for instance, of the integrated vari-
ance. We observe that one of the main challenges is that the convergence underlying Theorem
1 (and also in Theorem 2) is a weak convergence, which limits the possibility of applying a
dominated convergence result. Chen et al. (2015) addressed the problem of approximating the
integrated variance with a discrete-time GARCH(1,1) in a different approach, without con-
sidering the ARCH filtering results but using instead the GARCH limit of Drost and Werker
(1996). We review these two results next in Section 1.3.

1.3 The Integrated Variance with a GARCH(1,1)

In this section, we cover the result of Chen et al. (2015) on the use of a discrete-time GARCH(1,1)
to approximate the integrated variance of the Drost and Werker (1996) diffusion. We con-
tribute with some intermediate steps for this result that we take from Drost and Werker (1996),
as well as with a derivation of their summed GARCH-type process. The review done in the
previous section supplements the result of Chen et al. (2015), since this result hinges entirely
on the spot quantities involved in the summed GARCH-type process and in the diffusion.

1.3.1 Summed GARCH(1,1) Variances

Chen et al. (2015) show that the sum over a fixed time period (they take ∆ = 1) of weak
discrete-time high-frequency GARCH(1,1) conditional variances can be used for a consis-
tent estimator of the predictable component of the integrated variance when the DGP is the
GARCH diffusion of Drost and Werker (1996). To prove it, they rely on a GARCH-type
equation based on summed variances (introduced in Proposition 1 below), which emerges

7
The ARCH filtering literature refers to this situation in which the DGP is the one given in this statement, as analysis of the GARCH(1,1) filter under “misspecification”. This was

noted also by Corradi (2000) who showed that the Euler discretization of any non-degenerate diffusion (and so, in particular the GARCH diffusion of Nelson, 1990) is a discrete-time

stochastic volatility model. Going on the other direction, Corradi (2000) added that the discrete-time GARCH(1,1) can be obtained as an Euler approximation of a degenerate diffusion.
8

This expression for the drift is given by Nelson and Foster (1994), p. 35 in the proof of Theorem 3.1, using elementary properties of OU processes. Or more formally the result is

reviewed in Nelson (1996), p.32 in the proof of the Corollary to Theorem 2.1 following Karatzas and Shreve (1998).
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from model-based predictions of the summed weak discrete-time GARCH(1,1), as we show
in Appendix 1.7.4. Chen et al. (2015) dubbed it a structural HYBRID-GARCH process.

Proposition 1 : Assume that ε
(h)
p,kh is orthogonal to Fkh, i.e., Pl(ε

(h)
p,kh | Fkh) = 0 and that

σ
2(h)
(k+1)h is defined as the orthogonal projection of ε

2(h)
p,kh onto Fkh which satisfies (1.3), i.e., as

a weak GARCH(1,1). Then, the total volatility vt+1|t over the period (t, t +1], is related to the
total volatility vt|t−1 over (t −1, t] by:

vt+1|t = ψh,m + γh,m

m−1

∑
j=0

β
j/m

h,m ε
2(h)
p,t− jh +βh,mvt|t−1 (1.10)

where vt+1|t ≡
m
∑

k=1
σ

2(h)
t+kh|t , vt|t−1 ≡

m
∑

k=1
σ

2(h)
t|t−kh, and the parameters are given by:

ψh,m = ψh
1−β m

h
1−βh

m(1−βh)−αhφh,m
1−(βh+αh)

; γh,m = αhφh,m ; βh,m = β
m
h ; φh,m=

1−(βh+αh)
m

1−(βh+αh)
(1.11)

relating the m-agregated h-frequency process of (1.10) to the one given in (1.3).9

The proof we built consists in writing recursively each of the weak GARCH(1,1) vari-
ances over (t − 1, t] in an ARCH-type style and using them in GARCH forecasts based on
their ARMA representations to cover (t, t+1]. Basically, at time t, we will have several points
to forecast, each of them containing a different amount of past information and with an ac-
cordingly (different) forecast horizon.

When writing these variances recursively, we introduce a correction in each of the k vari-
ances which is equivalent to setting βh = 0 in each one, while when we forecast and aggregate
them, we introduce a correction in each of them which is equivalent to setting αh = 0 in each
one. This is related to the fact that when forecasting variances, it is advisable to aggregate
forecasts of higher-frequency series rather than forecasting directly the aggregated series, as
Hafner (2009) points out. Observe in the following remark that aggregating (squared returns)
can be seen as a conditional forecast (for the weak GARCH variance).

Remark 1 : In Example 2 of Drost and Nijman (1993), if the returns are weak GARCH(1,1),
then the m-aggregated returns ε̆

(h)
p,kh,m are weak GARCH(1,1) such that:

σ̆
2(h)
(k+1)h,m = ψ̆h,m + ᾰh,mε̆

2(h)
p,kh,m + β̆h,mσ̆

2(h)
kh,m (1.12)

9
This result is used in Chen et al. (2015) and in the proofs in Chen et al. (2014). On the definition of the weak GARCH(1,1), see Definition 3 of Drost and Nijman (1993) or Definition

4.1 of Francq and Zakoïan (2010). The latter reads, for our notation, as: “A fourth-order stationary process εp,kh is said to be a weak GARCH(1,1) if: 1) εp,kh is a white noise; 2) ε2
p,kh

admits an ARMA representation of the form ε2
p,kh = ψh +αhε2

p,(k−1)h + ukh −βhu(k−1)h , where ukh is the linear innovation of ε2
p,kh which entails that cov(ukh,ε

2
p,(k−s)h), ∀s > 0.” To

avoid cumbersome notation we abuse notation in this definition and use the same parameters as those used in the discrete-time strong GARCH(1,1) used in Theorem 1 and Theorem 2.
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ψ̆h,m = mψh
1− (αh +βh)

m

1− (αh +βh)
; ᾰh,m = (αh +βh)

m − β̆h,m (1.13)

And the conditional forecast of the volatilties (k+1) periods ahead from t is:

Et(ε
2(h)
p,t+(k+1)) = ψh

1− (αh +βh)
k

1− (αh +βh)
+(αh +βh)

k
σ

2(h)
t (1.14)

Note that if we take the aggregated volatilities and consider ᾰh,m = 0 in (1.13), we obtain
the conditional forecast of the persistence k periods ahead. Also note that if there was nothing
more to forecast than the unconditional mean of the GARCH(1,1), then the aggregated forecast
would have been ψ̆h,m.

Using Proposition 1 together with the GARCH diffusion of Drost and Werker (1996) and
its properties, given in Theorem 3 below, Chen et al. (2015) show an “integrated version”
of Theorem 2 (spot variances) but for population rather than filtered discrete-time processes,
which we state in Theorem 4. The GARCH diffusion of Drost and Werker (1996) addresses
the fact that the GARCH limit of Nelson (1990) does not aggregate over time. Based on
this, they exploit the results of Drost and Nijman (1993) and consider a weak discrete-time
GARCH(1,1) instead of a strong discrete-time GARCH(1,1) as Nelson (1990) does.

1.3.2 Diffusion for a GARCH(1,1) which Aggregates

Drost and Werker (1996) obtain a GARCH limit that is a re-parametrization of the limit of Nel-
son (1990), in which an extra parameter, λ , related to the finite fourth-moment of the discrete-
time GARCH(1,1), is introduced to obtain a limit such that the implied underlying discrete-
time process aggregates over time. That is, a low-frequency discrete-time GARCH(1,1) can be
expressed as an aggregation of a high-frequency continuous-time GARCH, and an exact rela-
tionship between the parameters of both processes (discrete-time GARCH(1,1) and GARCH
limit diffusion) is also available.

Theorem 3 : The process (1.15) given below is a GARCH diffusion in the sense that its
solution, {pt , t ≥ 0}, is such that for each fixed time interval h > 0 and each starting time t, its
implied discrete-time process {pt−(k−1)h − pt−kh, k ∈ hN} is a weak GARCH(1,1).

d pt = σtdWp,t

dσ2
t = θ(ψ̄ −σ2

t )dt +
√

2λθσ2
t dWσ ,t

(1.15)

where λ ∈ (0,1), ψ̄ > 0, θ > 0, and Wp,t and Wσ ,t are two independent standard Brown-
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ian motions.10 Moreover, the parameters of the GARCH diffusion (1.15) are related to the
parameters of the weak discrete-time GARCH(1,1) in (1.3). In particular, we have:

lim
h→0

(1−αh−βh)
h = θ ; lim

h→0

α2
h

(1−αh−βh)
= λ ; βh = e−θh −αh ; lim

h→0

ψh/h
(1−αh−βh)

= ψ̄ (1.16)

λ = 2[ln(αh+βh)]
2

[1−(αh+βh)
2](1−βh)

2

αh[1−βh(αh+βh)]
+6ln(αh+βh)+2[ln(αh+βh)]2+4(1−αh−βh)

(1.17)

And for the conditional moments of the discretized diffusion we have:

Et−1(ε
2(h)
p,t−kh) = hψ̄ ; lim

h→0
kh =

3
(1−λ ) ; lim

h→0
Et−1(ε

4(h)
p,t−kh)/h2 = 3ψ̄

2/(1−λ ) (1.18)

Et−1(ε
2(h)
p,t−hε

2(h)
p,t−kh) = h2

ψ̄
2 +(

eθh −1
θ

ψ̄
2 λ

1−λ

1− e−θh

θ
)e−khθ (1.19)

where kh is the discrete-time kurtosis and note that lim
h→∞

Et−1(ε
4(h)
p,t−kh)/h2 = 3ψ̄2.

As can be seen in the proof of Theorem 4 on the integrated variance with a GARCH(1,1),
which we introduce next, what is relevant to a good approximation of the integrated quantity
are the exact mapping for the persistence of the process (given in the third equality of (1.16))
and the existence of well-defined fourth conditional moments and crossed conditional second
moments (given in (1.18) and (1.19), respectively). On this lies the need of the GARCH limit
of Drost and Werker (1996) rather than the GARCH limit of Nelson (1990).

1.3.3 Consistency of Summed GARCH(1,1)

In spite of the need for the exact mapping of Drost and Werker (1996), it is interesting to
note that the diffusion coefficient of neither (1.15) nor (1.8) enters (directly) into the first
conditional moment of the integrated variance (under the correspondingly assumed diffusion),
as can be seen in (1.22) below and its derivation in Appendix 1.7.4.

Theorem 4 11: Under the GARCH diffusion of Theorem 3, i.e., (1.15), for the GARCH-
type process of Proposition 1, see (1.10), we have that:

lim
m→∞

ψh,m = ψ̄[1−θ
−1(1− e−θ )] ; lim

m→∞

γh,m√
m

=
√

λ/θ(1− e−θ ) ; lim
m→∞

βh,m = 0 (1.20)

10
To avoid notation becoming cumbersome, we use in the diffusion of Drost and Werker (1996) the same notation as we used in the diffusion of Nelson (1990). However, as we

mentioned, they are indeed different processes.
11

This statement is from Proposition 4 and Corollary 2, p.12 of Chen et al. (2015).
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√
m

m−1

∑
j=0

β
j/m

h,m ε
2(h)
p,t− jh

L 2
→ (λθ)−1/2

σ
2
t (1.21)

where “L 2
→” denotes convergence in the L 2 space. Therefore, the summed volatilities vt+1|t ≡

m
∑

k=1

σ
2(h)
t+kh|t of (1.10) as m → ∞ and h → 0 consistently estimate:

Et(
∫ t+1

t
σ

2
s ds) = ψ̄[1−θ

−1(1− e−θ )]+θ
−1(1− e−θ )σ2

t (1.22)

i.e., the first conditional moment of the integrated variance over the period (t, t + 1] corre-
sponding to the diffusion (1.15).12

It is also interesting to note from Theorem 4 that the summed volatilities from (1.10),
i.e., its last term, are not relevant to obtaining consistently the predictable component of the
integrated variance. What matters are the summed instantaneous square returns, from (1.10),
i.e., its second term. As Chen et al. (2015) point out, what drives the summed volatilities of
(1.10) is the instantaneous volatility σ2

t , and not the integrated process, which can be obtained
consistently with the realized variance.13 As it can be seen in (1.21), this spot volatility can be
estimated consistently from the

√
m-scaled weighted sum of intra-period square returns.

This observation highlights the importance of the results on obtaining consistently the
spot variance, reviewed in Section 1.2. As Chen et al. (2015) mention, this also places the
estimator of (1.10) as sharing features with other spot variance estimators, such as the spot
kernel of Kristensen (2010). In turn, Kristensen (2010) points out that his estimator includes
the estimator of Foster and Nelson (1996), covered in Section 1.2.1, as a special case.

1.4 Simulation Analysis

In this section we contribute to the existing literature with a simulation study comparing non-
parametric spot variance estimators, which received more antention only quite recently in the
literature, to parametric spot GARCH estimators, which are based mainly on the theory de-
veloped in the nineties by Nelson (1990), Nelson and Foster (1994) and Drost and Werker
(1996). Furthermore, we also compare the performance of integrated variance estimators,
as Chen et al. (2015) do. We supplement their simulation study by considering not only a

12
The conditional expectation in (1.22) is taken with respect to the filtration Ft , built from the continuous-time (step functions) set-up from the discrete-time framework, i.e., Fkh .

Note that the square root rate for the observations,
√

m → ∞, while the time between observations shrinks at a linear rate, i.e., h → 0, satisfies the criteria for consistency of localized

estimators of the spot variance, see Jacod and Protter (2012), Chapter 9, Section 9.3.
13

Note that this result is in line with the findings of Meddahi (2003) who derives an ARMA representation for both the integrated and the realized variance when the spot variance

depends linearly on two autorregresive factors, which includes as a special case the GARCH diffusion.
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GARCH diffusion, but also an OU stochastic volatility process (which is used more typically
in the assesment of non-parametric estimators), and different versions of the competing para-
metric GARCH estimator.

1.4.1 Simulation Settings

To analyze the performance of the GARCH(1,1) for the spot and integrated variance, we con-
sider two DGPs. One is the GARCH diffusion of Drost and Werker (1996) given in (1.15),
and the other one is a stochastic volatility diffusion in which an OU gives the dynamics to the
spot log-volatilty (SV-OU), as in (1.23) given below, with φ , ϕ̄,s > 0 and Wp′ ,t and W

σ
′
,t are

two independent Brownian motions.14

d p
′
t = σ

′
t dWp′ ,t

dσ
′2
t = φ(ϕ̄ −σ

′2
t )dt + sdW

σ
′
,t

(1.23)

We conduct 1000 replications and sample from a Euler-discretization of these two processes.
We consider a sample size of one day and set the discretization interval to 1 second over 24
hours, i.e., ∆ = 1 and δ e = 86400. For the simulation of the GARCH diffusion, we choose the
parameter values to be the implied continuous-time parameters for the Yen-U.S. Dollar given
by Andersen and Bollerslev (1998). That is, we set θ = 0.054, ψ̄ = 0.476, and λ = 0.48.

We choose these parameter values not only because they are the referent values in the
literature for simulating Drost and Werker (1996) GARCH diffusion, but also because fol-
lowing the results available on temporal aggregation of GARCH processes, we have that the
high-frequency GARCH parameter values (as it interests us here) are such that αh and ψh are
very close to zero and βh is very close to one. The frequency we consider is such that these
parameter values almost reach their convergence values, and, even when sampling five times
less often (see Table 1.1), we observe changes only at the third decimal and all the GARCH
parameter values remain close to their convergence values. Under the results on temporal ag-
gregation for GARCH processes, these are approximately the values which we should observe
for any asset whose returns are assumed to be represented by a weak GARCH process.15

14
Note that (1.23) is just a particular case of the process introduced at the beggining of Section 1.2, i.e., (1.1), analyzed by Foster and Nelson (1996). To avoid cumbersome notation,

we take the liberty of still denoting the process with {p
′
t ,σ

′
t }. The Euler discretization scheme (see Glasserman, 2004) is described below, where wp′ ,t ,wp,t , w

σ ′ ,t and wσ ,t are independent
standard normal variables.

pt+(1/δe) = pt +σt (1/δ e)1/2wp,t ; σ2
t+(1/δe) = θψ̄(1/δ e)+σ2

t (1−θ(1/δ e)+ [2λθ(1/δ e)]1/2 wσ ,t )

p
′
t+(1/δe) = p

′
t +σ

′
t (1/δ e)1/2w

p′ ,t
; logσ

′2
t+(1/δe) = eφ(1/δe)logσ

′2
t + ϕ̄(1− eφ(1/δe))+ s

√
2φ(1/δe)−1

2φ
w

σ
′
,t

√
(1/δ e)

15
Because of this, we should expect similar results if we had use values tailored for a different asset rather than the Yen-U.S. Dollar of Andersen and Bollerslev (1998). In addition,
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The parameter values of the SV-OU process which match the drift, speed of reversion, and
the volatility of volatility of the GARCH diffusion are φ = 0.054, ϕ̄ = 0.476 and s = 0.1084
and σ

′2
0 = log(ϕ̄). Since the SV-OU and the GARCH diffusion both belong to the same class

of stochastic processes, Generalized OU (see Appendix (1.7.2)) we expect similar results un-
der both DGPs. Finally, we also contaminate the simulated prices with market microstructure
noise, which we set to be such that the noise-to-signal ratio equals 0.01. We assume that the in-
crements in the efficient log-prices are independent of the market microstructure noise, which
is not too damaging statistically speaking when working with thickly traded stocks recorded
every minute, as Hansen and Lunde (2006) point out.

1.4.2 Selected Estimators

We consider the sequences of variance paths over one-day intervals with δ e = 86400 and
j = 1,2, ...,δ e to compute the daily discretized spot variance. We refer to it as the “true spot
variance” (spotTRUE ), see (1.24), and we compare our spot estimators against it. From the
one-second simulated price paths, we sample at the one and five minutes frequencies, i.e.,
m = 1440 and m = 288 (with k = 1,2, ...,m), respectively, to compute the 1-minute and 5-
minutes daily parametric and non-parametric estimators for the spot and integrated variance.

On the parametric side, for the spot estimators we compute the daily spot GARCH or-
acle estimator (spotGARCHo), the daily spot GARCH estimator (spotGARCHe), and the
daily spot IGARCH estimator (spotIGARCHe). On the non-parametric side, as a benchmark
for comparison, we consider the daily localized realized variance estimator (spotRV ), and
we also compute the daily localized realized kernel estimator (spotRK ), as well as the daily
spot Fourier estimator (spotFOURIER ) in order to have estimators which are robust to mar-
ket microstructure noise. We ommit the superscripts h that denote the time-frequency of the
processes to avoid notation becoming too cumbersome.

σ
2,(spotT RUE)
(δ e)

= σ
2
i (m/δ

e) (1.24)

σ
2,(spotGARCHo)
(δ e),kh = ψ

(o)
h +α

(o)
h ε

2
(δ e),p,(k−1)h +β

(o)
h σ

2
(δ e),(k−1)h (1.25)

σ̂
2,(spotGARCHe)
(δ e),kh = ψ̂h + α̂hε

2
(δ e),p,(k−1)h + β̂hσ

2
(δ e),(k−1)h (1.26)

note that one advantage of using the values of Andersen and Bollerslev (1998) is that it will allow us to corroborate the GARCH parameter values we need to compute first, before

proceeding to compute the summed or aggregated GARCH estimators that we analyze.
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σ̂
2,(spotIGARCHe)
(δ e),kh = (1− β̂h)ε

2
(δ e),p,(k−1)h + β̂hσ

2
(δ e),(k−1)h (1.27)

σ̂
2,(spotRV )
(δ e),h =

1
kmh

km−1

∑
j=0

ε
2
(δ e),p,(k−1)h (1.28)

σ̂
2,(spotRK)
(δ e),h =

1
hkδ e (RK∆ −RK∆−hk) (1.29)

σ̂
2,(spotFOURIER)
(δ e), fδe , fm

( j) = ∑
q≤ fm

(1− | q |
fm

)cq(σ
2
(δ e), fδe ) j ∈ [0,2π] (1.30)

The estimator spotGARCHo in (1.25) uses the exact parameter relationship between the
discrete-time weak GARCH(1,1) and the GARCH diffusion (1.15), given in Proposition 3.1 of
Drost and Werker (1996).16 The spotGARCHe in (1.26) and spotIGARCHe (1.27) are instead
obtained by maximum likelihood estimation of a GARCH(1,1) and an IGARCH over the day,
respectively, using the parameters of spotGARCHo as starting values.

The spotRV estimator is from Jacod and Protter (2012), Chapter 9, Section 9.3, and we
take km = ⌊

√
m⌋ to fulfill their requirements for the asymptotics to work. The spotRK esti-

mator in (1.29) is based on the remark of Mykland and Zhang (2008) that localized versions
of integrated estimators, such as the realized kernel of Barndorff-Nielsen et al. (2008), could
work well to approximate spot variances, and we set hk = 25 and hk = 2 for 1-minute and
5-minute data, respectively, and take the realized kernel as defined in (1.36) next. The spot-
FOURIER estimator in (1.30) is from Mancino et al. (2017), Chapter 4, Section 4.1, where
fδ e is a cutting frequency, fm is a localizing frequency (both are integers larger than or equal to
one), and cq is the discrete Fourier transform. Following the results of Mancino et al. (2017),
we take fδ e = (δ e)a/2 and fm = 1

2π

1
8(δ

e)b, where we set a = 1/2 and b = 3/4 under the
presence of market microstructure noise, and a = 1 and b = 0.78 otherwise.17

To analyze the performance of the parametric spot estimators, we use the summed vari-
ances over a day of each of the spot GARCH(1,1) estimators, given in (1.32)-(1.34), while we

16
The exact mapping of Proposition 3.1 of Drost and Werker (1996), with λ as given in (1.17), sets:

ψ
(o)
h = hψ̄ [1− exp(−hθ)] ; α

(o)
h = exp(−hθ)−β

(o)
h ;

β
(o)
h

1+(β
(o)
h )2

=
chexp(−hθ)−1

ch [1+exp(−2hθ)]−2 ; ch =
4[exp(−hθ)−1+hθ ]+2hθ [1+hθ(1−λ )/λ ]

1−exp(−2hθ)

17
We selected this calibration without a thorough analysis of the performance of the estimator under different settings, which is done by Mancino et al. (2017) for DGPs with correlated

Brownian motions. We introduced the spotFOURIER estimator to our work with the purpose of having a measure that is robust to market microstucture noise with a well-stablished theory.

We leave to future work further analysis on the specifics of both the spotFOURIER and FOURIER estimators, when computed under the GARCH diffusion as DGP.
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also compute the non-parametric estimators given in (1.35)-(1.37), and compare them to the
discretized integrated variance, given in (1.31). The non-parametric estimators we consider
here are the realized variance (RV ) of Barndorff-Nielsen and Shephard (2002), the realized
kernel (RK ) of Barndorff-Nielsen et al. (2008), and the Fourier estimator (FOURIER ) of
Mancino et al. (2017), Chapter 3, Section 3.1.

IV(δ e),∆=1
∼=

δ e

∑
i=1

σ
2,(spotT RUE)
i (1/δ

e) (1.31)

ˆIV (sumGARCHo)
(δ e),∆=1 ≡

m

∑
k=1

σ
2,(spotGARCHo)
(δ e),kh (1.32)

ˆIV (sumGARCHe)
(δ e),∆=1 ≡

m

∑
k=1

σ
2(spotGARCHe)
(δ e),kh (1.33)

ˆIV (sumIGARCHe)
(δ e),∆=1 ≡

m

∑
k=1

σ
2,(spotIGARCHe)
(δ e),kh (1.34)

ˆIV (RV )
(δ e),∆=1 ≡

m

∑
k=1

ε
2
(δ e),p,(k−1)h (1.35)

ˆIV (RK)
(δ e),∆=1 ≡ Γ0(p(δ e),kh)+

Hb

∑
hb=1

k
(

hb −1
Hb

)[
Γhb(p(δ e),kh)+Γ−hb(p(δ e),kh)

]
(1.36)

ˆIV (FOURIER)
(δ e),∆=1 ≡ (2π)2

2 fδ e +1 ∑
s≤ fδe

cs(ε(δ e),p)c−s(ε(δ e),p) (1.37)

where in (1.36) we have that k(x) is a deterministic weight function for x ∈ [0,1] and hb =

−Hb, ...,−1,0,1, ...,Hb is the bandwidth. The hb-th realized autocovariance is denoted with
Γhb , while Γ0(p(δ e),kh) corresponds to the realized variance, and the realized kernel correction

(if there is market microstructure noise) amounts to ˆIV (RK)
(δ e),∆=1 −Γ0(p(δ e),kh). For the Fourier

estimator, cs(.) denotes the discrete Fourier coefficients. We analyze the performance of these
estimators through their bias and mean square error, under both DGPs, with and without mar-
ket microstructure noise (setting the noise-to-signal ratio to be 0.01), for the 1-minute and
5-minutes frequencies.

1.4.3 Simulation Results

We start by reporting results on the spot parametric estimators, and, for that, we begin with
results on the parameters of the GARCH(1,1) mapping. In Figure 1.1 below, we plot the intra-
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daily parameters of the spotGARCHo given in (1.25) as a function of the sampling frequency
m, for a data generating process with a frequency of 1-second observations per day. We also
plot the weigths for the squared returns as the sampling frequency m increases.

.............
(a) GARCH(1,1) parameters ψh, αh and βh

.............
(b) 1−θh and Cummulative Weigths at 1-minute and 5-minutes Frequency

Figure 1.1: Mapping for the Discrete-Time GARCH(1,1) Process
.............This figure illustrates the behavior of the oracle parameters of the discrete-time GARCH(1,1) as a function of the sampling frequency. For this, we used

the data generated by the GARCH diffusion of Drost and Werker (1996) at a 1-second frequency, i.e., for m = 86400, with the calibration given in Section

1.4.1 . Using equations of Proposition 3.1 of Drost and Werker (1996), available in footnote 16, we computed the discrete-time GARCH(1,1) parameters

at different time-frequencies. Panel (a) shows from left to right the behavior of the ψh , αh and βh . Panel (b) shows from left to right the behavior of

the persistence of the discrete-time GARCH(1,1), and the cumulative weights for the square returns at the 1-minute (m = 1440) and 5-minutes frequency

(m = 288), respectively.

The results are as we expected, with the oracle ψh close to zero (and closer as the sampling
frequency increases), and likewise for the oracle αh, while the oracle βh is close to one (and
closer as the sampling frequency increases). The cumulative weights of the square returns also
move towards one as the sampling frequency increases, and they do it faster when the time-
frequency of the DGP is higher (i.e., 1-minute versus 5-minutes). The parameter estimates for
the GARCH(1,1), as well as the parameter estimates for the IGARCH, resemble these oracle
parameters, as can be seen in Table 1.1 below. In turn, the parameters from Table 1.1 allow
us to retrieve the volatilities of (1.25)-(1.27) and then to compute also (1.32)-(1.34). As an
illustration of the behavior of our spot variance estimators, in Figure 1.2 we use those retrieved
volatilities and we plot one sample path of the spot volatility of the diffusion along with our
spot parametric and spot non-parametric estimators, at the 1-minute frequency, and computed
upon the log-prices of such diffusion without market microstructure noise contamination.



1.4 Simulation Analysis | 19

0.0002

0.0002 DGP: GARCH Diffusion DGP: SV-OU Process

m = 1440 ψh αh βh ψh αh βh

spotGARCHo Values 1.79e-05 0.0042 0.9957 1,7849e-05 0,0042 0,9957

spotGARCHe
Mean 1.51e-05 0.0072 0.9494 1.29e-05 0.0079 0.9557

Variance 1.26e-10 4.01e-05 0.0012 1.38e-10 4.29e-05 0.0012

spotIGARCHe
Mean 0.0002 0.0029 0.9971 0.0002 0.0045 0.9955

Variance 0.0002 8.06e-06 8.06e-06 0.0002 1.16e-05 1.16e-05

m = 288 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002

spotGARCHo Values 8.92e-05 0.0092 0.9905 8,9241e-05 0,0092 0,9905

spotGARCHe
Mean 1.44e-04 0.0087 0.9070 1.44e-04 0.0104 0.9095

Variance 1.53e-09 1.32e-04 2.96e-04 2.39e-09 1.66e-04 4.49e-04

spotIGARCHe
Mean 0.0002 0.0032 0.9967 0.0002 0.0046 0.9954

Variance 0.0002 3.83e-05 3.83e-05 0.0002 5.31e-05 5.31e-05

Table 1.1: Discrete-Time GARCH(1,1) Parameters - Without MMS
.............This table reports the oracle discrete-time GARCH(1,1) values as well as the maximum likelihood parameter estimates of the discrete-time GARCH(1,1)

and the IGARCH, as given in (1.25)-(1.27), respectively. They are computed using the data generated by the GARCH diffusion of Drost and Werker (1996)

and the SV-OU process at a 1-second frequency, i.e., for m = 86400, using the calibration given in Section 1.4.1, without contaminating its log-prices with

market microstructure noise (MMS). We take this data at a 1-minute (m = 1440) and 5-minutes (m = 288) frequencies to conduct our estimations and

parameter mapping. We report above the mean and variance of both the GARCH(1,1) and IGARCH parameter estimates, as well as the GARCH oracle

parameter values, which are obtained through the equations of Proposition 3.1 of Drost and Werker (1996), and stated in footnote 16.

Figure 1.2: Spot Estimators over 1 Sample Path - Without MMS
............These plots depict the spot parametric and spot non-parametric estimators, given in equations (1.25)-(1.27) and (1.28)-(1.30), respectively. These are

computed at a 1-minute (m = 1440) frequency from the simulated log-prices of the GARCH diffusion of Drost and Werker (1996) at a 1-second frequency,

i.e., for m = 86400, using the calibration given in Section 1.4.1, without contaminating them with market microstructure noise (MMS).

As we can see, all the spot GARCH estimators follow closely the true spot variance given
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by Drost and Werker (1996), and as expected, they exhibit much less variability than the non-
parametric estimators. We verified that this is also the case for other several sample paths, even
though for a formal assessment of the spot parametric estimators, following the literature, we
compute the Reimann sums of the spot parametric estimators and compare their performance
with the selected non-parametric estimators of the integrated variance.

We illustrate these two methods in Figure 1.3 below, where we plot the summed spot
GARCH estimators, given in (1.32)-(1.34), as well as the non-parametric integrated vari-
ance estimators, given in (1.35)-(1.37), all presented in Section 1.4.2. Naturally, we can
observe again in Figure 1.3 that the parametric estimators exhibit less variability than the non-
parametric estimators, as it was expected since they are computed from the spot parametric
estimators, which we already observed were less variable.

Table 1.2 illustrates the performance of our parametric spot estimators, through the per-
formance of the summed spot GARCH estimators in terms of their ability to approximate the
integrated variance of both the diffusion of Drost and Werker (1996), as well as of the SV-OU
process, when there is no market microstructure noise. For the case of spotGARCHo we have
available the theory developed by Chen et al. (2015) and reviewed in Section 1.3, and the rest
of the estimators are computed as an exploratory analysis. That is, the theory available so
far in the literature is for population quantities and not for estimated quantities. However, as
we can see in Table 1.2, the results from estimated rather than population quantities, i.e., for
sumGARCHe and sumIGARCHe, show that they perform as well as the non-parametric RV.
We also observe, as in Figure 1.3, that generally the parametric GARCH estimators exhibit
less variability and perform better in terms of mean square error.

Figure 1.3: Integrated Estimators over 1000 Sample Paths - Without MMS
............These plots depict the parametric and non-parametric estimators for the daily integrated variance, given in equations (1.32)-(1.34) and (1.35)-(1.37), respec-

tively. These are computed using 1-minute (m = 1440) frequency data from the simulated log-prices of the GARCH diffusion of Drost and Werker (1996)

at a 1-second frequency, i.e., for m = 86400, using the calibration given in Section 1.4.1, without contaminating them with market microstructure noise

(MMS).
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0.0002 0.0002

0.0002 DGP: GARCH Diffusion DGP: SV-OU Process

m and σ̂2
(δ )

Mean Variance Bias MSE Mean Variance Bias MSE

m = 86400 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002

“IV” 0.4753 0.0036 0.0089 0.0089 0.5040 0.0089 0.0089 0.0089

m = 1440 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002

sumGARCHo 0.4753 0.0026 -5.48e-05 0.0026 0.5038 0.4931 0.0091 -0.0004 0.0091

sumGARCHe 0.4921 0.0049 -0.0169 0.0052 0.5181 0.0101 -0.0141 0.0103

sumIGARCHe 0.4775 0.0043 -0.0023 0.0043 0.5014 0.0085 0.0026 0.0085

RV 0.4752 0.0044 1.16e-05 0.0044 0.5040 0.0102 2.09e-05 0.0102

RK 0.4752 0.0044 1.16e-05 0.0044 0.5040 0.0102 2.09e-05 0.0102

FOURIER 0.4461 0.0010 0.0291 0.0018 0.4590 0.0024 0.0450 0.0045

m = 288 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002

sumGARCHo 0.4767 0.0020 0.0004 0.0020 0.50822 0.0110 0.0002 0.0110

sumGARCHe 0.4785 0.0057 -0.0013 0.0057 0.5082 0.0118 -0.0013 0.0118

sumIGARCHe 0.4796 0.0050 -0.0024 0.0050 0.5043 0.009 0.0026 0.0093

RV 0.4782 0.0056 -0.0010 0.0055 0.508 0.0115 -0.0010 0.0116

RK 0.4782 0.0056 -0.0010 0.0055 0.508 0.0115 -0.0010 0.0116

FOURIER 0.4606 0.0010 0.0167 0.0013 0.4806 0.0024 0.0263 0.0031

Table 1.2: Integrated Parametric and Non-Parametric Estimators - Without MMS
............This table reports the mean, variance, bias and mean square error (MSE) of both the daily summed spot parametric estimators, as given in (1.32)-(1.34),

and the selected non-parametric estimators of the daily integrated variance, as given in (1.35)-(1.37). These are computed using 1-minute (m = 1440) and

5-minutes (m = 288) frequency data from the simulated log-prices of the GARCH diffusion of Drost and Werker (1996) and from the SV-OU process at a

1-second frequency, i.e., for m = 86400, using the calibration given in Section 1.4.1, without contaminating them with market microstructure noise (MMS).

Finally, note also that, as we decrease the sampling frequency, all the estimators exhibit
more variability and perform slightly worse in terms of mean square error, as expected. How-
ever, we still observe that the parametric estimators perform as well as the non-parametric
estimators for the integrated variance, with sumIGARCHe performing slightly better than RV
in terms of mean square error. This was already the case with a sampling scheme in a higher
time-frequency (m = 1440), but now the gap in favor of sumIGARCHe is larger in terms
of mean square error, both when the DGP under consideration is the diffusion of Drost and
Werker (1996) and when the DGP being considered is the SV-OU process. This suggests that
there is a time-frequency of the data, even when the DGP is the SV-OU process (which is
widely used in non-parametric analysis), for which it can be promising to rely on a paramet-
ric approach to estimate the integrated variance. We obtain similar findings when using the
simulated log-prices contaminated with market microstructure noise. Table 1.3 below shows



22 | Using a GARCH(1,1) for High-Frequency Volatility

the results of summing the spot GARCH variances and non-parametric integrated (summed)
estimators over one day, under mild market microstructure noise.

0.0002 0.0002

0.0002 DGP: GARCH Diffusion DGP: SV-OU Process

m and σ̂2
(δ )

Mean Variance Bias MSE Mean Variance Bias MSE

m = 86400 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091

“IV” 0.4752 0.0036 0.0089 0.0089 0.5040 0.0089 0.0089 0.0089

m = 1440 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091

sumGARCHo 1.6701 0.0069 -1.1948 1.4345 0.5038 0.4931 0.0091 -0.0004 0.0091

sumGARCHe 1.9159 0.0101 -1.4407 2.0857 1.9447 0.0160 -1.4407 2.0916

sumIGARCHe 1.9227 0.0101 -1.4475 2.1054 1.9470 0.0146 -1.4431 2.0971

RV 1.9162 0.0100 -1.441 2.0865 1.9448 0.0160 -1.4409 2.0921

RK 0.4773 0.0079 -0.0020 0.0080 0.5062 0.0143 -0.0023 0.0143

FOURIER 0.4447 0.0014 0.0305 0.0024 0.4569 0.0030 0.0470 0.0052

m = 288 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091

sumGARCHo 0.6605 0.0030 -0.1835 0.0368 0.5038 0.4931 0.0091 -0.0004 0.0091

sumGARCHe 0.7693 0.0083 -0.2923 0.0937 0.7989 0.0143 -0.2922 0.0997

sumIGARCHe 0.7663 0.0077 -0.2893 0.0914 0.7918 0.0123 -0.2852 0.0936

RV 0.7643 0.0080 -0.2873 0.0905 0.7939 0.0140 -0.2873 0.096

RK 0.4804 0.0140 -0.0034 0.0140 0.5103 0.0216 -0.0037 0.0216

FOURIER 0.4943 0.0014 -0.0173 0.0017 0.5306 0.0029 -0.0240 0.0034

Table 1.3: Integrated Parametric and Non-Parametric Estimators - With MMS
............This table reports the mean, variance, bias and mean square error (MSE) of both the daily summed spot parametric estimators, as given in (1.32)-(1.34),

and the selected non-parametric estimators of the daily integrated variance, as given in (1.35)-(1.37). These are computed using 1-minute (m = 1440) and

5-minutes (m = 288) frequency data from the simulated log-prices of the GARCH diffusion of Drost and Werker (1996) and from the SV-OU process at a

1-second frequency, i.e., for m = 86400, using the calibration given in Section 1.4.1, contaminating them with market microstructure noise (MMS).

The GARCH estimators are now biased, and so is the RV estimator, as expected, and they
all exhibit similar variability (with the exception, of course, of the sumGARCHo). In addi-
tion, as the sampling frequency decreases, the GARCH estimators, just as the RV estimator,
exhibit less bias and less variability, and still they all perform quite similar. The reason is that
the market microstructure noise hampers the estimation less when decreasing the sampling
frequency. However, we found that the parameter estimates (not reported here) generally ex-
hibit more variability than in the scenario without market microstructure noise. Based on the
analysis of the estimators presented here, we believe that further research on how to correct
the summed spot GARCH(1,1) estimators to account for such noise can be fruitful.
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1.5 Empirical Application

We analyze the performance of our estimators on a broadly diversified equity index, the S&P
500 Index. For this, we use the Standard & Poor’s Depository Receipt (SPIDER). This is a
tradable security on ownership in the S&P 500 Index. The advantage of using this security
instead of the index lies in avoiding the stale price effect associated with high-frequency data
of the S&P 500 Index. Transaction prices of the SPIDER at a 1-second frequency from the
2nd of January 2013 to the 31st of December 2013 are obtained from the New York Stock
Exchange’s Trade and Quotes (TAQ) database. The transaction data is cleaned according to
the filtering algorithm described in Barndorff-Nielsen et al. (2009).18

The reasons why we selected this highly liquid asset are two-fold. The first one is that the
ARCH-type filtering results hinge on in-fill asymptotics, as we reviewed in Section 1.2, and as
Andersen et al. (2010) point out as well, which makes a highly liquid asset a good candidate.
The second one, and more important, is that we aim to challenge the summed spot GARCH
estimators, since it is well-known that GARCH models have difficulties in dealing with the
main features of high-frequency data, such as market microstructure noise. Then this analysis,
paired with the computation of a non-parametric estimator which is also non-robust to this
feature, such as realized variance, is helpful to see how far a future market microstructure
correction needs to be implemented for the summed spot parametric estimators.

Figure 1.4: Spot Estimators of SPIDER at 1-minute on the 5th of January, 2013
............These plots depict the spot parametric and spot non-parametric estimators, given in equations (1.25)-(1.27) and (1.28)-(1.30), respectively. These are

computed from the daily log-prices of SPIDER, taken at a 1-minute frequency, on the 5th of January, 2013.

18
I am grateful to Asger Lunde for providing the clean data-set used in this analysis. The cleaning procedure is carried out because poor quality data can do more harm than good,

especially to the realized variance estimators which can be drastically affected by a few outliers. For the entire data-set, this procedure consists of deleting the entries with time-stamps

outside of market hours, deleting entries with bid, ask or transaction price equal to zero, and retaining only entries which originate from a single exchange. For the trade data-set, the

procedure consists of deleting entries with corrected trades, deleting entries with abnormal sale conditions, using median price when multiple transactions have the same price, and deleting

entries with prices above (below) the ask (bid) plus the bid-ask spread. For further details, see Barndorff-Nielsen et al. (2009).
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In Figure 1.4 above, we depict the spot estimators at a 1-minute frequency in a random day
of our sample to explore the behavior of the parametric estimators versus the non-parametric
estimators. We provide below in Table 1.4 summary statistics of the summed spot parametric
estimators and of the GARCH and IGARCH parameters estimates. We plot the aggregated
measures over the year in Figure 1.5. As we can see, the results are in line with what we found
in our simulation study.

Panel (a). GARCH(1,1) Parameters

0.4921 0.4921 m = 390 m = 78

0.4921 0.4921 ψh αh βh ψh αh βh

GARCHe Mean 0.0039 0.0701 0.8820 0.0996 0.0987 0.6343

0.4921 Var 1.24e-04 0.0052 0.0236 0.0319 0.0157 0.1127

IGARCHe Mean 0.4921 0.0371 0.9629 0.4921 0.0361 0.9639

0.4921 Var 0.4921 9.73e-04 9.73e-04 0.4921 0.0042 0.0042

Note: We report the results on 5-minutes estimates, but m = 78 is not enought data to conclude.

Panel (b). Statistics of Integrated Estimators

0.4921 m = 390 m = 78

0.4921 Mean Variance Mean Variance

sumGARCHe 0.2823 0.0431 0.2700 0.0585

sumIGARCHe 0.2849 0.0452 0.2735 0.0570

RV 0.2876 0.0455 0.2748 0.0570

RK 0.2615 0.0465 0.2557 0.0596

FOURIER 0.3116 0.0117 0.3117 0.0117

Table 1.4: Integrated Estimators and GARCH(1,1) Parameters of the SPIDER, 2013
............Panel (a) reports the mean and variance of the discrete-time GARCH(1,1) and IGARCH parameter estimates, given in (1.26)-(1.27), respectively, using the

log-prices of SPIDER, taken at a 1-minute (m = 390) and 5-minutes (m = 78) frequencies each day. Panel (b) reports the mean and variance of the summed

spot parametric estimators, given in (1.33)-(1.34), and of the non-parametric estimators for the daily integrated variance, given in (1.35)-(1.37), computed

on the SPIDER data at the 1-minute and 5-minutes frequencies.

Figure 1.5: Integrated Parametric and Non-Parametric Estimators of SPIDER, 2013
............This figure plots the summed spot parametric estimators, given in (1.33)-(1.34), and the non-parametric estimators for the daily integrated variance, given

in (1.35)-(1.37), computed on the SPIDER data at the 1-minute frequency.

We find that the summed spot GARCH estimators are slightly above the robust to mar-
ket microstructure noise non-parametric estimators, i.e., the Realized Kernel and the Fourier
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estimators. But, as mentioned, we should keep in mind that the summed spot GARCH esti-
mators are quite close in terms of mean and variance to the RV. As the sampling frequency
decreases, the summed spot GARCH estimators and the RV get closer to, the robust to market
microstructure noise, RK 19. For the GARCH parameters the results in Table 1.4 are also in
line with what we found in our simulation studies, with βh decreasing and αh and ψh increas-
ing, as the sampling frequency decreases. However, since the 5-minutes analysis is done on a
sample of only m = 78, these results should be read with caution at the very least. Finally, note
that in Figure 1.5 that the summed spot GARCH estimators are quite close to non-parametric
integrated variance estimators.

This application to SPIDER allowed us to corroborate the simulation results, which in turn
endorsed the theory reviewed in Sections 1.2 and 1.3. In light of this, it seems fruitful to
explore in future research if the summed GARCH(1,1) high-frequency estimated variances
work better in terms of forecasting the integrated variance, relative to the forecasts of an
ARMA model on the RV estimator.

1.6 Conclusions

We found that the summed spot GARCH(1,1) volatilities work as well as the Realized Vari-
ance estimator, and therefore can be useful for time-frequencies in which market microstruc-
ture noise does not hamper the estimation. Their good performance lies in the ability of the
discrete-time high-frequency weak GARCH(1,1) to approximate the spot variances of a par-
ticular stochastic volatility diffusion, when there is an increasing (towards infinity) number of
observations over finer time-intervals (towards zero). In turn, this result rests on the possibil-
ity of representing the strong discrete-time GARCH(1,1) in continuous-time as a stochastic
volatility diffusion (i.e., a continuous-time Itô semi-martingale, as in the Realized Variance
literature framework), which in discrete-time has only one source of noise (the same one) for
the dynamics of the log-prices and of the spot variances.

From this work, we identify three directions for future work. First, it remains to be studied
what kind of adjustment can be implemented on the parameters γh,m and βh,m, scaling the
squared returns in equation (1.10) for the sum of GARCH(1,1) variances, in order to obtain
a consistent estimator for the predictable component of the integrated variance when there is
market microstructure noise. The adjustment to this weighting scheme could be inspired on
the realized kernel estimators of Barndorff-Nielsen et al. (2008).

Second, another extension to the result in Theorem 4 which can be researched is the pos-
sibility of still obtaining a consistent estimator of the predictable component of the integrated

19
We estimate the noise and the integrated quarticity as suggested in Barndorff-Nielsen et al. (2009).
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variance under a broader class of DGP instead of the more restrictive GARCH diffusion of
Drost and Werker (1996). Regarding this, we could exploit the two main lessons from Theo-
rem 4. That is, the fact that the diffusion coefficient for the variance equation in (1.15) does
not affect the result, as well as the fact that the result hinges entirely on the instantaneous vari-
ance, meaning that the third term in (1.10) becomes irrelevant. In this line, also concerning
the work under a broader class of DGP, as Chen et al. (2015) mention, it could be particularly
interesting to obtain a result as Theorem 4 in the more general context of misspecification, as
considered in the ARCH filtering literature. We also leave for future research the possibility
of obtaining the result in Theorem 4 through the COGARCH process instead by exploiting the
strong convergence result of Maller et al. (2008) mentioned in Appendix 1.7.2.

Third, a theory based on estimated discrete-time GARCH(1,1) processes still needs to
be developed, as the results of this paper (and currently available in the literature) are for
the population discrete-time GARCH(1,1) parameters. For this, it can be useful to relate
our research with the work of Visser (2011) on the quasi-maximum likelihood estimation
of a GARCH(1,1) with high-frequency data. As our results endorse, the difference between
using estimated rather than population parameters is not necessarily large, and, due to the
arguments mentioned in this paper, it can be fruitful to conduct further research on the use of
the GARCH(1,1) as an estimator for the spot and integrated variance.

This article provided a comprehensive review of continuous-time modelling and filtering
with a GARCH(1,1), which has not yet been available in the literature to the best of our
knowledge, comparing different GARCH limits and providing detailed steps for the proofs on
filtering with a GARCH(1,1), as well as some other intermediate steps for the proof of The-
orem 4. We also contributed with simulations results on a comparison between the summed
discrete-time high-frequency GARCH(1,1) and non-parametric estimators for the integrated
variance under two closely related diffusions, also not currently available yet in the literature,
to the best of our knowledge.

1.7 Appendix

1.7.1 Appendix A.1: Markov Chains and Diffusions

Define D([0,∞),Rn) as the space of mappings from [0,∞) into Rn with finite left limits and right-
continuous functions, and let B(Rn) be the Borel sets on Rn. Note that D([0,∞),Rn) is a metric space
if endowed with the Skorohod metric.

Theorem ND , Nelson (1990)20: Consider an n × 1 dimensional discrete-time Markov process

20
This is Theorem 2.2 in Nelson (1990). It is based on Stroock and Varadhan (1997), Theorem 11.2.3 in Chapter 11 and Ethier and Kurtz (1986), Corollary 4.2 in Chapter 7, as well

as Theorem 3.3 and Corollary 3.4, also in Ethier and Kurtz (1986).
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{Y (h)
kh } and for each h> 0 we define a continuous-time process {Y (h)

t }≡ {Y (h)

⌊t.h−δ̃⌋} for each t ≥ 0,δ̃ > 0.

Then define for each h > 0 and each integer k ≥ 0)

Ψh(Y )≡ h−δ̃E[∆Y (h)
(k+1)h | Y (h)

kh = Y ] ; Φh(Y )≡ h−δ̃COV[∆Y (h)
(k+1)h | Y (h)

kh = Y ] (1.38)

ϒh(Y )≡ h−δ̃P[∥ ∆Y (h)
(k+1)h ∥> ε | Y (h)

kh = Y ] (1.39)

Assumption 1: There exists a continuous, measurable mapping Φ(Y, t) : Rn × [0,∞) into the space
of n× n non-negative definite symmetric matrices and a continuous measureable mapping Ψ(Y, t) :
Rn× [0,∞) into Rn such that for all R> 0, t > 0, and ε > 0, we have the following uniform convergences
on every bounded Y set as h → 0:

lim
h→0

sup
∥Y∥≤R,0≤t≤t

∥ Ψh(Y, t)−Ψ(Y, t) ∥= 0 ; lim
h→0

sup
∥Y∥≤R,0≤t≤t

∥ Φh(Y, t)−Φ(Y, t) ∥= 0 (1.40)

lim
h→0

sup
∥Y∥≤r,0≤t≤t

ϒh,ε(Y, t) = 0 (1.41)

Assumption 2: There exists a continuous, measurable mapping Φ1/2(Y, t) from Rn× [0,∞) into the
space of n×n matrices, such that for all Y ∈Rn and all t ≥ 0, we have that Φ(Y, t)=Φ1/2(Y, t)Φ1/2(Y, t)′.

Assumption 3: As h ↓ 0, Y (h)
0 converges in distribution to a set of random variables Y0 with proba-

bility measure υ0 on (Rn,B(Rn)).
Assumption 4: υ , Φ(Y, t), and Ψ(Y, t) uniquely specify the distribution of a diffusion process {Yt}

with distribution υ , diffusion matrix Φ(Y, t) and drift vector Ψ(Y, t).
Then, {Y (h)

t } converges weakly (i.e., in distribution), as h ↓ 0, to the {Yt} process, i.e., {Y (h)
t } d⇒

{Yt}, which is defined by the n×1 stochastic integral equation given by:

Yt = Y0 +
∫ t

0
Ψ(Ys)ds+

∫ t

0
Φ

1/2(Ys)dWY,s (1.42)

where WY,t is a n× 1 dimensional standard Brownian motion, independent of Y0, and where for any
Γ ∈ B(Rn), P(Y0 ∈ Γ) = υ0(Γ). Such an {Yt} process exists and is distributionally unique. This
distribution does not depend on the choice of Φ1/2(Y, t) made in Assumption 2. Finally, {Yt} remains
finite in finite time intervals almost surely, i.e., for all t > 0, that is, P[ sup

0≤t≤t
∥ Yt ∥< ∞] = 121.

Theorem D , Nelson (1996)22: Let there be a unique weak-sense solution to the n× 1 stochastic
integral equation given by:

Xt = X0 +
∫ t

0
Ψ(Xs)ds+

∫ t

0
Φ

1/2(Xs)dWX ,s (1.43)

21
Note that in our applications to the discrete-time GARCH(1,1) we have that Wt is an n-dimensional standard Brownian motion satisfying E(Wn,t ) =Wn,0 = 0n×1 and dWn,t dW ′

n,t =

In×ndt ∀t, where In×n is an identity matrix. Therefore, we are setting the correlations between the Brownian motions equal to zero.
22

This is Lemma A.3 of Nelson (1996) or Nelson (1994). It is based on Chapter 7, Corollary 4.2 of Ethier and Kurtz (1986).
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where {WX ,t} is an n×1 standard Brownian motion independent of X0, Ψ(X , t)∈Rn and Φ1/2(X , t)∈
Rn×n are continuous. Let I be the indicator function and consider for each h > 0 a discrete-time n×1
Markov process {X (h)

kh }, and define for each δ̃ > 0, each h > 0, and each integer k ≥ 0:

Ψ
δ̃ ,h(X)≡ h−δ̃E[∆X (h)

(k+1)hI∥∆X (h)
(k+1)h∥<1

| X (h)
kh = X ] (1.44)

Φ
δ̃ ,h(X)≡ h−δ̃COV[∆X (h)

(k+1)hI∥∆X (h)
(k+1)h∥<1

| X (h)
kh = X ] (1.45)

ϒ
δ̃ ,h(X)≡ h−δ̃P[∥ ∆X (h)

(k+1)h ∥> ε | X (h)
kh = X ] (1.46)

Assumption 1’: For some δ̃ > 0, R > 0, the following uniform convergences on every bounded X set
hold as h → 0,

lim
h→0

sup
∥X∥≤R

∥ Ψ
δ̃ ,h(X)−Ψ(X) ∥= 0 ; lim

h→0
sup

∥X∥≤R
∥ Φ

δ̃ ,h(X)−Φ(X) ∥= 0 (1.47)

lim
h→0

sup
∥X∥≤R

∥ ϒ
δ̃ ,h(X) ∥= 0 (1.48)

Assumption 2’: X0 is random with distribution function F . Also X (h)
0 is random with cumulative

distribution function F(h) and F(h)(X)⇒ F(X) as h → 0.
For each h > 0 we define a continuous-time process {X (h)

t } ≡ {X (h)

⌊t.h−δ̃⌋} for each t ≥ 0. Then under

Assumptions 1’ and 2’, for any t, 0< t <∞, we have that {X (h)
t } d⇒{Xt} as h→ 0, where (1.43) defines

{Xt}.

Lemma D , Nelson (1996)23: For every h, 0 < h < 1, let there be a unique weak-sense solution to:

Xt = X0 +
∫ t

0
Ψ(Xs)ds+

∫ t

0
Φ

1/2(Xs)dWs (1.49)

where {Wt} is an n× 1 standard Brownian motion independent of X0, Ψ(X , t) ∈ Rn and Φ1/2(X , t) ∈
Rn×n are continuous. Following Stroock and Varadhan (1997), Theorem 10.1.1, for each N > 0 and
each h, 0 < h < 1, let XN,t satisfy the unique weak-sense stochastic integral equation:

XN,t = XN,0 +
∫ t

0
ΨN(XN,s)ds+

∫ t

0
Φ

1/2
N (XN,s)dWs (1.50)

where ΨN(XN,s) and Φ
1/2
N (XN,s) are bounded and continuous with ΨN(XN,s) = Ψ(h) and Φ

1/2
N (XN,s) =

23
This is Lemma A.4 of Nelson (1996), pp. 39 or Lemma A.4 of Nelson (1994), pp.42. He gives a version in which the drift in ε̂ ṗ,t+h is multiplied by h−1/4 to obtain results in the

scenario of a diffusion with explosive drifts, but he clarifies that his result still hold for the simpler case of non-explosive drifts, which is the one we analyze in this article.
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Φ1/2(h) on the set {X :∥ X ∥≤ N}. Then we have:

E[∥ XN,t+h −XN,t ∥2l| XN,t ]≤ Ml(X ,N)hl a.s. (1.51)

That is, for every integer j ≥ 1, there is a continuous function M j(X ,N) and an h∗ > 0 such that ∀h,
0 < h < h∗, we have that (1.51) above holds.

1.7.2 Appendix A.2: The COGARCH Limit

One of the main critics to the limit of Nelson (1990) is that it has two sources of noise (the limit is
a stochastic volatility diffusion), while the original discrete-time GARCH(1,1) has only one source of
noise. Here lies the spirit of the (more recent) suggested limit for the discrete-time GARCH process,
the COGARCH, which is motivated on the random recurrence stochastic nature of the discrete-time
GARCH(1,1). The COGARCH was suggested by Klüppelberg et al. (2004), and it belongs to the class
of continuous-time ARMA (CARMA) models (see for instance Brockwell et al., 2006 and Brockwell,
2014). Since the COGARCH exploits the recurrence nature of the GARCH(1,1) volatility, it is therefore
related to the literature on stochastic recurrence equations and their limit behavior, i.e., the Generalized
Ornstein-Ulhenbeck (GOU) processes.

Writing the GARCH(1,1) recursively, i.e., σ
2(h)
(k+1)h = ψ +(αη2

p,kh +β )σ
2(h)
kh , Lindner (2009) illus-

trates the GOU limit of Klüppelberg et al. (2004) by considering:

σ
2(h)
mh = ψ

m−1

∑
i=0

[
m−1

∏
k=i+1

(β +αη
2
p,kh)]+σ

2
0

m−1

∏
k=0

(β +αη
2
p,kh) (1.52)

We re-write the first term in (1.52), using the fact that taking sums is a special type of integration:

ψ

∫ m

0

m−1

∏
k=⌊s⌋+1

(βh +αη
2
p,kh)ds = ψ

∫ m

0
e

m−1
∑

k=⌊s⌋+1
log(β+αη2

p,kh)

ds (1.53)

Now re-write the exponent in the integrand by adding (m− 1)[log(β )− log(β )]. Then doing simple
algebra, under the case 0 ≤ s < 1, we have:

m−1

∑
k=⌊s⌋+1

log(β +αη
2
p,kh) = (m−1)log(β )+

m−1

∑
k=⌊s⌋+1

log(1+
α

β
η

2
p,kh) (1.54)

Since ηp,kh is strictly stationary and independent, we replace this noise variable with increments of a
Lèvy process. Basically, the COGARCH replaces random walks by Lévy processes, rather than by
Brownian motions, as the GARCH limit of Nelson (1990) does. Define the càdlàg process (ξt)t≥0:

−ξt ≡ t.log(β )+
t

∑
0≤s≤t

log[1+
α

β
(∆Ls)

2] (1.55)
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As Lindner (2009) remarks, both (1.55) and the sum of ηp,kh are random walks, such that one of
them can be built from the other one. These observations suggest that the continuous-time analogue
to the discrete-time GARCH(1,1) is given by a left-continuous with finite right-limit (càdlàg) volatility
process (σ2

t )t≥0 such as:

σ
2
t ≡ ψ

∫ t

0
eξs−ξt−ds+σ

2
0 e−ξt− t ≥ 0 (1.56)

Now observe that (Qt)t≥0, a GOU process, is defined upon a bivariate Lévy basis (ξ ,ζ ) as:

Qt = c(1− e−ξt )+ e−ξt

∫ t

0
eξs−dζs +Q0e−ξt (1.57)

where the integral in (1.57) is defined with respect to the natural filtration, c is a constant, Q0 is assumed
to be F0- measurable and it is independent of (ξt ,ζt)t≥0. Furthermore note that:

ξt ≡−logξ (U)t ; ζt ≡ Lt− ∑
0<s≤t

(1− e−∆ξs)∆Ls + t.Cov(Bξ ,1,BL,1) t ≥ 0 (1.58)

where ξ (U) is the stochastic exponential, i.e., dξ (U)t = ξ (U)t−dUt with ξ (U)0 = 1, and B denotes
the Brownian motion compontent of the corresponding process placed in the subscripts. Then (1.57) is
the unique (up to indistinguishability) solution to (1.59) and we have:

dQt = (Qt−− c)dUt +dLt (1.59)

Observe that the GARCH diffusion of Nelson (1990) is a particular case of (1.57), if we take (ξ (N)
t ,ζ

(N)
t )≡

(−αWp,t + (θ + α2/2)t,ψt), or analogously, we can see it is as a particular case of (1.59), if we
take (U (N)

t ,L(N)
t ) ≡ (−θ t +αWp,t ,ζt). This is stated in Maller et al. (2009) and Fasen (2009). To

see U (N)
t is straightforward. Then, to obtain ξ

(N)
t , we use (1.58) and note that we are computing a

stochastic integral of a continous-time process U (N)
t , so we have that ξ

(N)
t = −U (N)

t + 1
2(dU (N)

t )2 =

−(−θ t +αWp,t)+
1
2(α)2. Finally, note that we should have that ζ

(N)
t = L(N)

t , since the sum in (1.58) is
zero (there are no jumps, as one Lévy is a Brownian motion, and the other one is just the time), and the
covariance is also zero, since Lt has no Brownian motion component. Observe that both the GARCH
diffusion of Nelson (1990) and the COGARCH are GOU processes which cannot be reduced to an OU
process (see Example 2 and Proposition 3 of Fasen, 2009).

On the convergence for a discrete-time GARCH(1,1) towards the COGARCH limit, there are two
main results. The first one belongs to Kallsen and Vesenmayer (2009), who proved that the discrete-
time GARCH(1,1) converges weakly (i.e., in distribution or in law) to the COGARCH limit. The
second one belongs to Maller et al. (2008), who show in their Theorem 2.1 that embedded discrete-
time GARCH-type recursions converge strongly (i.e., in probability) to the COGARCH model, which
is a stronger result than the weak convergence in Nelson (1990).
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1.7.3 Appendix A.3: Spot Variance

Proof of Theorem 2 24: See (1.6) and observe that hVkh(g(k+1)h), at the parameter convergence rates
of Nelson (1990), weakly converges, as h → 0, to the diffusion coefficient of the volatility in the
GARCH diffusion. Also note that Ekh(g(k+1)h) = 0, due to how u(k+1)h is defined. Then we can re-
write hVkh(g(k+1)h) = Ekh[(h−1/2g(h)(k+1)h)

2]. This illustrates the need of considering the discrete-time
GARCH(1,1), as in its representation in (1.5) but with hκkh and h1/2g(k+1)h.

Consider the Euler discretization of the GARCH diffusion of Nelson (1990), which we denote with
σ̇2

t . Define the error ĕt ≡ σ̂2
t − σ̇2

t , where σ̂2
t is the continuous-time (step-functions) of the filtered

discrete-time GARCH(1,1), given as in (1.6) but with h1/2gt+h. Take ĕt+h, substract σ̇2
t to both sides,

add (σ̂2
t − σ̂2

t ) to the right-hand side, and re-order and use the definition of ĕt to obtain:

ĕt+h = ĕt +∆σ̂
2
t+h −∆σ̇

2
t+h (1.60)

Use the representation of the GARCH(1,1) as in (1.6), but with h1/2ĝt+h, to compute ∆σ̂2
t+h . Then for

∆σ̇2
t+h, we denote ġt+h ≡ 2α2σ̇4

t+h and k̇t ≡ ψ −θσ̇2
t and (1.60) becomes:

ĕt+h = ĕt +h1/2(ĝt+h − ġt+h)+h(κt − k̇t) (1.61)

Note that gt+h ̸= ġt+h and κkh ̸= k̇t because the discrete-time process and the diffusion are Markovian,
and the drifts depend on all the processes involved in the system and these two systems have different
noises. However, the drift vanishes fast, at rate h, and therefore, we do as Nelson and Foster (1994) and
drop it out. For ĝt+h in (1.61) we use a first order univariate Taylor expansion and the definition of ĕt

to obtain:
∆ĕt+h = h1/2ĕ

∂gt+h

∂ σ̂2
t+h

+h1/2(ĝt+h − ġt+h) (1.62)

If we proceed to compute the moment-matching diffusion of (1.62), we have that the second conditonal
moment per unit of time, i.e. multiplying by h−1, converges, assuming that the first conditional moment
also converges. However, the latter will diverge when multiplied by h−1, and we need to re-scale the
drift of (1.62) by h1/2. As Nelson (1996) point out, re-scaling the diffusion process {ĕt}, such that
e( j)

t ≡ yĕt , moves the drift and volatility proportionately, while a re-scale in time, such as τ ≡ xt,
moves the drift and variance proportionately. Then, introducing both re-scales, taking y = h−1/4 and
x = h−1/2, produces the desired diffusion limit. Then, Nelson and Foster (1994) considers (1.9) as the
suitable candidate for measurement error diffusion, where d(eτ) and v(eτ) are such that:

d(eτ)≡ lim
h→0

E(eτ=e)[
∂g

τ+
√

h

∂ σ̂2
τ+

√
h

]eτ ; v(eτ)≡ lim
h→0

E(eτ=e)[(ĝτ+
√

h − ġ
τ+

√
h)

2] (1.63)

24
This proof incorporates the correction pointed out by Nelson (1996) in his footnote 1, p.5, to the univariate work of Nelson and Foster (1994). Furthermore, we also incorporate

the explanation for the re-scaling of the measurement error given in Nelson (1996) for the multivariate case, which is conducted as well in the univariate case studied in Nelson and Foster

(1994). A revised, more rigorous, version of this proof can be found in Chapter 2 of this dissertation, a subsequent work of ours.
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Then observe that an Itô-Taylor expansion around t of such diffusion produces (1.9), a process with
constant (fixed) drift and diffusion at t. With this, Nelson and Foster (1994) observes that (1.9) is an
OU process. Then we are in conditions of using Theorem D of Appendix 1.7.1. We use it to ensure
that there is a discrete-time process such that it weakly converges to the assumed and given diffusion
limit. This discrete-time process will prove to be the (properly re-scaled) measurement error and the
discrete-time GARCH(1,1), written as in (1.6) but with h1/2g(k+1)h (properly re-scaled too).

In place of (1.43) of Theorem D, we consider {pτ ,σ
2
τ } since the GARCH diffusion of Nelson

(1990) satisfies Theorem D with δ̃ = 1/2. Then, the discrete-time conditional moments computed for
the GARCH diffusion are the same ones but re-scaled with h−1/2, and the limit obtained {pτ ,σ

2
τ } is

the same one but with different parameter convergence rates. Now we can consider {pτ ,σ
2
τ ,eτ} to

apply Theorem D. For this we follow the observation of Nelson (1996) that Assumption 1’ of Theorem
D requires convergences on compact subsets of Rn, and not on all sets of Rn, which then means that
Theorem D can be proved through the diffusion limit of Lemma D.

Consider (1.51) in Lemma D taken for j = 1 and multiplied by h−1/2 to note that {pN,τ ,σ
2
N,τ}

then satisfies (1.45) in Assumption 1’ of Theorem D. To see that they verify (1.46) we use Markov’s
inequality on (1.51) taken for j = 1 and mutiplied by h−1/2. For the verification of {eN,τ}, Nelson and
Foster (1994) considers:

Assumption 1” : Uniformly on every bounded (e,τ) set we have:

lim
h→0

sup
|(e,τ)|≤r̃

| h−1/2E(eτ=e)[∆e(h)
τ+h]−d(et)eτ |= 0 (1.64)

lim
h→0

sup
|(e,τ)|≤r̃

| h−1/2COV(eτ=e)(∆e(h)
τ+h)−v(et) |= 0 (1.65)

where d(et) and v(et) contain well-defined functions, continuous in τ , and twice differentiable in pτ

and σ2
τ and for some δ > 0 we have that (1.66)-(1.67) below are bounded as h → 0:

E(eτ=e)[| h−1/2
∆p

τ+
√

h |
2+δ ] ; E(eτ=e)[| h−1/2

∆σ
2
τ+

√
h |

2+δ ] (1.66)

E(eτ=e)[| g(h)(.) |2+δ ] (1.67)

With this we conclude the proof, and as Nelson and Foster (1994), we can proceed to compute d(et) and
v(et) for the discrete-time GARCH(1,1). Observe that it had no drift in the log-prices and that the drift
in the variances dropped out of the problem. Also note that the noise in the discrete-time GARCH(1,1)
and the GARCH diffusion are independent. With these two observations and (1.63), Nelson and Foster
(1994) obtains for this particular setting: d(et)≡−αet and v(et)≡ 4α2σ4

t . �
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1.7.4 Appendix A.4: Integrated Variance

Proof of Proposition 1 : Writing recursively each of the m variances over (t − 1, t], we have that
variance “k” is given by:

σ
2
t|t−kh = ψh

k−1

∑
j=0

β
j

h +β
k
h σ

2
0h +αh

k−1

∑
j=0

β
j

h ε
2
(k−1− j)h (1.68)

We write each of the “k” variances above as depending on β m
h σ2

0h. Note that for k = m this is already
the case, but for all the others we will need to introduce a correction. Observe that when σ2

0h = 0 and
the variance is fixed, i.e., σ2

t|t−kh = σ2
0h = 0, ∀k : k ≥ 1 (which is equivalent to setting βh = 0), each of

the k GARCH volatilities has a constant:

ψ
∗
h,(k−1) =−αhε

2
(k−1)h ⇒ ψ

∗
h,(k−1) =−[mE(ψ∗

h,( j))−
m−1

∑
j=0, j ̸=k−1

ψ
∗
h,( j)] (1.69)

For k = m we know that ψ∗
h,(m−1) = ψh. We incorporate this in each of the previous k : k < m volatilities

since each of them depends on ψ∗
h,(m−1). By doing so, we can uncover the relationship that each

ψ∗
h,(k−1), ∀k < m, has to hold. We find that ψh for each volatility k is such that the corresponding

ψ∗
h,(k−1) satisfies:

ψh =−[mE(ψ∗
h,( j))−

m−1

∑
j=0

ψ
∗
h,( j)] (1.70)

We take volatility k = m and conclude that [mE(ψ∗
h,( j))− (m − 1)ψh] = −ψh, which implies ψh =

−E(ψ∗
h,( j)). Then the correction amounts to replacing the constant with −E(ψ∗

h,( j)), ∀k < m and (1.68)
is:

σ
2
t|t−kh =−E(ψ∗

h,( j))
k−1

∑
j=0

β
j

h +β
m
h σ

2
0h +αh

k−1

∑
j=0

β
j

h ε
2
(k−1− j)h (1.71)

We should further note that E(ψ∗
h,( j)) = mE(αhε2

jh) = mαhψh/[1− (αh +βh)]. Now we consider the
k = 1,2, ...,m forecasts of the GARCH over the period (t, t +1], i.e. the forecast of its squared returns
based on its ARMA representation. Then for a given “k” variance we consider the forecast:

σ
2
t+kh|t = ψh

[1−(αh+βh)
(k−1)h]

[1−(αh+βh)]
+(αh +βh)

(k−1)h
σ

2
t|t−kh (1.72)

For each k, we plug (1.71) into each forecast (1.72), and then to conclude the proof of Proposition 1 we
take the sums of the m forecasts. When taking these sums we re-arrange, such that the sum of the four
terms below gives us (1.10).

T (1),k
ψh,m = ψh

[1−(αh+βh)]
; T (2),k

ψh,m = (αh +βh)
(k−1)h[−E(ψ∗

h,( j))
k−1
∑
j=0

β
j

h ] (1.73)

T (3),k
ψh,m,vt|t−1

=−ψh
(αh+βh)

(k−1)h

[1−(αh+βh)]
+β

m
h σ

2
0h =−ψh

1
[1−(αh+βh)]

β m
h +β m

h σ2
t|t−kh (1.74)
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T (4),k
ε2 = (αh +βh)

(k−1)h
αh

k−1

∑
j=0

β
j

h ε
2
(k−1− j)h (1.75)

That is, to obtain (1.10) we add the m terms we have (one for each k) in T (1),k
ψh,m , T (2),k

ψh,m , T (3),k
ψh,m,vt|t−1

and

T (4),k
ε2 . The constant ψh,m in (1.10) is obtained from (1.76)-(1.77) below and from the second term in

the sum of T (3),k
ψh,m,vt|t−1

given in (1.78).

m

∑
k=1

T (1),k
ψh,m = mψh

[1−(αh+βh)]
(1.76)

m

∑
k=1

T (2),k
ψh,m =−E(ψ∗

h,( j))
m−1

∑
k=0

(αh +βh)
kh

k

∑
j=0

β
j

h = −αhψh
[1−(αh+βh)]

[1−(αh+βh)
m]

[1−(αh+βh)]
(1−β m

h )
(1−βh)

(1.77)

For the sum of T (3),k
ψh,m,vt|t−1

we observe that (1.74) is a forecasting equation for β m
h σ2

0h, in which the
constant is projected (k− 1)h periods forward, as it would be in the forecasting of σ2

t|t−1h rather than
in the forecasting of β m

h σ2
t|t−1h. Note that this correction, to replace β m

h σ2
0h with β m

h σ2
t|t−kh (which

is equivalent to setting αh = 0 in a forecasting equation), parallels the anaylsis in Drost and Nijman
(1993), see Remark 125.

m

∑
k=1

T (3),k
ψh,m,vt|t−1

= m −ψh
[1−(αh+βh)]

β m
h +β

m
h

m

∑
k=1

σ
2
t|t−kh (1.78)

Note that the second term in (1.78) gives us the autorregresive part in (1.10). Finally, we obtain the
coefficient in the squared returns that appears in (1.10) by adding the m terms we have as T (4),k

ε2 , after
re-arranging them. We sum across the k volatilities by groupping all the terms with the same power in
(αh +βh) in each volatility k and conclude:

m

∑
k=1

T (4),k
ε2 = αh

m−1

∑
k=0

(αh +βh)
kh

k

∑
j=0

β
j

h ε
2
(k− j)h = αh

[1−(αh+βh)
m]

[1−(αh+βh)]

m−1

∑
j=0

β
j

h ε
2
t− jh (1.79)

By doing simple algebra with (1.76)-(1.77) and the first term in (1.78), we obtain ψh,m in (1.10). With
the results for the second term of (1.78) and (1.79) we have the thrid and second term in (1.10), respec-
tively. �

Proof of Theorem 4 26: First observe that ψh,m =
mψh(1−β m

h )
1−(βh+αh)

[1− αhφh,m
m(1−βh)

]. Then note that, with αh

and βh written as in (1.80), it is clear that αh
(1−βh)

→ 1, as
√

m → ∞. Note that for αh and βh we have:

αh =
√

λθh+o(h1/2) ; βh = 1−
√

λθh−o(h1/2) (1.80)

25
Furthermore, note that this adjustment to replace β m

h σ2
0h for β m

h σ2
t|t−kh , parallels also the correction we did before (when we introduced ψ∗

h,(k−1)) for replacing the β k
h σ2

0h with

β m
h σ2

0h in each step k < m, which amounted to setting βh = 0.
26

Some of the intermediate steps presented here, for instance the use of Drost and Werker (1996) results, are not presented in Chen et al. (2015) nor Chen et al. (2014).
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As m → ∞, we have that βh → 1, and therefore βh,m → 0. Using the exact mapping for βh in (1.16), as
m→∞, we have that φh,m

m → θ−1(1−e−θ ), and also that θh → hθ , implying that γm,h√
m →

√
λ/θ(1−e−θ )

after making use of αh in (1.80). These results, together with the last limit in (1.16), imply that ψh,m →
ψ̄[1− θ−1(1− e−θ )], as m → ∞. This concludes the proof of (1.20). Proving (1.21) is equivalent to
showing:

mαh

m−1

∑
j=0

β
j

h ε
2(h)
t− jh

L 2

→ σ
2
t (1.81)

For this, note from αh in (1.80) that αh/
√

h →
√

λθ , as h → 0, or equivalently, as
√

m → ∞, and
consider also the definition of βh,m in (1.11). Now we define:

R̃V t−1,t ≡
m−1

∑
j=0

β
j

h ε
2(h)
p,t− jh ; R̃V t,t+1 ≡

m−1

∑
j=0

β
j

h ε
2(h)
p,t+1− jh (1.82)

Then, to show (1.21) we prove that Et(mαhR̃V t,t+1 −σ2
t )

2 → 0, as
√

m → ∞, or:

m2
α

2
hEt(R̃V 2

t,t+1)−2mαhEt(R̃V t,t+1σ
2
t )+Et(σ

4
t )→ 0 (1.83)

For the first term of (1.83) observe that:

R̃V 2
t,t+1 =

m−1

∑
j=0

(β j
h )

2(ε
2(h)
p,t+1− jh)

2 +2
m−1

∑
i> j

β
j+i

h ε
2(h)
p,t+1− jhε

2(h)
p,t+1−ih (1.84)

where the cross-products term is the result of (twice) adding cross-products of β 0
h ε

2(h)
p,t with all the other

terms except itself, plus the cross-products of β 1
h ε

2(h)
p,t−h with all the other terms except β 0

h ε
2(h)
p,t and itself,

and so on. That is, it is equivalent to two times:

m−1

∑
i=1

β
0+i
h ε

2(h)
p,t ε

2(h)
p,t−ih+

m−1

∑
i=2

β
1+i
h ε

2(h)
p,t−hε

2(h)
p,t−ih + ...+

m−1

∑
i=m−2

β
m-2+i
h ε

2(h)
p,t−(m−2)hε

2(h)
p,t−ih (1.85)

To show (1.83), we compute first Et(R̃V 2
t,t+1), using (1.18)-(1.19). We obtain Et(ε

2(h)
p,t+1− jh)Et(ε

2(h)
p,t+1−(i′+1)h)=

h2ψ̄2. For Et(ε
2(h)
p,t+1− jhε

2(h)
p,t+1−(i′+1)h) with i′+1 = i note that the corresponding covariance is given by:

COVt(ε
2(h)
p,t+1− jhε

2(h)
p,t+1−(i′+1)h) =

eθh −1
θ

ψ̄
2 λ

1−λ

1− e−θh

θ
e−(i′+1− j)hθ ehθ (1.86)

where (1.86) is obtained using the definition of covariance in terms of expectations, together with
(1.19), and the general expression for the covariance in equation (C.3), pp.51, of Drost and Werker
(1996). Doing simple algebra in (1.86) we have that:

Et(ε
2(h)
p,t+1− jhε

2(h)
p,t+1−(i′+1)h) = h2

ψ̄
2 + ψ̄

2 λ

1−λ

ehθ (1− e−θh)2

θ 2 e−(i′− j)hθ (1.87)

This gives us a result for the conditional expectation of the second term in (1.84). For its first term, note
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that using the third result in (1.18) we have that Et(ε
4(h)
p,t+1− jh) = Et−1(ε

4(h)
p,t−kh)→ h2ψ̄2 3

1−λ
, as h → 0,

or equivalently, as m → ∞. Then together with (1.87), we will have a convergence result as m → ∞ for
m2α2

hEt(R̃V 2
t,t+1) in (1.83). Note that we can write Et(R̃V 2

t,t+1) as:

m−1

∑
j=0

β
2 j
h h2

ψ̄
2 3

1−λ
+2

m−1

∑
i> j

β
j+i

h h2
ψ̄

2[1+
λ

1−λ

ehθ (1− e−θh)2

θ 2 e−(i′− j)hθ ] (1.88)

For the last term in (1.83), note that σ4
t , from the diffusion, is the limit of the conditional moment of its

(step-functions) discrete-time counterpart. For it, we can exploit the last result in (1.18), together with
the fact that Et(η

4(h)
t−kh) = 3h2, to conclude that the last term in (1.83) converges to ψ̄2

1−λ
, as h → 0, or

equivalently, as m → ∞.

For the cross-term in (1.83) we also exploit that σ2
t , from the diffusion, is the limit of the conditional

moment of its (step-functions) discrete-time counterpart as well as the fact that Et(η
2
p,t−kh) = 1. Then,

abusing notation (which we do because afterwards we will incorporate that what we have for σ2
t is a

limit result), we obtain:

Et(R̃V t,t+1σ
2
t ) = Et(

m−1

∑
j=0

β
j

h ε
2(h)
t+1− jhε

2(h)
t+1−h) (1.89)

We compute the limit covariance, analogous to (1.86). We consider i = 1, and exploit that when taking
m → ∞ in (1.89), for a given h, we make use of the covariance (1.86), in which the integrals of eθs

are computed over the entire time interval (0,+∞) and (−h,0), rather than over increments of (0,h)
and (−h,0). We then replace the term θ−1(1− eθh) in (1.86) with a 1, and we have (again abusing
notation):

Et(R̃V t,t+1σ
2
t ) =

m−1

∑
j=0

β
j

h

[
h2

ψ̄
2 + ψ̄

2 λ

1−λ

1− e−θh

θ
e− jhθ

]
(1.90)

Finally, to show that (1.83) holds, we split m2α2
hEt(R̃V 2

t,t+1) into three terms T1, T2 and T3 given below,
following (1.88). We denote the terms −2mαhEt(R̃V t,t+1σ2

t ) and Et(σ
4
t ) with T4 and T5, respectively,

also given below.

T1 = α
2
h ψ̄

2 (1−β 2m
h )

(1−β 2
h )

3
1−λ

→√
m→∞

0 (1.91)

T2 = 2α
2
h ψ̄

2 (βh −β m
h )(1−β m

h )

(1−β 2
h )(1+βh)

→√
m→∞

ψ̄
2 (1.92)

T3 = 2α
2
h ψ̄

2 λ

1−λ

ehθ (1− e−θh)2

θ 2 e−(i′− j)hθ →√
m→∞

ψ̄2λ

1−λ
(1.93)

T4 →√
m→∞;h→0

−2ψ̄
2

[
αhh

(1−βh)
(1−β

m
h )+

λ

h(1−λ )
αh

β̃h −1
αh

]
→
h→0

−
¯2ψ

2

1−λ
; T5 →

h→0

ψ̄2

1−λ
(1.94)

From (1.20) and (1.21), it is clear that (1.10) converges to the right hand side of (1.22). That (1.22)
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holds is a known result in the literature, as Barone-Adesi et al. (2005) point out. They recall us that the
strong solution to dσ2

t of (1.15) is given by (1.95), and its conditional expectation by (1.96), which is
given below27.

σ
2
t = σ

2
0 e−[θ+ 1

2 (
√

2λθ)2]t+
√

2λθWσ ,t + ψ̄θ

∫ t

0
e[θ+

1
2 (
√

2λθ)2](s−t)+
√

2λθ(Wσ ,t−Wσ ,s)ds (1.95)

E(σ2
t | σ

2
0 ) = ψ̄ +(σ2

0 − ψ̄)e−θ t (1.96)

The first conditional moment for the integrated variance of the GARCH diffusion, the right hand side
of (1.22), follows then inmediately28. Barone-Adesi et al. (2005) also provide higher conditional mo-
ments of the integrated variance for such diffusion by exploiting the linearity of dσ2

t in σ2
t , as well as

properties of the Brownian motion, such as independence and stationarity of non-overlapping incre-
ments. �

27
They remember us that when 2θ > (

√
2λθ)2 , that is when λ < 1, the σ2 process is strictly stationary, ergodic with conditional mean as in (1.96), see equation (4) in Barone-Adesi

et al. (2005). The reference for the solution (1.95), see equation (3) in Barone-Adesi et al. (2005), is Karatzas and Shreve (1998), pp.360.
28

See equation (13) in Barone-Adesi et al. (2005). They compute the first conditional moment of the integrated variance over (0,T ], so the increments T in their equation (13) should

be replaced by increments of 1 as we want the time period (t, t +1] and the starting point 0 should be replaced by t. Then equation (13) in Barone-Adesi et al. (2005) is the right hand side

of (1.22). The derivation of (13) in Barone-Adesi et al. (2005), based on their equations (3) and (4), is given in their appendix, pp.16.
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2.1 Introduction

Just as conditional variances, modelling and forecasting conditional covariances and correla-
tions are crucial to risk management, optimal asset allocation, hedging purposes, and deriva-
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tives pricing formulas. For instance, drawing inference on the parameters of stochastic volatil-
ity diffusions is of utmost relevance for option pricing exercises, and it is a complex task due
to the unobservability of the volatility and the intractability of the likelihood functions of such
processes. Estimating and forecasting a discrete-time process poses fewer challenges, and
by so, it has attracted traditionally much more attention from financial econometricians than
estimating and forecasting with diffusions.

A well-connected discrete-time process to such stochastic volatility diffusion, as GARCH
processes are, is then quite appealing. In light of this, the work of Nelson (1990) on the
weak convergence of a discrete-time GARCH to a specific stochastic volatility diffusion (i.e.,
the GARCH diffusion), and of Nelson (1994) and Nelson (1996) on what they dubbed the
“measurement error” between the volatility of these two processes, is particularly interest-
ing. Hafner et al. (2017) apply the theory in Nelson (1990) to find the diffusion limit of the
discrete-time consistent Dynamic Conditional Correlation (cDCC)-GARCH of Aielli (2013)
and use the quasi approximated maximum likelihood (QAML) method of Fornari and Mele
(2006) to infer the diffusion parameters by estimating the discrete-time cDCC-GARCH. They
found that all parameters can be obtained consistently, with the exception of the parameters of
the innovation terms. Here we work out the theory of Nelson (1996) on the conditional asymp-
totic measurement error for the volatility of multivariate ARCH-type filters, with the goal of
contributing to the solution of the inconsistency problem in the QAML parameter estimators
in the cDCC-GARCH setting.

Our derivation of such an error and the conditional asymptotic bias in the discrete-time ap-
proximation of the cDCC-GARCH diffusion enables the new possibility of obtaining consis-
tent estimators. As Broze et al. (1998) recall, direct estimation of the true value of the diffusion
parameters based on its discretization renders inconsistency, and the asymptotic bias could be
used to resolve it, but, generally, there is no exact discretized version of the continuous-time
model, and we lack an analytical expression for such an asymptotic bias. Relying on the work
of Nelson (1996), we contribute with a theoretical expression for the bias between volatilities
and correlations of a particular discrete-time approximating process (cDCC-GARCH filter)
and its assumed diffusion data-generating process (cDCC-GARCH diffusion). For this, we
provide an explanation for the analytical form and the re-scaling with ARCH-type filtering, as
stated in Nelson (1996), which we give within our cDCC-GARCH setting, as well as a deriva-
tion of the time-increments of the measurement error, also stated in Nelson (1996), which are
needed to obtain its diffusion limit.

Such measurement error arises because, just as in the ARCH-type processes considered
by Nelson (1990), the cDCC-GARCH diffusion of Hafner et al. (2017) embeds the system
of noises of a particular multivariate stochastic volatility diffusion, which are a different sys-
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tem of noises than that embedded in the discrete-time cDCC-GARCH of Aielli (2013). Due
to this, it is not immediate that the conditional variances-covariances (and correlations) of the
discrete-time cDCC-GARCH can approximate well (i.e., with a well-behaved error) the condi-
tional variances-covariances (and correlations) of a particular multivariate stochastic volatility
diffusion (i.e, the cDCC-GARCH diffusion). Hafner et al. (2017) start from a population
discrete-time cDCC-GARCH and show that it weakly converges to a cDCC-GARCH diffu-
sion under some mild assumptions; therefore, the error between these two systems should be
well-behaved, in principle. However, the analytical form of this error has not been derived in
Hafner et al. (2017).

Here, we instead start by assuming that the data-generating process is the cDCC-GARCH
diffusion of Hafner et al. (2017) and contribute to the existing literature by showing that there
is a (re-scaled) discrete-time filtered cDCC-GARCH which converges weakly to such diffu-
sion. Then we contribute to the results of Hafner et al. (2017) by finding the approximating
discrete-time model as well as by deriving the conditional asymptotic distribution of the error
at a fixed given point in time t and showing that its mean is zero. For this, we exploit the theory
developed in Nelson (1996) on the distribution of the error for the general setting of multivari-
ate ARCH-type diffusions as data generating process, which cover the factor ARCH of Engle
et al. (1990), the multivariate GARCH of Bollerslev et al. (1988), and the BEKK-GARCH
of Engle and Kroner (1995). Based on some properties of the discrete-time cDCC-GARCH
and applying the arguments in Nelson (1996), we show that a well-behaved error can also
be derived for such particular GARCH process, and by doing so, as Hafner et al. (2017), we
also contribute to the understanding of the properties of dynamic conditional correlation mod-
els, which are still not entirely known, as they point out. We restrict the analysis to the two
dimensional discrete-time cDCC-GARCH, for which consistent quasi maximum likelihood
estimates can be obtained. This will also simplify the generalization of the univariate ARCH-
type filtering results of Nelson and Foster (1994) to the multivariate results of Nelson (1996)
required here for the cDCC-GARCH process, as we explain when introducing the consistency
result for our filter. We refer the reader to Chapter 1 of this dissertation for a review on the
univariate results of Nelson and Foster (1994).

This paper is organized in seven sections. In section two, we motivate our choice for
the cDCC-GARCH of Aielli (2013), in particular with respect to the DCC-GARCH of Engle
(2002). Section three introduces the filtered discrete-time cDCC-GARCH, showing the need
for re-scaling the discrete-time cDCC-GARCH. In section four, we present the filtering prob-
lem and compute the measurement error and its suitable diffusion limit. Section five shows
that the system formed by the cDCC-GARCH diffusion of Hafner et al. (2017) and the suitable
diffusion limit of the measurement error of section four is such that the system formed by the
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filtered (i.e., properly re-scaled) discrete-time cDCC-GARCH and discrete-time measurement
error weakly converges to such diffusion system. In section six, we conclude and summarize
future lines of research. We include secondary results in the Appendix in section seven.

2.2 Discrete-Time cDCC-GARCH

Formulating coherently the conditional variance-covariance matrix of log-returns poses sev-
eral challenges. Among the main challenges, the matrix should be positive semi-definite
(PSD), have diagonal elements which are positive, and be flexible enough to capture the dy-
namics of the conditional variances-covariances, even though, at the same time, it should also
be parsimonious enough. From the estimation perspective, the multivariate model has to be
such that estimation is feasible for a “large” number of assets.2

The BEKK-GARCH of Engle and Kroner (1995) ensures positive definiteness and ev-
ery conditional variance and covariance is a function of all of the lagged squared log-returns
and cross-products of squared log-returns, respectively, and of all conditional variances and
covariances, respectively. The model is very flexible, although it is not parsimonious. A par-
tial solution is to make the model diagonal so there are no interactions between the different
conditional variances and covariances, but the number of parameters can still be quite large.
A further step is to make the models scalar, i.e., impose the same parametrization on each
element of the variance-covariance matrix, which is quite unrealistic.

The conditional correlation models are parsimonious while realistic and flexible enough
to capture the dynamics of the conditional variances-covariances. Highly popular is the DCC-
GARCH of Engle (2002), even though it has difficulties in terms of its inner consistency as
well as in terms of its ability to deliver consistent estimators of the conditional correlations
(see Caporin and McAleer, 2013 and Aielli, 2013). In the conditional correlation models,
we can model individual conditional variances, for instance, with a GARCH(1,1), and model
separately a measure of dependence between the individual series, such as a conditional cor-
relation matrix.

This is because these models exploit the fact that the conditional correlations are indeed the
conditional covariances of standardized log-returns since those are assumed to be a martingale
difference sequence (MDS) in the financial econometrics literature. In turn, this means that the
inner consistency of the conditional correlation model’s representation is challenged because
the conditional correlation matrix is also a conditional covariance matrix. Hence, we can

2
We focus on these challenges, keeping in mind that others are ensuring stationarity, have coefficients with an economic or financial interpretation, and allow for feedbacks and

covariance spillovers (the volatility of an asset is fed into another asset directly, through its conditional variance, or indirectly, through its conditional covariances). For more details, see

the reviews of Bauwens et al. (2006) and Silvennoinen and Teräsvirta (2009).
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identify three main challenges.

The first challenge is that the process represented by both matrixes should be the same
unconditionally and conditionally, implying that the multivariate model should keep the MDS
property which GARCH models preserve. However, a correlation matrix needs to satisfy
different properties than a covariance matrix. Then, the second challenge is that the matrix
has to be symmetric and positive definite, and it should also have diagonal elements equal
to 1 and off-diagonal elements belonging to (−1,1). Finally, the third challenge is that the
elements of the matrix exhibit dynamics over time and heteroskedasticity, but, at the same
time, reflect that the standardized log-returns are i.i.d. with its first two conditional moments
being 0 and 1.

The DCC-GARCH of Engle (2002) addresses the second challenge by working with an
auxiliary matrix which is assumed to be symmetric, positive definite and standardized. How-
ever, it is not a proper conditional variance-covariance matrix. The third challenge is addressed
partially since, asymptotically, the standardized log-returns have the correct conditional mo-
ments but the time-dynamics in the model disappear as the scalar structure needed for estima-
tion is imposed on the matrix. The first challenge regarding the MDS property which GARCH
models should preserve is not addressed by the DCC-GARCH but incorporated properly in
the cDCC-GARCH of Aielli (2013).3

For a 2× 1 vector of log-prices P(h)
kh observed at a time-frequency h, the discrete-time

cDCC-GARCH of Aielli (2013) is given by:

P(h)
kh = P(h)

(k−1)h +S(h)kh η
(h)
kh (2.1)

V (h)
(k+1)h =Ch +Ahh−1S2(h)

kh (η
(h)
kh ⊙η

(h)
kh )+BhV (h)

kh (2.2)

Q(h)
(k+1)h = Q̄h +ϑhh−1X (h)

kh (η
(h)
kh η

(h)′

kh )X (h)
kh + γhQ(h)

kh (2.3)

X (h)
kh = (Q(h)

kh ⊙ InP)
1/2 (2.4)

Γ
(h)
(k+1)h = [X (h)

(k+1)h]
−1Q(h)

(k+1)h[X
(h)
(k+1)h]

−1 (2.5)

3
Regarding the second challenge, note that the auxiliary matrix Q(h)

(k+1)h in the cDCC-GARCH is a proper conditional variance-covariance matrix and therefore symmetric and PSD

by construction. Also, the third challenge is fully solved in the cDCC-GARCH since the time dynamics are not lost in the model due to the possibility of implementing sequential estimation

in two steps.
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η
(h)
kh | F(k−1)h ∼ N(0,Γ(h)

kh ) (2.6)

where Fkh ≡ σ(P(h)
sh , s ≤ k) and ηkh is a 2× 1 vector of standardized but potentially con-

ditional correlated innovations to the log-prices process, such that η
∗(h)
kh ≡ Γ

(h)−1/2
kh η

(h)
kh

i.i.d∼
N(0,hIn). The 2× 2 diagonal matrix S(h)kh contains the conditional standard deviations of the
log-returns, R(h)

kh ≡ P(h)
kh −P(h)

(k−1)h, and the 2× 1 vector of their conditional variances is de-

noted with V (h)
(k+1)h = diag(S2(h)

(k+1)h), as represented in (2.2). Furthermore, Ah and Bh are 2×2
diagonal matrices and Ch is 2×1, all with positive elements. Let Ω denote the space of 2×2
matrices and Ω′ ⊂Ω the set of symmetric PSD 2×2 matrices. The correlation-driving process
in (2.3) is such that Q(h)

(k+1)h ∈ Ω′ under the restriction Q̄h ∈ Ω′ and ϑh,γh ≥ 0.4

2.3 A Scaled Discrete-Time cDCC-GARCH

In this section, we present the re-scaled discrete-time cDCC-GARCH which converges weakly
to the data-generating process given by the cDCC-GARCH diffusion of Hafner et al. (2017).
For this, we review such a diffusion limit in the first part of this section as well as the required
convergence rates on the discrete-time cDCC-GARCH parameters. Then we present a re-
writing of the discrete-time cDCC-GARCH based on Remarks 1 and 2, given in this section,
and on the aforementioned convergence rates.

2.3.1 The cDCC-GARCH Diffusion

For (2.2), let the elements in Ch to be denoted by c1,h and c2,h; the elements in Ah by a1,h and
a2,h; and the elements of Bh by b1,h and b2,h. Analogously, for (2.3), let the elements in Q̄h to
be denoted by q̄11,h, q̄12,h, and q̄22,h. Hafner et al. (2017) consider the following convergence
rate for the parameters of the discrete-time cDCC-GARCH:{

c1,h = c1h+o(h)
c2,h = c2h+o(h)

(2.7)

{
a1,h = a1

√
h+o(

√
h)

a2,h = a2
√

h+o(
√

h)
(2.8)

4
The notation with superscript 1/2 in the matrices indicates a decomposition. For instance, Γ

1/2,(h)
kh indicates a decomposition of the correlation matrix Γ

(h)
kh . Likewise, S(h)kh is a

decomposition of what is denoted with S2,(h)
kh .
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{
1−a1,h −b1,h = θ1h+o(h)
1−a2,h −b2,h = θ2h+o(h)

(2.9)


q̄11,h = q̄11,hφh+o(h)
q̄22,h = q̄22,hφh+o(h)
q̄12,h = q̄12,hφh+o(h)

(2.10)

ϑh = ϑ
√

h+o(
√

h) ; 1−ϑh − γh = φh+o(h) (2.11)

Let Zt ≡ (P′
t ,V

′
t ,Q

′
t)
′, where P′

t ≡ (p1,t , p2,t)
′, V ′

t ≡ (v1,t ,v2,t ,q12,t)
′ and Q′

t ≡ (q11,t ,q22,t ,q12,t)
′.

Under the rates (2.7)-(2.11), Hafner et al. (2017) showed that the two-dimensional discrete-
time cDCC-GARCH of Aielli (2013), given in (2.1)-(2.6), converges weakly, as h → 0, to the
cDCC-GARCH diffusion parametrized with c1, c2, a1, a2, θ1, θ2, φ , and ϑ , as given below:

dPt = G (P),1/2(Zt)dWt,(1) (2.12)

dVt = K (V )(Zt)dt +G (V ),1/2(Zt)dWt,(2) (2.13)

dQt = K (Q)(Zt)dt +G (Q),1/2(Zt)dWt,(2) (2.14)

where Wt,(1) is a two-dimensional vector of standard Brownian motions, independent (element-
wise) of the three- dimensional vector of standard Brownian motions Wt,(2). The drifts and
diffusion matrices are as given below, where ρt ≡ q12,t/

√q11,t
√q22,t .

G (P) ≡

(
v1,t 0
0 v2,t

)
ϒ
(1)(ρt)

K (V ) ≡

 c1 −θ1v1,t

c2 −θ2v2,t

φ q̄12 −φq12,t

 ; G (V ) ≡
√

2


a1v1,t 0 0

0 a2v1,t 0

0 0 ϑq12,t

√
1+ρ2

t
2ρ2

t

ϒ
(2)(ρt)

K (Q) ≡

 φ q̄11 −φq11,t

φ q̄22 −φq22,t

φ q̄12 −φq12,t

 ; G (Q) ≡
√

2ϑ


q11,t 0 0

0 q22,t 0

0 0 q12,t

√
1+ρ2

t
2ρ2

t

ϒ
(2)(ρt)
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ϒ
(1)(ρt)≡

(
1 ρt

ρt 1

)
; ϒ

(2)(ρt)≡


1 ρ2

t

√
2ρ2

t
1+ρ2

t

ρ2
t 1

√
2ρ2

t
1+ρ2

t√
2ρ2

t
1+ρ2

t

√
2ρ2

t
1+ρ2

t
1


In the next part of this section we exploit the convergence rates of the two-dimensional
discrete-time cDCC-GARCH parameters towards those of the cDCC-GARCH diffusion, i.e.,
equations (2.7)-(2.11), within what we state as Remark 2.

2.3.2 Re-Visiting the Discrete-Time cDCC-GARCH

We re-write the two dimensional discrete-time cDCC-GARCH based on two remarks. The
first one allow us to regard the model as a system with univariate GARCH(1,1) equations,
while the second one allows us to write the frequency-variant conditional variances and covari-
ances of the discrete-time cDCC-GARCH as the outcome of a system with frequency-variant
returns and frequency-invariant parameters. At the end of this section, we state additionally
Remark 3, as an advance on the need for re-scaling the discrete-time cDCC-GARCH.

Remark 1 . Just as in Hafner et al. (2017), we can re-write the system (2.1)-(2.6). For
this, we exploit the fact that Ah and Bh are diagonal matrices and therefore all of the inter-
actions between the two conditional variances (rows) in (2.2) are given only by the corre-
lation between noises η

(h)
kh . Observe that this is also the case for the conditional variances-

covariances (rows) in (2.3) since ϑh and γh are just parameters. We incorporate the correla-
tions in (2.2) by considering the system of equations {v(h)1,(k+1)h,v

(h)
2,(k+1)h,q

(h)
12,(k+1)h}, together

with {q(h)11,(k+1)h,q
(h)
22,(k+1)h,q

(h)
12,(k+1)h} and {p(h)1,kh, p(h)2,kh}. Furthermore, note that this implies

that we can treat each of the conditional variances-covariances individually (i.e., equation by
equation) since we have already accounted for the correlations.5

Remark 2 . Observe that (2.1)-(2.6) is a frequency-variant system built on frequency-
invariant returns and frequency-variant parameters. That is, note in (2.1) that η

(h)
kh ≡

√
hηkh

and in (2.2)-(2.3) that Ah and ϑh are parametrizing returns ri,kh ≡ (
√

h)−1(p(h)i,kh − p(h)i,(k−1)h)

for assets i = 1,2, i.e., returns which can be seen through (2.1) to be built on the frequency-
invariant ηkh. We can consider a re-writing of this (frequency-variant) system by using frequency-
variant returns and frequency-invariant parameters. This can be achieved by printing the
squared (

√
h)−1 frequency-variation to the parameters, which will render (at the appropriate

5
Note that this structure of the discrete-time cDCC-GARCH rules out volatility spillovers, but that these can be incorporated into our setting by considering a multivariate GARCH-

type process which allows for them, as long as such discrete-time process has a well-stablished diffusion limit. The filtering result itself that we develop here does not hinge on the

assumption of absence of volatility spillovers.
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scaling) frequency-invariant parameters and, at the same time (when removing this frequency
adjustment from the returns), frequency-variant returns r(h)i,kh ≡

√
hri,kh. The outcoming sys-

tem will still be frequency-variant, as in the original discrete-time cDCC-GARCH, but its
frequency-variation will come from the returns and not the parameters.

Due to Remark 2, we consider the system given in Remark 1, but for frequency-variant
returns and with frequency-invariant parameters. For the former system, note the convergence
rates of the parameters given by Hafner et al. (2017), see (2.9)-(2.10). For the latter system,
we also note that, for i = 1,2 we have v(h)i,(k+1)h ≡ Ekh(r

(h)2
i,(k+1)h) and q(h)ii,(k+1)h ≡ Ekh(r

∗(h)2
i,(k+1)h),

with r2
i,(k+1)h ≡ s2

i,khη2
i,kh and r∗2

i,(k+1)h ≡ q2
ii,khη2

i,kh, respectively, and for the correlations we

have q(h)12,(k+1)h ≡ Ekh(r
∗(h)
1,(k+1)hr∗(h)2,(k+1)h), where r∗1,(k+1)hr∗2,(k+1)h =

√q11,kh
√q22,khη1,khη2,kh.

Then we can write6:

{
p(h)1,(k+1)h = p(h)1,kh +

√
hs1,khη1,kh

p(h)2,(k+1)h = p(h)2,kh +
√

hs2,khη2,kh
(2.15)


v(h)1,(k+1)h = c1h+a1h−1/2r(h)21,kh +b1h−1/2v(h)1,kh

v(h)2,(k+1)h = c2h+a2h−1/2r(h)22,kh +b2h−1/2v(h)1,kh

q(h)12,(k+1)h = φhq̄12 +ϑh−1/2r∗(h)1,khr∗(h)2,kh + γh−1/2q(h)12,kh

(2.16)


q(h)11,(k+1)h = φhq̄11 +ϑh−1/2r∗(h)21,kh + γh−1/2q(h)11,kh

q(h)22,(k+1)h = φhq̄22 +ϑh−1/2r∗(h)22,kh + γh−1/2q(h)22,kh

q(h)12,(k+1)h = φhq̄12 +ϑh−1/2r∗1,khr∗2,kh + γh−1/2q(h)12,kh

(2.17)

As in the ARMA re-writing of a univariate GARCH(1,1), for i = 1,2 we define u(h)i,kh ≡ r2,(h)
i,kh −

v(h)i,kh, u∗(h)ii,kh ≡ r∗2(h)
i,kh − q(h)ii,kh, and u∗(h)12,kh ≡ r∗(h)1,khr∗(h)2,kh − q(h)12,kh, such that Ekh(u

(h)
i,(k+1)h) = 0 and

Ekh(u
∗(h)
ii,(k+1)h) = 0 for i = 1,2, and Ekh(u

∗(h)
12,(k+1)h) = 0.

Using these definitions and doing simple algebra, we can re-write (2.16)-(2.17). For each
equation in (2.16)-(2.17), we add and subtract v(h)i,(k+1)h, q(h)ii,(k+1)h, and q(h)12,(k+1)h, correspond-

ingly, on the right-hand side. Then we re-group and use the definitions on u(h)i,kh and u∗(h)ii,kh

for i = 1,2, and u∗(h)12,kh. We also use persistences defined as θi,h ≡ 1− ai,h − bi,h for i = 1,2
and φh ≡ 1−ϑh − γh, and their convergence rates. Finally, we exploit the definition on the
(frequency-variant) returns as linear projections, and (2.16)-(2.17) becomes:

6
Observe that this together with Remark 2 is useful to understanding the writing of the third term on the right-hand side of (2.16)-(2.17). For instance, for the equation v(h)1,(k+1)h , we

observe that a1hh−1 → a1
√

hh−1 , b1hh−1Ekh(r2
1,(k+1)h) = b1hEkh(r

2(h)
1,(k+1)h) and that b1hh−1 → b1

√
hh−1 .
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E(hr2

1,(k+1)h) = E(hr2
1,kh)+ [c̃1 −θ1E(hr2

1,kh)]+a1h−1/2(hu1,kh)

E(hr2
2,(k+1)h) = E(hr2

2,kh)+ [c̃2 −θ2E(hr2
2,kh)]+a2h−1/2(hu2,kh)

E(hr∗1,khr∗2,kh) = E(hr∗1,khr∗2,kh)+ [φ̃12 −φE(hr∗1,khr∗2,kh)]+ϑh−1/2(hu∗12,kh)

(2.18)


E(hr∗2

1,(k+1)h) = E(hr∗2
1,kh)+ [φ̃11 −φE(k−1)h(hr∗2

1,kh)]+ϑh−1/2(hu∗11,kh)

E(hr∗2
2,(k+1)h) = E(hr∗2

2,kh)+ [φ̃22 −φE(k−1)h(hr∗2
2,kh)]+ϑh−1/2(hu∗22,kh)

E(hr∗1,khr∗2,kh) = E(hr∗1,khr∗2,kh)+ [φ̃12 −φE(hr∗1,khr∗2,kh)]+ϑh−1/2(hu∗12,kh)

(2.19)

where we omitted the conditioning set to keep notation reasonable. Re-order each equation
in (2.18)-(2.19) to let them express the time-increments of the conditional expectation of the
squared returns. Observe that we know that the constants c̃1 and c̃2 can be re-written as the
unconditional levels of the process times the persistences. We can see in (2.18)-(2.19) that
the latter converge at rate h, while the slowest term in the process converges at a rate h1/2,
which, in turn, will print the rate for the unconditional level. Therefore, we have c̃1 ≡ c1h3/2

and c̃2 ≡ c2h3/2. For φ̃11, φ̃22 and φ̃12 first note that at the starting point, (2.17) in the cDCC-
GARCH, we had them already written as unconditional levels times persistences, and with the
same arguments we have φ̃11 ≡ φ q̄11h3/2, φ̃22 ≡ φ q̄22h3/2, and φ̃12 ≡ φ q̄12h3/2. This produces:


E(r2(

√
h)

1,(k+1)h) = E(r2(
√

h)
1,kh )+h[c1

√
h −θ1E(r

2(
√

h)
1,kh )]+a1

√
hu1,kh

E(r2(
√

h)
2,(k+1)h) = E(r2(

√
h)

2,kh )+h[c2
√

h −θ2E(r
2(
√

h)
2,kh )]+a2

√
hu2,kh

E(r∗(
√

h)
1,kh r∗(

√
h)

2,kh ) = E(r∗(
√

h)
1,kh r∗(

√
h)

2,kh )+h[φ√hq̄12 −φE(r∗(
√

h)
1,kh r∗(

√
h)

2,kh )]+ϑ√
hu∗12,kh

(2.20)


E(r∗2(

√
h)

1,(k+1)h) = E(r∗2(
√

h)
1,kh )+h[φ√hq̄11 −φE(k−1)h(r

∗2(
√

h)
1,kh )]+ϑ√

hu∗11,kh

E(r∗2(
√

h)
2,(k+1)h) = E(r∗2(

√
h)

2,kh )+h[φ√hq̄22 −φE(k−1)h(r
∗2(

√
h)

2,kh )]+ϑ√
hu∗22,kh

E(r∗(
√

h)
1,kh r∗(

√
h)

2,kh ) = E(r∗(
√

h)
1,kh r∗(

√
h)

2,kh )+h[φ√hq̄12 −φE(r∗(
√

h)
1,kh r∗(

√
h)

2,kh )]+ϑ√
hu∗12,kh

(2.21)

where the subscripts in the parameters and superscripts in the variables indicate the rate at
which we will obtain the cDCC-GARCH diffusion. To keep notation reasonable, we denote

the left-hand side of (2.20) with V(k+1)h ≡ (v1,(k+1)h,v2,(k+1)h,q12,(k+1)h)
′ and use K(V ),(h3/2)

kh ≡

hK(V ),(
√

h)
kh for its drifts and G(V ),(h1/4)

(k+1)h ≡
√

hG(V ),(
√

h)
(k+1)h for its noises, as defined in (2.22) below.

Analogously, we denote the left-hand side of (2.21) with Q(k+1)h ≡ (q11,(k+1)h,q22,(k+1)h,q12,(k+1)h)
′
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and use K(Q),(h3/2)
kh ≡ hK(Q),(

√
h)

kh for its drifts and G(Q),(h1/4)
(k+1)h ≡

√
hG(Q),(

√
h)

(k+1)h for its noises, as in
(2.23) below.

κ
(V ),(h3/2)
1,kh

κ
(V ),(h3/2)
2,kh

κ
(h3/2)
3,kh

≡ h

 c1
√

h −θ1v1,kh

c2
√

h −θ2v2,kh

φ√hq̄12 −φq12,kh

 ;


g(V ),(h1/4)

1,(k+1)h

g(V ),(h1/4)
2,(k+1)h

g(h
1/4)

3,(k+1)h

≡
√

h

 a1u1,kh

a2u2,kh

ϑu∗12,kh

 (2.22)


κ
(Q),(h3/2)
1,kh

κ
(Q),(h3/2)
2,kh

κ
(h3/2)
3,kh

≡ h

 φ√hq̄11 −φq11,kh

φ√hq̄22 −φq22,kh

φ√hq̄12 −φq12,kh

 ;


g(Q),(h1/4)

1,(k+1)h

g(Q),(h1/4)
2,(k+1)h

g(h
1/4)

3,(k+1)h

≡
√

h

 ϑu∗11,khh

ϑu∗22,kh

ϑu∗12,kh

 (2.23)

Remark 3 . For the filtering theory we develop in the next sections, we work with the system
(2.18)-(2.19) in its compact notation, but we keep in mind that it will be the re-scaled discrete-
time process the one to approximate the diffusion when the latter is considered to be the
data-generating process. That is, the system (2.18)-(2.19) with persistences θi for i = 1,2 and
φ re-scaled by h−1, parameters of the noises ai for i = 1,2 and ϑ re-scaled with h−1/2, and
constants ci, φ q̄ii for i = 1,2 and φ q̄12 re-scaled with h−3/2. Observe that these re-scalings
are the ones in the QAML estimator suggested by Fornari and Mele (2006) in equation (19)
of their Theorem 3.1. In Appendix B of Fornari and Mele (2006), they provide an alternative
derivation arguing for the need for re-scaling by h−1/2, and they state the resulting re-scale of
the constant with h−3/2.

In turn, observe that the need for re-scaling by h−1/2 is grounded in the fact that we wrote
the frequency-variant conditional variances and covariances as the outcome of frequency-
variant returns (and frequency-invariant parameters). Once we do such re-scaling, we ob-
tain a system built on “seemingly” frequency-invariant processes (r∗1,khr∗2,kh, u∗12,kh and r2

i,kh,
r∗2

i,kh, ui,kh, u∗ii,kh for i = 1,2) and frequency-invariant parameters (ci, θi, ai for i = 1,2 and
φ , ϑ ). We referr to these as a “seemingly” frequency-invariant processes because once we
take the h factors out of the returns or noises in (2.16)-(2.17), what remains are underly-
ing frequency-variant processes. This is the case when we remove (

√
h)−1 from ri,kh ≡

(
√

h)−1(p(h)i,kh − p(h)i,(k−1)h), as we explained in Remark 2.

In turn, observe that the need for re-scaling by h−1/2 is grounded in the fact that we wrote
the frequency-variant conditional variances and covariances as the outcome of frequency-
variant returns (and frequency-invariant parameters). Once we do such re-scaling, we obtain
a system built on “seemingly” frequency-invariant processes (r∗1,khr∗2,kh, u∗12,kh and r2

i,kh, r∗2
i,kh,
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ui,kh, u∗ii,kh for i = 1,2) and frequency-invariant parameters (ci, θi, ai for i = 1,2 and φ , ϑ ).2.4 The Filtering Problem

First of all, note that to be able to compare the discrete-time cDCC-GARCH and the cDCC-
GARCH diffusion, we need to consider the continuous-time (step-functions) of the former
and the Euler discretization of the latter. Second, note that in order to address the differences
between the discrete-time and diffusion system it is enough to analyze the difference between
the conditional variances-covariances of the noises and their time-increment limits as the latter
shrinks to zero.7 Third, note that we will use the discrete-time process as a filter and then
address the measurement error in two steps.

Once we define this measurement error, we address first its deterministic component, aris-
ing from the difference between the discrete-time cDCC-GARCH as a filter and the population
discrete-time cDCC-GARCH for a given realization. We do this with a Taylor expansion (see
Section 4.1). Then we find the diffusion limit of the measurement error, for which we need
to introduce a re-scaling in the setting. Finally, we obtain the properties of the measurement
error diffusion for a fixed given t with an Itô-Taylor expansion.8

2.4.1 Measurement Error of the Filtered Discrete-Time cDCC-GARCH

We define the (unscaled) measurement errors as the difference between the discrete-time
cDCC-GARCH in (2.15)-(2.17) filtered (denoted with hats α̂) and the Euler discretizations
(denoted with dots α̇) of the cDCC-GARCH diffusion of Hafner et al. (2017) in (2.12)-(2.14).
That is, in a first instance, we define the measurement errors as:

Ξ̆
(V̂ )
t ≡


ĕv1,t ≡ v̂1,t − v̇1,t

ĕv2,t ≡ v̂2,t − v̇2,t

ĕq12,t ≡ q̂12,t − q̇12,t

; Ξ̆
(Q̂),(h)
t ≡


ĕq11,t ≡ q̂11,t − q̇11,t

ĕq22,t ≡ q̂22,t − q̇22,t

ĕq12,t ≡ q̂12,t − q̇12,t

(2.24)

We do simple algebra to re-write the measurement errors in (2.24) as:

Ξ̆
(V̂ )
t+h = Ξ̆

(V̂ )
t +∆V̂t+h −∆V̇t+h ; Ξ̆

(Q̂)
t+h = Ξ̆

(Q̂)
t +∆Q̂t+h −∆Q̇t+h (2.25)

7
We base this observation on two arguments. The first one is that there is no discrepancy between the noises in the log-prices of both systems. It is the appearance of Wt,(2) ,

independent element-wise of Wt,(1) , which makes the discrete-time and diffusion system essentially different. Furthermore, note that the log-prices do not have a drift, which avoids the

need to work with a decomposition of conditionally correlated covariances.
8

As an intuition for the proof note that as h → 0, under the rates in (2.7)-(2.11), we have that hCOVkh(G
( j)
(k+1)h) converges to G ( j)(.) for j = V,Q . This can be seen easily from

(2.22)-(2.23) and computing COVkh(G
( j)
(k+1)h). We refer the reader to Appendix 2.7.1 for the algebra. There we make use of the fact that the constants a1,h , a2,h , ϑh are F(k−1)h-

measurable, that the random variables s1,kh ,s2,kh , v1,kh ,v2,kh , q11,kh , q22,kh , q12,kh and their powers (continuous-time functions) are F(k−1)h-measurable, that E(k−1)h(η
2
i,kh) = 1;

E(k−1)h(ηi,khη j,kh) = ρkh; E(k−1)h(η
2
i,khη2

j,kh) = 1+2ρ2
kh; E(k−1)h(η

3
i,khη j,kh) = 3ρkh; E(k−1)h(η

3
i,khη4

j,kh) = 0, according to the conditional moments of the bivariate normal correlated

distribution, and that ρkh = q12,kh/
√q11,kh

√q22,kh . Finally, observe that this intuition does not constitute a proof in the same sense that the convergence rates in (2.7)-(2.11) are not enough

to claim the cDCC-GARCH diffusion limit.
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where ∆ denotes time-increments of the process up to the time indicated in the subscript9. We
use the definitions of ∆V̂t+h and ∆Q̂t+h, i.e., (2.18)-(2.19), together with the Euler discretiza-
tion of the cDCC-GARCH diffusion, and writting under the compact notation, (2.22)-(2.23),
we have that (2.25) becomes:

Ξ̆
( j)
t+h = Ξ̆

( j)
t +[hK̂( ĵ)

t (.)+h1/2Ĝ( ĵ)
t+h(.)]− [h ˙K

( j)
t (.)+h1/2Ġ

( j)
t+h(.)] ; j =V,Q (2.26)

Observe that hK̂( ĵ)
t (.) ̸= h ˙K

( j)
t (.) and h1/2Ĝ( ĵ)

t+h(.) ̸= h1/2Ġ
1/2,( j)

t+h (.) since both the discrete-
time and diffusion systems are Markovian and the drifts depend on all the underlying variables
in the chain, which have different noises. However, K̂( ĵ)

t (.)− ˙K
( j)

t (.) vanishes faster com-
pared to the slowest rate h1/2. Then, as in Nelson (1996), we drop the term h[K̂( ĵ)

t (.)− ˙K
( j)

t (.)]

in (2.26) and consider the time-increments for the measurement errors:

∆Ξ̆
( j)
t+h = [h1/2Ĝ( ĵ)

t+h(.)−h1/2Ġ
1/2,( j)

t+h (.)] (2.27)

To obtain the deterministic error which arises from using Ĝ( ĵ)
t+h(.) rather than G( j)

t+h(.), we com-
pute a multivariate first-order Taylor expansion of the filtered discrete-time cDCC-GARCH (as
continuous-time step-functions). For this, first note that the expansion of the vector Ĝ( ĵ)

t+h(.)

is the expansion of its elements, which are functions of variables. Then we identify their
arguments and observe that these can be reduced.

This simplification is based in two observations. First, note that we only need to ac-
count for errors in conditional variances and covariances. Second, note that it would be re-
dundant to account for the errors in correlations individually inside each of the elements in
Ĝ( ĵ)

t+h(.), because they are already accounted for in the computation of the error for the entire

system through q12,(k+1)h. That is, originally we have g(V )
i,(k+1)h(pi,(k+1)h,s2

i,kh,vi,(k+1)h,ρkh),

g(Q)
i,(k+1)h(pi,(k+1)h,s2

i,kh,qii,(k+1)h,ρkh), and g3,(k+1)h(p1,(k+1)h, p2,(k+1)h,s1,kh,s2,kh,q12,(k+1)h,ρkh).
The first observation allows us to disregard the variables related to the log-prices, pi,(k+1)h,
si,kh, s1,khs2,kh, and s2

i,kh for i = 1,2. The second observation allows us to disregard ρkh in each
function individually.

After the simplification, the noise functions to be used in the Taylor expansion are:

Ĝ(V̂ )
t+h ≡

 ĝ(V̂ )
1,t+h(v̂1,t+h)

ĝ(V̂ )
2,t+h(v̂2,t+h)

ĝ3,t+h(q̂12,t+h)

 ; Ĝ(Q̂)
(k+1)h ≡

 ĝ(Q̂)
1,t+h(q̂11,t+h)

ĝ(Q̂)
2,t+h(q̂22,t+h)

ĝ3,t+h(q̂12,t+h)

 (2.28)

9
We consider Ξ̆

(V̂ )
t+h ≡ V̂t+h − V̇t+h and subtract V̇t from both sides, add (V̂t − V̂t ) to the right-hand side, re-orde,r and use the definition of Ξ̆

(V̂ )
t to obtain the first equation in (2.25).

Analogously, we consider Ξ̆
(Q̂)
t+h ≡ Q̂t+h − Q̇t+h and subtract Q̇t from both sides, add (Q̂t − Q̂t ) to the right-hand side, re-order, and use the definition of Ξ̆

(Q̂)
t to obtain the second equation

in (2.25).
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Now we compute the Taylor expansions of (2.28). Furthermore, following Nelson (1996), in
these expansions, done for a given realization, we replace Vt+h ≡ (v1,t+h,v2,t+h,q12,t+h)

′ and
Qt ≡ (q11,t+h,q22,t+h,q12,t+h)

′ with V̇t ≡ (v̇1,t , v̇2,t , q̇12,t)
′ and Q̇t ≡ (q̇11,t , q̇22,t , q̇12,t)

′, and use
the definitions in (2.24) to obtain:

Ĝ(V̂ )
t+h =


g(V )

1,t+h + ĕv1,t
∂g(V )

1,t+h
∂ v̂1,t+h

+o1

g(V )
2,t+h + ĕv2,t

∂g(V )
2,t+h

∂ v̂2,t+h
+o2

g3,t+h + ĕq12,t
∂g3,t+h
∂ q̂12,t+h

+o3

 ; Ĝ(Q̂)
t+h =


g(Q)

1,t+h + ĕq11,t
∂g(Q)

1,t+h
∂ q̂11,t+h

+o11

g(Q)
2,t+h + ĕq22,t

∂g(Q)
2,t+h

∂ q̂22,t+h
+o22

g3,t+h + ĕq12,t
∂g3,t+h
∂ q̂12,t+h

+o3

 (2.29)

where o’s denote the higher order terms (h1/2) in each expansion. We group the partial deriva-
tives in vectors D̆(V )

t+h and D̆(Q)
t+h, and we refer to them generically as D̆( j)

t+h, for j =V,Q. Incor-
porating (2.29) into (2.27), we obtain:

∆Ξ̆
( j)
t+h = h1/2D̆( j)

t+hΞ̆
( j)
t+h +h1/2(G( j)

t+h − Ġ
1/2,( j)

t+h ) (2.30)

As Nelson (1996) points out, we cannot consider the moment-matching diffusion which emerges
from (2.30), and a re-scaling is needed. We explain it in the next part of this section.

2.4.2 Diffusion for the Measurement Error

Observe that if we proceed to compute the moment matching diffusion of (2.30), by obtaining
its conditional moments per unit of time h, we have that the second moment will converge,
given that the first moment converges. However, when computing the latter, i.e., when multi-
plying the expectation of the first term in (2.30) by h−1, we will have that the drift diffusion
candidate explodes as h → 0. Then we need to re-scale by h1/2 only the drift in (2.30)10.

Nelson (1996) explains that a re-scaling of the moment-matching diffusion dΞ̆
( j)
t which

emerges from (2.30) such that Ξ
( j)
t ≡ yΞ̆

( j)
t will move the drift and volatility proportionately,

while a re-scaling of the time t such that τ ≡ xt will move the drift and variance propor-
tionately. That is, introducing both re-scalings in the moment-matching diffusion of (2.30)
produces: dΞτ = x−1D̆tyΞ̆tdt + yx−1/2V̆

1/2
t dW

Ξ̆,t . We choose y = h−1/4 and x = h−1/2, just
as Nelson (1996) does, which leaves the drift scaled by h1/2 and the diffusive part unchanged.

10
Intuitively, this can be explained by looking at the drifts in (2.20)-(2.21). Similarly, as when we observed heuristically that under the rates in (2.7)-(2.11), as h → 0, we have that

hCOVkh(G
( j)
(k+1)h) converges to G ( j)(.) for j =V,Q (see footnote 8), we also have that hEkh(K

( j)
(k+1)h) converges to K ( j)(.) for j =V,Q. The problem is that in the derivation of (2.30)

we actually considered hEkh(K
( j),(

√
h)

(k+1)h ), where K( j),(
√

h)
(k+1)h is as in (2.20)-(2.21) and containing parameters which are frequency-variant rather than frequency-invariant. Notation-wise, we

followed Nelson (1996) and did not introduce the superscript (
√

h) in our introduction to the problem. Furthermore, observe that the introduction of such re-scaling will make what was

denoted as K( j),(h3/2)
(k+1)h to be K( j),(h3/4)

(k+1)h instead.
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This re-scaling provides us with a proper measurement error diffusion limit to consider:

dΞτ = D(Ξτ)Ξτdτ +V 1/2(Ξτ)dWΞ,τ (2.31)

where we denote Ξ ≡ (Ξ(V ),Ξ(Q))′, and W(Ξτ ),τ is a three-dimensional vector of independent
standard Brownian motions. Analogously, we denote D(Ξτ) ≡ (D (V )(Ξτ),D (Q)(Ξτ))

′, and
V 1/2(Ξτ)≡ (V 1/2,(V )(Ξτ),V 1/2,(V )(Ξτ))

′, which is a matrix decomposition of V (Ξτ). Note
that the decomposition V 1/2(Ξτ), exists due to (2.33)-(2.34), which allows us to use the full-
rank argument as in Hafner et al. (2017). These drifts in D(Ξτ) and diffusions in V (Ξτ)

are the limits as h → 0 of D(V )

τ+
√

h
(.), D(Q)

τ+
√

h
(.), V(V )

τ+
√

h
(.) and V(Q)

τ+
√

h
(.), defined below in

(2.32)-(2.34) for j =V,Q, and we omit the arguments to keep the notation reasonable.

D( j)
τ+

√
h
(.)≡ E(Ξτ=Ξ)[D̆

( j)
τ+

√
h
(.)]⊙Ξ

( j)
τ+

√
h

(2.32)

V( j),var
τ+

√
h
(.)≡ E(Ξτ=Ξ)[(G

( j)
τ+

√
h
− Ġ

1/2,( j)
τ+

√
h
)(G( j)

τ+
√

h
− Ġ

1/2,( j)
τ+

√
h
)
′
] (2.33)

V( j),cov
τ+

√
h
(.) = E(Ξτ=Ξ)[CD̆( j)

τ+
√

h
⊙CΞ

( j)
τ+

√
h
] (2.34)

where V( j),var
τ+

√
h
(.) denotes the diagonal elements in V( j)

τ+
√

h
(.), while V( j),cov

τ+
√

h
(.) denotes its off-

diagonal elements, and ⊙ denotes the element-wise product.11 Furthermore, note that for
(2.34) we define the cross-errors and cross-drifts, as in (2.35) below, where sig1 ≡ v1 and
sig2 ≡ v2 if j =V and sig1 ≡ q11 and sig2 ≡ q22 if j = Q.

CΞ
( j) ≡

 esig1,τ+
√

hesig2,τ+
√

h

esig1,τ+
√

heq12,τ+
√

h

esig2,τ+
√

heq12,τ+
√

h

 ; CD̆( j)
τ+

√
h
≡



∂g( j)
1,τ+

√
h

∂ ˆsig1,τ+
√

h

∂g( j)
2,τ+

√
h

∂ ˆsig2,τ+
√

h

∂g( j)
1,τ+

√
h

∂ ˆsig1,τ+
√

h

∂g3,τ+
√

h
∂ q̂12,τ+

√
h

∂g( j)
2,τ+

√
h

∂ ˆsig2,τ+
√

h

∂g3,τ+
√

h
∂ q̂12,τ+

√
h

 (2.35)

To claim (2.31) as diffusion limit, we do as Nelson (1996) does and make use of Assumption
1’, stated below, together with Theorem 2.2 of Nelson (1990). Note that Assumption 1’ is
analogous to Assumption 1 of Theorem 2.2 of Nelson (1990), but it is given for the measure-
ment error process at the h1/2 rate, rather than for the discrete-time ARCH-type process at a
rate h.

11
Observe that, due to the change in the time-scale, when moving in τ , the speed is h1/2 since we stablished τ ≡ h−1/2(t − t), so the convergences will be set at a square root rate. For

the computation of (2.33), we use (2.30), and we get lim
h→0

{
E(Zt=Z)[(G

( j)
t+h − Ġ

( j)
t+h)(G

( j)
t+h − Ġ

( j)
t+h)

′
]+2E(Zt=Z)[(G

( j)
t+h − Ġ

( j)
t+h)O(h1/2)]+E[O(h)]

}
. The second term in this expression

will be zero, and, as h → 0, only the first term remains, which defines (2.33).
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Assumption 1’ . Uniformly on every bounded (Ξτ) set, we have that D(Ξτ) and V (Ξτ)

exist and are such that the following uniform convergences hold:

lim
h→0

sup
∥(Ξ,τ)∥≤B̃

∥ h−1/2E(Ξτ=Ξ)[∆Ξ
τ+

√
h]−D(Ξτ)Ξ ∥= 0 (2.36)

lim
h→0

sup
∥(Ξ,τ)∥≤B̃

∥ h−1/2COV(Ξτ=Ξ)[∆Ξ
τ+

√
h]−V (Ξτ) ∥= 0 (2.37)

Furthermore, D(Ξτ) and V (Ξτ) contain well-defined functions in the sense that they are
continuous in τ , and twice differentiable in V̂τ and Q̂τ , and finally, B̃ contains constants. Define
the matrix norm ∥A ∥≡ trace[AA

′
]1/2. Then, for some δ > 0, consider the following moments:

E(Zτ=Z)[∥ h−1/2
∆P

τ+
√

h ∥
2+δ ] ; E(Zτ=Z)[∥ h−1/2

∆ j
τ+

√
h ∥

2+δ ] ; j =V,Q (2.38)

E(Zτ=Z)[∥ h−1/2
∆Ĝ( j)

τ+
√

h
∥2+δ ] ; j =V,Q (2.39)

which we assume to be uniformly bounded, as h → 0, on every bounded set (Zτ).

Now, we can use (2.31) to unravel the behaviour of the measurement error at a fixed given
t. For this, we compute the Itô-Taylor expansion of (2.31) around t. Based on Itô’s Lemma and
straigthforward calculations (see Appendix) we obtain, just as Nelson (1996) does, a diffusion
with a constant drift and a constant diffusion matrix, given by:

dΞτ = D(Ξt)dτ +V 1/2(Ξt)dWΞτ ,τ (2.40)

Then, as Nelson (1996) does, we recognize (2.40) as a vector of Ornstein-Ulhenbeck pro-
cesses, the continous-time version of a Gaussian VAR(1), which has properties well studied
in the literature. Among these properties, we know that it has a unique weak-sense solution,
which will be crucial for our derivations in the next section on the consistency of the filter.
Before presenting those results, we give below Remark 4, which summarizes the findings of
this section on the appropriate scaling.

Remark 4 . The re-scaling of time which we introduced, τ ≡ h−1/2(t − t), is equivalent
to halving the original time-increments h. This can be seen by re-writing our new-time scale
more explicitly as τ ≡ h−1/2

t h1
t = h1/2

t , where we denoted the original time-increments h with
a subscript t for the sake of clarity. This, in turn, gives meaning to the subscripts used in the
parameters in (2.20)-(2.20). Note that in those equations ci

√
h ≡ ci

√
h, φ√h ≡ φ

√
h , ai

√
h ≡

ai(
√

h)1/2, and ϑ√
h ≡ ϑ(

√
h)1/2 for i = 1,2. Finally, observe that as Nelson and Foster (1994)

point out, to consider τ = h1/2
t is equivalent to setting δ̃ = 1/2 in Theorem 1 presented in the
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next section.12

2.5 Consistency of the Discrete-Time cDCC-GARCH Filter

Just as in Nelson (1996), the cDCC-GARCH filter consistency result is an application of
Theorem 1, which we state in the first part of this section. In turn, the conditional moments
required by Theorem 1 are truncated, so only the local properties of the process enter into
the problem. This allows us to exploit a result given in Nelson (1996), dubb Lemma 1 here,
which we state along with Theorem 1. The second part of this section is devoted to the cDCC-
GARCH filter consistency result, which we state as Theorem 2, along with a comment on its
relationship to the univariate GARCH(1,1) filter results of Nelson and Foster (1994).

2.5.1 Required Theoretical Results

Theorem 1, given below, ensures that at a scale h1/2, there is a discrete-time cDCC-GARCH
such that its continuous-time step-functions converge to its data-generating process -the cDCC-
GARCH diffusion of Hafner et al. (2017)- as well as a discrete-time measurement error such
that its continuous-time step-functions converge to its assumed measurement error diffusion
as in (2.40). This allows us to claim that starting from a system with the diffusion limit for
the cDCC-GARCH as the data-generating process and for the measurement error, we have
that our discrete-time processes are well-defined in the sense that they converge weakly to that
assumed diffusion limit.

Theorem 1 , Nelson (1996)13: Let there be a unique weak-sense solution to the n× 1
stochastic integral equation given by:

Xt = X0 +
∫ t

0
Ψ(Xs)ds+

∫ t

0
Φ

1/2(Xs)dWs (2.41)

where {Wt} is an n× 1 standard Brownian motion independent of X0, and Ψ(X , t) ∈ Rn and

12
Furthermore, observe for instance for the components of the drifts that these definitions together with the convergence rates of Hafner et al. (2017) give us h1/2ci

√
h ∼ cih for

i = 1,2 and h1/2φ√h ∼ φh . This is another heuristic approach to visualizing the need for re-scaling with h1/2 , in order to obtain hcih and hφh . It also illustrates the superscript h3/2 in the

K’s in (2.22)-(2.23), which after the re-scaling of the drift by h1/2 will become a superscript h3/4 .

13
This is Lemma A.3 of Nelson (1996) or Nelson (1994). It is based on Chapter 7, Corollary 4.2 of Ethier and Kurtz (1986). For this, define D([0,∞),Rn) as the space of mappings

from [0,∞) into Rn with finite left limits and right-continuous, and let B(Rn) be the Borel sets on Rn . Note that D([0,∞),Rn) is a metric space if endowed with the Skorohod metric.

Observe that in the statement the starting point is the diffusion, unlike in the statement of Theorem 1 in Hafner et al. (2017), that is, the application of Theorem 2.2 of Nelson (1990) to the

cDCC-GARCH setting. Meaning that for instance, in verifying (2.45)-(2.46) in our Theorem 1 below, we verify the behaviour of the second terms of those equations rather the behaviour

of the first terms, as Nelson (1990) and Hafner et al. (2017) do.
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Φ1/2(X , t) ∈ Rn×n are continuous. Consider, for each h > 0, a discrete-time n× 1 Markov
process {X (h)

kh }, let I be the indicator function, and define for each δ̃ > 0, each h > 0, and each
integer k ≥ 0:

Ψ
δ̃ ,h(X)≡ h−δ̃E[∆X (h)

(k+1)hI∥∆X (h)
(k+1)h∥<1

| X (h)
kh = X ] (2.42)

Φ
δ̃ ,h(X)≡ h−δ̃COV[∆X (h)

(k+1)hI∥∆X (h)
(k+1)h∥<1

| X (h)
kh = X ] (2.43)

ϒ
δ̃ ,h(X)≡ h−δ̃P[∥ ∆X (h)

(k+1)h ∥> ε | X (h)
kh = X ] (2.44)

Assumption 1: Let, for some δ̃ > 0, the following uniform convergences hold on every
bounded X set, as h → 0,

lim
h→0

sup
∥X∥≤R

∥ Ψ
δ̃ ,h(X)−Ψ(X) ∥= 0 ; lim

h→0
sup

∥X∥≤R
∥ Φ

δ̃ ,h(X)−Φ(X) ∥= 0 (2.45)

lim
h→0

sup
∥X∥≤R

∥ ϒ
δ̃ ,h(X) ∥= 0 (2.46)

Assumption 2: X0 is random with distribution function F . Also, X (h)
0 is random with cumula-

tive distribution function F(h) and F(h)(X)⇒ F(X) as h → 0.
For each h > 0, k ≡

⌊
t.h−δ̃

⌋
, define a continuous-time process {X (h)

t } ≡ {X (h)
kh } for each t ≥ 0.

Then, under Assumptions 1-2 for any t, 0< t <∞ we have that {X (h)
t } d⇒{Xt} as h→ 0, where

(2.41) defines {Xt}.

As Nelson (1996) points out, the conditional moments in Theorem 1 are truncated, so
only the local properties of {X (h)

kh } enter into the problem, and the required convergences in
Assumption 1 are uniform on compact subsets of Rn and not on all sets of Rn. Because of
this, for the proof of Theorem 1 or an application of it (as it interests us) given for a diffusion
{Xt}, it will be enough to show that its statement holds for a truncated diffusion {XN,t}, which
we define next in Lemma 1, for all N > 0.

Lemma 1 , Nelson (1996)14: For every h, 0 < h < 1, let there be a unique weak-sense
solution to:

Xt = X0 +
∫ t

0
Ψ(Xs)ds+

∫ t

0
Φ

1/2(Xs)dWs (2.47)

where {Wt} is an n× 1 standard Brownian motion independent of Y0, and Ψ(X , t) ∈ Rn and
Φ1/2(X , t) ∈ Rn×n are continuous. Following Stroock and Varadhan (1997), Theorem 10.1.1,
for each N > 0 and each h, 0 < h < 1, let XN,t satisfy the unique weak-sense stochastic integral

14
This is Lemma A.4 of Nelson (1996) or Nelson (1994).
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equation:

XN,t = XN,0 +
∫ t

0
ΨN(XN,s)ds+

∫ t

0
Φ

1/2
N (XN,s)dWs (2.48)

where ΨN(XN,s) and Φ
1/2
N (XN,s) are bounded and continuous with ΨN(XN,s) = Ψ(h) and

Φ
1/2
N (XN,s) = Φ1/2(h) on the set {X :∥ X ∥≤ N}. Then we have:

E[∥ XN,t+h −XN,t ∥2l| XN,t ]≤ Ml(X ,N)hl a.s. (2.49)

That is, for every integer l ≥ 1, there is a continuous function Ml(X ,N) and an h∗ > 0 such
that ∀h, 0 < h < h∗, we have that (2.49) above holds.

2.5.2 Consistency of the Filter

Below we state the filter consistency result for the cDCC-GARCH case, i.e., Theorem 2,
together with its proof. The structure of the proof in Nelson (1996) for the case of multivariate
ARCH-type filters is as follows: a statement with the argument we provided above for the use
of Lemma 1; the observation that the conditional discrete-time moments of the statement in
Theorem 1 are the same whether we consider (2.41) or (2.47); and the expression we gave in
(2.30) for the time increments of the expanded measurement error -and as Nelson (1996), we
argued for this expression before the proof and we presented Assumption 1’, as an introduction
in Section 2.4; together with its resulting Itô-Taylor expansion. We follow this structure but,
unlike Nelson (1996), we place the final argument for consistency here in the proof and not
right after equation (2.40), i.e., the diffusion for the measurement error.

Theorem 2 : Let the DGP be the two-dimensional diffusion of Hafner et al. (2017) in
(2.12)-(2.14) and let {Ṗt ,V̇t , Q̇t} be the Euler discretization of this process. Consider {Zt} ≡
{Pt ,Vt ,Qt , Ξ̆t}, where {Ξ̆t} is the moment-matching diffusion limit of (2.30). Assume that
{Z0} and {Z(h)

0 } are random with distribution functions F(.) and F(h)(.), respectively, such

that F(h)(.)⇒ F(.) as h → 0. Suppose that Assumption 1’ holds. Then we have that Ξt
P→ 0

for a fixed given t, where “ P→” denotes convergence in probability.
Proof : Since the conditional moments in Theorem 1 are truncated and the required con-

vergences in Assumption 1 are uniform on compact subsets of Rn, we can use Lemma 1. That
is, we take (2.48) for {XN,t} ≡ {ZN,t} ≡ {PN,t ,VN,t ,QN,t} instead of (2.41) for {Xt} ≡ {Zt} ≡
{Pt ,Vt ,Qt}, where {Xt} is the diffusion of Lemma 1. Multiplying by h−1/2 in equation (2.49)
taken for l = 1, we can see easily that {PN,t ,VN,t ,QN,t} meets (2.42) and (2.43) of Assumption
1 with δ̃ = 1/2. Then the drift and diffusion matrix of {PN,t ,VN,t ,QN,t} are well-defined, in
the sense that up to second-order conditional moments exist for sure and they are of order h1/2.

Then we note, as in Nelson (1996), that the conditional moments in Theorem 1 are trun-
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cated and so only the local properties of {Z(h)
kh } enter into the problem. So, if we take

{X (h)
kh } ≡ {Z(h)

kh } ≡ {P(h)
kh ,V (h)

kh ,Q(h)
kh }, where {Xt} is the diffusion of Lemma 1, the condi-

tional moments in (2.42)-(2.44) are the same as if we would have defined {X (h)
N,kh} ≡ {Z(h)

kh } ≡
{P(h)

kh ,V (h)
kh ,Q(h)

kh }, where {XN,t} is the diffusion of Lemma 1. Then we have that the discrete-
time conditional moments within our setting of Lemma 1, are the ones given in Hafner et al.
(2017), only re-scaled to be taken at a time-frequency h−1/2.15

With this observation, to verify (2.44), we use the Markov inequality on (2.49) taken for
l = 1 and multiplied by h−1/2. To verify (2.45), we recall that the drift and diffusion matrix
of {PN,t ,VN,t ,QN,t} are well-defined (as we argued above) and the first two discrete-time con-
ditional moments are the ones given in Hafner et al. (2017), but taken at h−1/2, so they verify
(2.45) trivially under δ̃ = 1/2. This concludes the verification of Assumption 1 of Theorem 1
under δ̃ = 1/2 for {Pt ,Vt ,Qt}, and we refer to this limit as {Pτ ,Vτ ,Qτ}.

Under Assumption 1’, and if the remainder of the Itô-Taylor expansion of the measurement
error (2.31) is well-behaved (see Appendix 2.7.2 for this expansion), we have that {Ξ̆t} also
verifies Assumption 1 of Theorem 1 under δ̃ = 1/2, and we refer to this limit as {Ξτ}. With
these arguments, we have that the diffusion limit {Pτ ,Vτ ,Qτ ,Ξτ} is such that the discrete-time
cDCC-GARCH as in (2.20)-(2.21) at a speed h1/2 and the discrete-time measurement error
given by (2.30), also at a speed h1/2, converges weakly to {Pτ ,Vτ ,Qτ ,Ξτ}.

Now, as in Nelson (1996), we proceed to compute the conditional expectations of Assump-
tion 1’ under our selected discrete-time cDCC-GARCH filter, which, in turn, we use together
with the results above to conclude on the consistency of the filter. Note that we can compute
the moments in Assumption 1’ for the discrete-time cDCC-GARCH because the drifts, i.e., the
K(.)’s, dropped out of the error, see (2.26)-(2.27), and we can regard the discrete-time filtered
processes involved in D(V )

τ+
√

h
(.), D(Q)

τ+
√

h
(.), V(V )

τ+
√

h
(.) and V(Q)

τ+
√

h
(.), defined in (2.32)-(2.34),

as discrete-time population processes.
We now have that the measurement error diffusion for the cDCC-GARCH is given by

Dcdcc ≡ (D
(V )
cdcc,D

(Q)
cdcc)

′
, Vcdcc ≡ (V

(V )
cdcc,V

(Q)
cdcc)

′
, which, in turn, are split in diagonals and off-

diagonal elements, V
( j),var

cdcc and V
( j),cov

cdcc , respectively, set as:

D
( j)
cdcc(.) = Λ

D ,( j)⊙Ξ
( j)
t (2.50)

V
( j),var

cdcc (.) = Λ
Vvar,( j)⊙Σ

( j)
t ; V

( j),cov
cdcc (.) = Λ

Vcov,( j)⊙CΞ
( j)
t (2.51)

where for j = V , we have ΛD ,(V ) ≡ (−a1,−a2,−ϑ)′, Σ
(V )
t ≡ (v2

1,t ,v
2
2,t ,q

2
12,t)

′, ΛVvar,(V ) ≡

15
As a side note, observe that what changes are the underlying convergence rates for the discrete-time parameters (see Remarks3 and 4), as we already mentioned in advance in the

previous sections.
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(4a2
1,4a2

2,2ϑ 2(1+ρ2
t /ρ2

t ))
′, CΞ

(V )
t is as defined in (2.34), and ΛVcov,(V ) ≡ (a1a2,a1ϑ ,a2/ρt)

′.

For j =Q, we have ΛD ,(Q)≡ (−φ ,−φ ,−ϑ)′, Σ
(Q)
t ≡ (q2

11,t ,q
2
22,t ,q

2
12,t)

′, ΛVvar,(Q)≡ (4ϑ 2,4ϑ 2,

2ϑ 2(1+ρ2
t /ρ2

t ))
′, CΞ

(Q)
t is as defined in (2.35), and ΛVcov,(Q)≡ (φ 2,φϑ ,φϑ)′. For these com-

putations, we made use of Remark 1. In addition, we exploited the fact that the conditional
expectation of the product in (2.33) can be written as the product of conditional expectations
because Wt,(2) is a vector of independent standard Brownian motions.

Since (2.40) is a vector of Ornstein-Uhlenbeck (OU) processes, using elementary prop-
erties of this type of process, we have that the conditional asymptotic distribution for each
fixed point in time τ > 0 converges in law to a normal distribution (as h1/2 → 0) with drift
exp(Dt(.)τ)Ξt . Note that given a1, a2, ϑ and φ are all positive parameters, through (2.50)
we have that the conditional mean of the error is zero asymptotically as τ → ∞, and we claim
consistency of our filter. �

Observe that these results for D
( j)
cdcc(.) and V

( j),var
cdcc (.) are in line with the GARCH(1,1)

univariate filtering results of Nelson and Foster (1994). For a discrete-time GARCH(1,1), in
which αh parametrizes the squared returns and σ

2(h)
(k+1)h denotes the conditional variance, they

obtain that the drift of the measurement error is given by −α multiplied by the error at the fixed
given point in time t and that the diffusion of the measurement error equals 4α2 multiplied by
the conditional variance at such a fixed given point in time t. This result can be found in the
proof of Theorem 4.3 of Nelson and Foster (1994), p.37.

The generalization of the univariate filtering results of Nelson and Foster (1994) to the
multivariate case analyzed in Nelson (1996) consists on the verification of the conditional
moments of Assumption 1 in Theorem 1 for a multivariate, rather than a univariate, process
(as Hafner et al. (2017) did when using Theorem 2.2 of Nelson (1990) to derive the cDCC-
GARCH diffusion) and on the computation of the measurement error diffusion, again, for a
multivariate, rather than univariate process, together with the verification that its conditional
asymptotic mean error vanishes. For the latter, observe that the algebra simplified greatly
in our case due to the possibility of writing the discrete-time cDCC-GARCH as univariate
correlated processes (see Remark 1 in Section 2.3.2).

2.6 Conclusions

This article contributed to the cDCC-GARCH diffusion limit result of Hafner et al. (2017) by
providing an analytical expression for its approximating discrete-time process, one which is
not available yet, as Hafner et al. (2017) point out. It also contributed with the derivation of
the conditional asymptotic measurement error distribution between such discrete-time filtered
process and the cDCC-GARCH diffusion and showing that its mean is zero for a fixed given
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point in time. A well-behaved error was expected in light of the weak convergence result in
Hafner et al. (2017) and the general theory on filtering with multivariate discrete-time ARCH-
type processes of Nelson (1996), even though the expression for such an error was not yet
available for the cDCC-GARCH.

We find that the drift of the measurement error between the volatilties of the filtered
discrete-time process and the diffusion limit depends on the parameters of the innovation
terms in the cDCC-GARCH (i.e., on a1, a2, and ϑ ), just as Nelson and Foster (1994) finds for
the univariate GARCH(1,1) and Nelson (1996) find for multivariate discrete-time ARCH-type
processes, whose error drift also depends on the parameters of the innovation terms. In ad-
dition, the re-scaling we introduced in the discrete-time cDCC-GARCH, which stablishes the
approximating or underlying process for the cDCC-GARCH diffusion, is the same re-scaling
introduced by Fornari and Mele (2006) in their QAML parameter estimators definition from
the QML parameter estimation of the discrete-time model, as we pointed out in Remark 3.

Hafner et al. (2017) performed QML parameter estimation of the discrete-time cDCC-
GARCH and used the convergence rates assumed for the cDCC-GARCH diffusion to draw
inference on the parameters of the latter. They found that the estimators of the parameters of
the innovation terms, a1, a2, and ϑ , are not consistent. We leave for future research to in-
vestigate if using instead re-scaled (as in Remark 3) convergence rates of the cDCC-GARCH
diffusion and bias-correcting the cDCC-GARCH filter estimator can provide consistent esti-
mators of a1, a2, and ϑ . This means estimating a bias-corrected re-scaled filtered discrete-time
cDCC-GARCH, i.e., the discrete-time approximating process, instead of the discrete-time
cDCC-GARCH.

A second line of future research consists of studying the possibility of turning the measure-
ment error in volatilities into what Fornari and Mele (2006) dubb the “approximation error”
in parameters, which is an error they acknowledge in their QAML method of estimation. That
is, we suggest that it can be useful to exploit our result on the drift of the measurement error
in volatilities (which we showed depends on a1, a2, and ϑ ) and turn it directly into an approx-
imation error in parameters a1, a2, and ϑ . This could be an alternative to the approximation
bias correction of the quasi-indirect inference method of Broze et al. (1998), implemented by
Fornari and Mele (2006). It can also provide an insight into the inconsistent estimation of a1,
a2, and ϑ found by Hafner et al. (2017).

As mentioned by Hafner et al. (2017), several studies have implemented QAML arguing
that the approximation bias in parameters disappears as the frequency increases. See, for
instance, Engle and Lee (1996), Broze et al. (1998), Lewis (2000), Barone-Adesi et al. (2005),
and Stentoft (2011), and also Hafner and Rombouts (2007) for the estimation of temporally
aggregated multivariate GARCH. A formal argument for this result can be explored using
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the theory we developed, which shows that the bias between volatilities disappears as the
frequency increases, in order to establish the connection between the measurement error in
volatilities and the approximation error in parameters.

Then a comparison with other available methods to infer the parameters of a diffusion
can be carried on. For instance, as a benchmark one could consider the simulated based
method of moments of Duffie and Singleton (1993), the quasi-indirect inference method of
Broze et al. (1998), or the Bayesian Markov Chain Monte Carlo of Jones (2003). The appeal
of our approach lies in the rather simple tractability of a discrete-time model in terms of its
estimation and the possibility of removing the error in the parameters. As we mentioned,
estimating consistently all of the parameters of the diffusion can be of much importance in
simplifying option pricing exercises. A comparison between these estimation methods within
such an exercise is left for future research.

Finally, it can be worthwhile to study if it is possible to ground formally the sum of high-
frequency conditional variances or covariances of the estimated filtered cDCC-GARCH over
a fixed time interval as a consistent estimator of the integrated covariance of a continuous-
time Itô semi-martingale or at least of a particular diffusion, i.e., the cDCC-GARCH diffu-
sion, in the absence of market microstructure noise. The results available on either ARCH-
type diffusions or ARCH-type filters establish weak convergence between spot quantities and
high-frequency conditional quantities, so we cannot straightforwardly claim consistency of
the summed estimator using the Dominated Convergence Theorem. However, we explored
heuristically this estimator (see Appendix 2.7.3) and found it to perform as well as the real-
ized covariance estimator of Barndorff-Nielsen and Shephard (2004). One attractive feature
of this alternative approach to estimating the integrated covariance lies in the larger amount of
information which can be exploited in a parametric framework.

2.7 Appendix

2.7.1 Appendix B.1: Noise of Discrete-Time cDCC-GARCH

Consider the re-writing of the cDCC-GARCH that we did from (2.2)-(2.3) to (2.18)-(2.19) but keep
the model written in terms of frequency-invariant returns and frequency-variant parameters, as it was
originally stated. Then we have that the factor scaling the noises in (2.22)-(2.23) is h, instead of

√
h.

Leaving out such frequency h, we compute the conditional variance-covariance matrix of those noises.

Using that ai,h for i = 1,2 are constants, and so they are F(k−1)h-measurable, and the fact that
E(k−1)h(ui,kh) = 0, we obtain for the first two diagonal elements of such matrix:

V(k−1)h(g
(V )
i,kh)≡ V(k−1)h(ai,hui,kh) = E(k−1)h[(ai,hui,kh)

2] = a2
i,hE(k−1)h[(ui,kh)

2] ; i = 1,2 (2.52)
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Then apply the definition of ui,kh and of r2
i,kh to obtain that:

V(k−1)h(g
(V )
i,kh)≡ a2

i,hE(k−1)h[(s
2
i,khη

2
i,kh − vi,kh)

2] ; i = 1,2 (2.53)

Using the definition of ui,kh, the linearity of expectations, and that s2
i,kh and s4

i,kh are F(k−1)h-measurable
because so is si,kh (and the powers are continuous-time functions), we get for i = 1,2:

V(k−1)h(g
(V )
i,kh) = a2

i,h[s
4
i,khE(k−1)h(η

4
i,kh)−2s2

i,khE(k−1)h(η
2
i,khvi,kh)+E(k−1)h(v

2
i,kh)] (2.54)

Taking the definition of vi,kh as linear projections of squared returns, keeping in mind the F(k−1)h-
measurability of s2

i,kh, and the fact that E(k−1)h(η
2
i,kh) = 1, to obtain that vi,kh = s2

i,kh, and for i = 1,2:

V(k−1)h(g
(V )
i,kh) = a2

i,h[v
2
i,khE(k−1)h(η

4
i,kh)−2v2

i,khE(k−1)h(η
2
i,kh)+ v2

i,kh] (2.55)

where we have also used that vi,kh is F(k−1)h-measurable. Exploiting now that ηi,kh ∼ N(0,1), we also
have that E(k−1)h(η

4
i,kh) = 3 and we get for i = 1,2:

V(k−1)h(g
(V )
i,kh) = a2

i,h[3v2
i,kh −2v2

i,kh + v2
i,kh] = 2a2

i,hv2
i,kh (2.56)

Using the same arguments, we can work out g(Q)
i,kh for i = 1,2, which are analogous to g(V )

i,kh and obtain:

V(k−1)h(g
(Q)
i,kh) = 2ϑ

2
h q2

ii,kh (2.57)

To compute g3,kh, we proceed as above but consider standard results for the bivariate normal distribution
when computing the cross-moments of the innovations. We use the definition of u*

12,kh and r∗1,khr∗2,kh ,
as well as standard measurability arguments, and do simple algebra, to get that V(k−1)h(g3,kh) equals:

ϑ
2
h h2[q11,khq22,khE(k−1)h(η

2
1,khη

2
2,kh)−2

√
q11,kh

√
q22,khE(k−1)h(η1,khη2,kh)q12,kh +q2

12,kh] (2.58)

Assuming that q2
12,kh ̸= 0, we divide the above equation by q2

12,kh, and use the definition of ρkh, together
with the fact that E(k−1)h(η

2
1,khη2

2,kh) = (1+2ρ2
kh), and E(k−1)h(η1,khη2,kh) = ρkh, to obtain:

V(k−1)h(g3,kh) = ϑ
2
h q2

12,kh[
1

ρ2
kh
(1+2ρ

2
kh)−2+1] = ϑ

2
h q2

12,kh
1+ρ2

kh

ρ2
kh

(2.59)

Now we compute the covariances. We use standard arguments and simple algebra, and the fact that
E(k−1)h(η

3
i,khη j,kh)= 3ρkh, and E(k−1)h(η

3
i,khη4

j,kh)= 0, relying again on standard results for the bivariate
normal distribution. Then we obtain the following results for the covariances:

COV(k−1)h(g
(V )
1,kh,g

(V )
2,kh) = a1,ha2,hv1,khv2,kh(2ρ

2
kh) (2.60)
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COV(k−1)h(g
(V )
1,kh,g3,kh) = 2a1,hϑhq12,khv1,kh (2.61)

COV(k−1)h(g
(V )
2,kh,g3,kh) = 2a2,hϑhq12,khv2,kh (2.62)

COV(k−1)h(g
(Q)
1,kh,g

(Q)
2,kh) = ϑ

2
h q11,khq22,kh(2ρ

2
kh) (2.63)

COV(k−1)h(g
(Q)
1,kh,g3,kh) = 2ϑ

2
h q11,khq12,kh (2.64)

COV(k−1)h(g
(Q)
2,kh,g3,kh) = 2ϑ

2
h q22,khq12,kh (2.65)

Observe that if the frequency h had not been left out of the computations, we would have obtained
all the above results scaled by h2. Furthermore, note that if we scale all the above results by h, using
the convergence rates of Hafner et al. (2017), given in (2.7)-(2.11), we have that the covariances of
the noises computed above “match” the spot covariance matrix of the cDCC-GARCH diffusion of
Hafner et al. (2017), that is, G (V ) and G (Q). Equivalently, to achieve this, we could have computed the
conditional variances-covariances of the noises at a frequency

√
h. This is an heuristic argument for the

re-scale. More importantly, the conditional variances and covariances computed above explain (2.51),
i.e., the diffusion coefficient matrix for the measurement error diffusion limit of the cDCC-GARCH.

2.7.2 Appendix B.2: Itô-Taylor Expansion

Itô-Taylor Expansion: Following Nelson (1996), we are interested in a first-order expansion and we
consider Itô’s Lemma for (2.31)16:

d f [Ξ(τ)] =
{

D
∂

∂Ξ
f [Ξ(τ)]+

1
2
V [Ξ(τ)]

∂ 2

∂Ξ2 f [Ξ(τ)]
}

dτ +V 1/2[Ξ(τ)]
∂

∂Ξ
f [Ξ(τ)]dW(Ξτ ),τ (2.66)

To re-write (2.66), we define L 0 = D ∂

∂Ξ
+ 1

2V [Ξ] ∂ 2

∂Ξ2 and L 1 = V 1/2[ lim√
h→0

E()Ξ] ∂

∂Ξ
and we get that

(2.66) becomes (2.67), or analogously (2.68).

d f [Ξ(τ)] = L 0 f [Ξ(τ)]dτ +L 1 f [Ξ(τ)]dW(Ξτ ),τ (2.67)

f [Ξ(τ)] = f [Ξ(t)]+
∫

τ

t
L 0 f [Ξ(s)]ds+

∫
τ

t
L 1 f [Ξ(s)]dW(Ξs),s (2.68)

16
Observe that both the drift and diffusion matrices of the measurement error, i.e., (2.33)-(2.33), depend on all the variables of the cDCC-GARCH system through the errors, and in

turn, they depend on time only through the errors, which simplifies the expansion.
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Choosing f (Ξ) = Ξ, we have that (2.68) becomes (2.69), while choosing f (Ξ) = D(Ξ) we have that
(2.68) becomes (2.70), and choosing f (Ξ) = V 1/2(Ξ) we have that (2.68) becomes (2.71), all results
stated below.

Ξ(τ) = Ξ(t)+
∫

τ

t
D [Ξ(s)]ds+

∫
τ

t
V 1/2[Ξ(s)]dW(Ξs),s (2.69)

D [Ξ(τ)] = D [Ξ(t)]+
∫

τ

t
L 0D [Ξ(s)]ds+

∫
τ

t
L 1D [Ξ(s)]dW(Ξs),s (2.70)

V 1/2[Ξ(τ)] = V 1/2[Ξ(t)]+
∫

τ

t
L 0V 1/2[Ξ(s)]ds+

∫
τ

t
L 1V 1/2[Ξ(s)]dW(Ξs),s (2.71)

Substituting (2.70) and (2.71) into (2.69) we obtain:

Ξ(τ) = Ξ(t)+
∫

τ

t

{
D [Ξ(t)]+

∫ s1
t L 0D [Ξ(s2)]ds2 +

∫ s1
t L 1D [Ξ(s2)]dW(Ξs2 ),s2

}
ds1........................

+
∫

τ

t

{
V 1/2[Ξ(t)]+

∫ s1
t L 0V 1/2[Ξ(s2)]ds2 +

∫ s1
t L 1V 1/2[Ξ(s2)]dW(Ξs2 ),s2

}
dW(Ξs1 ),s1

(2.72)
Re-grouping terms in (2.72) and defining the remainder R(Ξ) we have that (2.72) becomes:

Ξ(τ) = Ξ(t)+D [Ξ(t)]
∫

τ

t
ds1 +V 1/2[Ξ(t)]

∫
τ

t
dW(Ξs1 ),s1 +R(Ξ) (2.73)

where the remainder terms, R(Ξ), the double integrals are given by:

R(Ξ) ≡
∫

τ

t
∫ s1

t L 0D [Ξ(s2)]ds2ds1 +
∫

τ

t
∫ s1

t L 1D [Ξ(s2)]dW(Ξs2 ),s2ds1.......................................

+
∫

τ

t
∫ s1

t L 0V 1/2[Ξ(s2)]ds2dW(Ξs1 ),s1 +
∫

τ

t
∫ s1

t L 1V 1/2[Ξ(s2)]dW(Ξs2 ),s2dW(Ξs1 ),s1

(2.74)
Omitting the remainder R(Ξ) in (2.73), the Itô-Taylor expansion of (2.31) gives (2.40). �

2.7.3 Appendix B.3: Summed cDCC-GARCH

We take the parameter estimates of Hafner et al. (2017) for 1000 periods (see their Table 1), i.e., we
can think of 1000 days, and use them to retrieve the conditional variances and covariances of the
discrete-time cDCC-GARCH. We consider different aggregation frequencies per period to sample. We
take m = {50,100,200,400,800,2000}, corresponding to 50, 100, 200, 400, 800, 2000 observations
per period (i.e., per day). For these frequencies we estimate discrete-time cDCC-GARCH variances
and covariances over 1-day and over 3-days. We consider 3-days to have more observations and gain
accuracy to pintpoint down the parameters. We sum those variances and covariances over one day (i.e.,
for our 3-day sample estimation we later take sums only over the variances and covariances of the last
day), and compare them with the daily realized covariance of Barndorff-Nielsen and Shephard (2004).
We present the results below in Table 2.1.
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200

v1 Bias*100 RMSE

m RV cDCC 1-Day cDCC 3-Day RV cDCC 1-Day cDCC 3-Day

50 -0,4972 -1,3019 -1,1566 22,0064 12,3170 12,8497

100 -0,2663 -0,7146 -0,5719 15,3117 9,5213 9,6954

200 -0,2646 -0,5253 -0,4039 11,0110 7,8084 7,7126

400 -0,0085 -0,1636 -0,0647 7,6293 6,0585 5,9353

800 0,0679 -0,0373 0,0445 5,3162 4,6996 4,6140

2000 -0,0444 -0,0943 -0,0545 3,3424 3,3795 3,3578

v12 Bias*100 RMSE

m RV cDCC 1-Day cDCC 3-Day RV cDCC 1-Day cDCC 3-Day

50 -0,9312 -1,7574 -1,5359 25,0522 15,3738 15,8354

100 -0,5253 -1,0145 -0,7896 17,2908 11,8037 11,7373

200 -0,3579 -0,6578 -0,4651 12,4128 9,4442 9,2347

400 -0,1205 -0,2888 -0,1642 8,5898 7,4215 7,3373

800 -0,0166 -0,1255 -0,0325 6,0652 5,6902 5,6527

2000 -0,0690 -0,1255 -0,0772 3,8380 4,0812 4,0860

v2 Bias*100 RMSE

m RV cDCC 1-Day cDCC 3-Day RV cDCC 1-Day cDCC 3-Day

50 -1,6787 -3,1106 -2,5728 34,2593 22,2337 22,5164

100 -0,7980 -1,6384 -1,1578 23,9519 17,4193 16,8657

200 -0,5345 -1,0769 -0,6760 17,2982 13,9744 13,4382

400 -0,2701 -0,5709 -0,3233 12,0548 10,8944 10,6943

800 0,0707 -0,1050 0,0539 8,5689 8,3040 8,2396

2000 -0,0016 -0,0813 -0,0092 5,3799 5,8801 5,8989

Table 2.1: Summed cDCC-GARCH and Realized Covariance
............This table reports the estimates of the discrete-time cDCC-GARCH variances and covariances over 1-day and over 3-days, considering 50, 100, 200, 400,

800, 2000 observations per day, having a total number of 1000 periods.

Keeping in mind Remark 1, i.e., the fact that we can regard the discrete-time cDCC-GARCH as
a system of (correlated) univariate GARCH(1,1) processes, the results above in Table 2.1 are as we
expected, and in line with the findings of Chapter 1 of this dissertation. We note that a large number of
observations is needed to obtain a good performance.
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Betas in a Multi-Factor Model in the
Presence of Noise and Asynchronicity
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ABSTRACT. We propose estimators for the realized and spot betas of a multi–factor model in which the log-
prices follow a continuous-time Itô semi-martingale. They rely on the Cholesky decomposition of the integrated
and spot covariance matrix, respectively, and their corresponding consistent and robust to market microstructure
noise and asynchronicity estimator. We prove the consistency and asymptotic normality of our betas estimators.
Within the definition of the betas in our continuous-time multi-factor model, we show that unless these betas,
which are obtained from the spot covariance decomposition, are constant over time (or analogously, equal to
the betas of the integrated covariance decomposition), standard Ordinary Least Squares (OLS) over the high-
frequency data process will be an inconsistent estimator of the realized betas of such a continuous-time multi-
factor model. We conduct Monte Carlo simulations and confirm the good finite sample properties of our betas es-
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3.1 Introduction

Betas are crucial for asset pricing, optimal portfolio selection, and risk management since they
are a measure of the risk of an individual asset due to exposure to general market movements,
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as opposed to idiosyncratic movements or firm specific factors. That is, exposure to fluctua-
tions in the returns of a market portfolio, i.e., a portfolio which is well-diversified and correctly
weighted. Since the betas are not observable directly, they are built on estimated measures of
the variance and covariance of assets returns. Then these estimated betas can be tested within a
pricing model for the expected returns. We propose a pricing model which allows for multiple
factors and is also built in continuous-time, i.e., an extension of the traditional Capital Asset
Pricing Model (CAPM).

The CAPM is the foundational stone of pricing models, developed in the seminal works of
Sharpe (1964) and Lintner (1965a,b). Under the CAPM, the firm specific risk is uncorrelated
with the market return, and the CAPM beta is defined as the ratio between the covariance
of market returns and the variance of the stock returns. Empirical evidence showing that
some stocks and securities do not satisfy the CAPM has been documented since the seminal
three-factor Fama-French model, developed by Fama and French (1992) and Fama and French
(1993) and motivated in the finding that high book-to-market ratio stocks and small market
capitalization stocks tend to have higher returns than the global market.

However, it remains unclear how many factors which should be included, as well as the
financial and economic reasons for their inclusion. Most likely due to this lack of clarity and
the decrease in computational costs (as well as the increasing availability of data), researchers
have been suggesting a wide variety and number of factors for their asset pricing models.
Hwang and Rubesam (2018) mention as a good example of this situation the work of Harvey
et al. (2016) which documents the use of more than three hundred factors in the literature,
reflecting what Cochrane (2011) dubbed “a zoo of new factors”. Nevertheless, as they point
out, empirical studies have suggested five to six factors, ranging from the popular four-factor
model of Carhart (1997), to a more recent four-factor model developed by Hou et al. (2015), to
models with five factors, such as that found in Fama and French (2015). Finally there is some
recent work exploring the use of six factors or even a greater number of factors, see Green
et al. (2017), Harvey and Liu (2018), and Mclean and Pontiff (2016).

Based on this evidence, we propose an asset pricing model which allows for more than
three factors, while relying on high-frequency data. Furthermore, our framework has the
advantage of being flexible enough to accommodate both constant and time-varying betas.
The conditional approach within pricing models has a great deal of support, as it is the natural
framework for time-varying covariances and therefore time-varying betas (first suggested by
Mandelker, 1974), which seems to be the most likely scenario, as Andersen et al. (2006)
point out. In this respect, they advertise that one notable qualification is Ghysels (1998),
who provided evidence that modelling time-varying betas when they are actually constant can
produce significant errors.
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A contribution would then be to formalize a procedure to test for the constancy over time
of the betas. A way to avoid such a testing problem, lies in the observation of Patton and
Verardo (2012) that betas can be constant over a window of time and constancy could be
simply assumed. But, as Kalnina (2015) points out, it is not clear what the length of such a
window should be. Due to this uncertainty, a major advantage of our estimation approach is
that it allowed us to derive a full asymptotic theory and to suggest a test for the constancy over
time of the betas built on the decomposition of the spot covariance matrix.

Within the high-frequency framework, asymptotic results for the realized beta of the CAPM
are well stablished by Barndorff-Nielsen and Shephard (2004). Our realized beta estimator,
when considering only one factor in our multi-factor model in continuous-time, is indeed
the realized beta estimator of Barndorff-Nielsen and Shephard (2004), and, of course, it then
possesses the same asymptotic properties. When considering the more general setting with
multiple factors in our continuous-time setting, we have that the realized or spot betas of such
an asset pricing model are not the ratio of covariances and variances of the two corresponding
assets. This is because, within our framework, the betas estimators incorporate information
on all of the other assets.

An alternative way to pursue multi-factors is through a parametric (rather than a non-
parametric) approach for conditional variances-covariances. This approach can serve to re-
trieve realized betas indirectly (see Engle, 2016 for instance) or directly (see Darolles et al.,
2017 on exploiting a Cholesky decomposition obtained by an extension of the result of Pourah-
madi, 1999). However, the asymptotic distribution of such realized betas estimator is not fully
established. Furthermore, as Kalnina (2011) points out, within the parametric approach, the
estimation error should be considered.

The non-parametric approach, which we pursue here, has not only the obvious advantage
of being free from model-specification errors, but it also exploits the large amount of informa-
tion which became available with the advent of high-frequency data, and, unlike the parametric
models, it can deal with intraday patterns and market microstructure noise. The advantages of
the non-parametric approach have been highlighted in the literature (see for instance Andersen
et al., 2010 for a review and comparison). In particular, for betas, the use of high-frequency
returns, as Andersen et al. (2007) point out, has also been shown to improve their estimation.
This has been also remarked upon earlier by Braun et al. (1995), Fleming et al. (2003), and
Bollerslev and Zhang (2003).

Provided with this evidence, we ground our multi-factor approach within the non-parametric
estimation methods. Work has been done along this same line within a semi-parametric, not
just a purely non-parametric, approach2. For instance, Hansen et al. (2014) incorporate re-

2
Particularly, a strain of very recent work within high-frequency and multiple factors but concerned with large dimensional settings, is found in Fan et al. (2016) and Dai et al.
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alized covariances-covariances in the realized GARCH model, and, for a large data set, they
find betas which are much more variable than the ones from daily rolling-windows estimates.
Other work has been done by Bollerslev and Zhang (2003), under the three-factor Fama-
French model, by Andersen et al. (2005), using a linear state space model on monthly realized
betas of portfolios to macroeconomic fundamentals, and by Andersen et al. (2006) examining
the case of a fractional co-integration process and leaving open the possibility to account for
jumps.

In this respect, Bollerslev and Todorov (2010) provide a theory for further disentangling
the systemic diffusive part of the betas from their jump risk component. They extend the
realized betas (bivariate) estimator of Barndorff-Nielsen and Shephard (2004), not only by
disentangling both components, but also by working with multiple assets (not with multiple
factors as we do here). However, we do not deal with jumps because our interest lies in spot,
and not just realized, betas, which allows us to contribute to the debate on whether or not the
betas are constant over time through our asymptotic results. It is beyond the scope of this
paper to derive a spot covariance estimator which is robust not only to market microstructure
noise and asynchronicity, but also to jumps in the log-prices, along with its full asymptotic
theory. For such a pursuit, it should be noted the finding of Christensen et al. (2014) that
the true jumps are overstated in estimations based on lower frequency data, which is indeed
a data resolution from which we move away from when we need to estimate spot rather than
integrated quantities. Future work discussing the inclusion of jumps in our framework, can
benefit from the spot estimator proposed by Vander-Elst and Veredas (2017) and a derivation
of its full asymptotics can allow us to retain the test of constancy over time of our spot betas
estimator.

This paper is organized in six sections. In the second section, we discuss the estimation
of betas within multi-factor and continuous-time models and formally introduce our estima-
tor, while showing that standard OLS will be a consistent estimator only under a particular
scenario, which is the focus of our test. The third section is devoted to the asymptotics of
the estimator and the test of the constancy over time of the betas of a Cholesky decomposi-
tion of the spot covariance matrix. The fourth section is devoted to Monte Carlo simulations
using a data-generating process with spot covariances which follow the multivariate stochas-
tic volatility with one common factor model, which was used in the simulation studies of
Barndorff-Nielsen et al. (2011). We conclude in the fifth section and provide possible lines of
future research. We relegate most of the proofs, as well as further simulation results, to the

(2017). Resarch related more closely to ours is that of Li et al. (2017), which provides an asymptotic theory focusing on efficiency bounds, but under the absence of market microstructure

noise and asyncrhonicity, and the work of Shephard and Xiu (2017) on a complete theory of quasi-maximum likelihood estimation computed with a Kalman filter.
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Appendix.

3.2 Betas Estimator for Positive Definite Matrices

3.2.1 Notation

We let (Ω,F ,(Ft)0≤t≤1,P) denote a filter probability space satisfying the usual conditions
of right-continuity and completeness. We denote with M+

d the cone of symmetric positive
definite matrices with real entries which we embed with the Frobenius norm ∥·∥d , defined
as ∥Θ∥d := tr(Θ′Θ)1/2 for Θ ∈ M+

d . Also, we let D([0,1];M+
d ) denote the space of càdlàg

functions taking values on M+
d . For any k = 1, ...,d, Ik will be the k×k identity matrix, ek will

be the k-th element of the cannonical base of Rd , and Πd,k is a projection matrix, i.e., for an
d-dimensional vector x = (x1, ...,xd)

′, we have that Πd,k projects it on Πd,kx = (x1, ...,xk)
′. We

use Θ̂n,i+1 to denote a consistent estimator of a quantity of interest Θ, which here will be the
spot and integrated covariances of a continuous-time Itô semi-martingale, denoted with Σ(t)
and Σ̄(t), respectively.

As usual, the notation P→ denotes convergence in probability, and d→ denotes convergence
in law or distribution. Given a sub-σ -field G ⊆ F and a sequence of random variables (ξn)n≥1

on (Ω,F ,P) we use the notation ξn
G−d→ ξ to denote that ξn converges G -stably in distribution

towards a random variable ξ -defined possibly on an extension of (Ω,F ,P)-, i.e., for any
F ∈ G with P(F) > 0, we have ξn → ξ weakly conditioned on the event F . Likewise, if

(Xn(t))0≤t≤1,n∈N is a sequence of stochastic processes, then we write Xn
G− f d→ X if the finite-

dimensional distributions of Xn converge G -stably to the finite-dimensional distributions of
X . Finally, for a partition 0 = tn

0 < tn
1 < ... < tn

n = 1, n ∈ N, we write ∆n
i X ≡ Xtn

i+1
− Xtn

i

for i = 0, ...,n− 1 and define the quadratic covariation between two processes X and Y as
[X ,Y ]t ≡ X0Y0 + lim

n
Σ

i=1
(Xtn

i
−Xtn

i−1
)(Ytn

i
−Ytn

i−1
) with t ≥ 0 when the limit exists in probability

for partitions 0 = tn
0 < tn

1 < ... < tn
n = t satisfying supi(tn

i − tn
i−1)→ 0 as n → ∞.

3.2.2 Overview of the Estimator

We propose an estimator for spot and realized betas which relies entirely on spot and realized
covariance matrix estimators by exploiting a property of the Cholesky decomposition of such
matrices, which we give below in Lemma 1. For this, consider the Cholesky decomposition of
Θ ∈M+

d , i.e., the pair of matrices (L,G) for which L is lower triangular with L(i,i) = 1, G is a
diagonal matrix with strictly positive entries, and (L,G) satisfies Θ = LGL′. Then L is always
invertible, and we denote β Θ ≡ (Id −L−1).
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Definition 1 : Let Θ ∈M+
d with Cholesky decomposition (L,G). We define and denote the

betas of such a decomposition as the lower triangular matrix given by β Θ ≡ (Id −L−1).

Observe that β Θ does not uniquely determine Θ∈M+
d . That is, if β Θ = β Θ̃ for Θ,Θ̃∈M+

d ,
this does not imply that Θ = Θ̃. This is due to the fact that L by itself does not characterize Θ,

because it is the pair (L,G) which characterizes Θ.

Lemma 1 : Let Θ ∈M+
d . Then, for every i = 2, ...,d, we have that:

e′iβ
Θ

Π
′
d,i−1 = e′iΘΠ

′
d,i−1(Πd,i−1ΘΠ

′
d,i−1)

−1 (3.1)

Proof : By definition, we have β Θ ≡ Id −L−1, which, using L−1Θ = GL′, implies that β ΘΘ =

Θ−GL′. Since GL′ is upper triangular, it follows that for any i = 2, ...,d and j < i, i.e., below
the diagonal, we have (β ΘΘ)i, j = Θi, j, or equivalently:

e′iβ
Θ

ΘΠ
′
d,i−1 = e′iΘΠ

′
d,i−1 (3.2)

We re-write the left hand side of (3.2) using that Π′
d,i−1Πd,i−1 is the identity matrix:

e′iβ
Θ

ΘΠ
′
d,i−1 = e′iβ

Θ
Π

′
d,i−1(Πd,i−1ΘΠ

′
d,i−1) (3.3)

We note that β Θ
i, j = 0 for j ≥ i, and (3.3) holds trivially above the diagonal. Then (3.1) follows

by plugging the right-hand side of (3.2) into the left-hand side of (3.3) and post-multiplying
by (Πd,i−1ΘΠ′

d,i−1)
−1. �

Observe that (3.1) reveals that the i-th row of β Θ is determined entirely by the first i− 1
elements of Θ and by the leading sub-matrix Πd,i−1ΘΠ′

d,i−1. Also note that the left-hand side
of (3.1) gives us the elements of the matrix β Θ, i.e., e′iβ

ΘΠ′
d,i−1 = β Θ

i, j, and analogously note
that on the right-hand side, we have e′iΘΠ′

d,i−1 = Θi, j. We arrange the elements β Θ
i, j in the

row vector β Θ′
i , and, using Lemma 1 for rows i = 1, ...,d, taking d = i+ 1 without loss of

generality, with a consistent sequence Θ̂n,i+1 for Θn,i+1 we have that the sequence defined as:

β̂
Θ̂′
i+1 ≡ (Πi+1,iΘ̂n,i+1Π

′
i+1,i)

−1
Πi+1,iΘ̂n,i+1Πd,i+1ei+1 ; i = 1, . . . ,d −1 (3.4)

is consistent for the non-null elements of the (i+1)-th row of β Θ. Note that on the right-hand
side of (3.4), Πd,i+1ei+1 projects the (i+ 1)-th canonical (column) element of Rd , allowing
us to retain the first i elements of the (i+1)-th row of Θ when applied to Πi+1,iΘ̂n,i+1. This,
together with the leading sub-matrix Πi+1,iΘ̂n,i+1Π′

i+1,i determines entirely the i-th row of β Θ,
as mentioned above.

Example 1 . Consider a setting with 3 assets, i.e., we take d = 3 and i = 1,2. We use (3.4)
to compute the estimates of the 2nd row of betas, given by the first two equations below, and



3.2 Betas Estimator for Positive Definite Matrices | 73

of the 3rd row of betas, given by the last two equations below.

( 1 0 0
) Θ̂1,1 Θ̂1,2 Θ̂1,3

Θ̂2,1 Θ̂2,2 Θ̂2,3

Θ̂3,1 Θ̂3,2 Θ̂3,3


 1

0
0



−1(

1 0 0
) Θ̂1,1 Θ̂1,2 Θ̂1,3

Θ̂2,1 Θ̂2,2 Θ̂2,3

Θ̂3,1 Θ̂3,2 Θ̂3,3


 0

1
0


β̂

Θ
2 = β̂

Θ̂
2,1 =

[
Θ̂1,1

]−1
Θ̂1,2

( 1 0 0
0 1 0

) Θ̂1,1 Θ̂1,2 Θ̂1,3

Θ̂2,1 Θ̂2,2 Θ̂2,3

Θ̂3,1 Θ̂3,2 Θ̂3,3


 1 0

0 1
0 0



−1(

1 0 0
0 1 0

) Θ̂1,1 Θ̂1,2 Θ̂1,3

Θ̂2,1 Θ̂2,2 Θ̂2,3

Θ̂3,1 Θ̂3,2 Θ̂3,3


 0

0
1



β̂
Θ
3 =

(
β̂ Θ̂

3,1

β̂ Θ̂
3,2

)
=

[
Θ̂1,1 Θ̂1,2

Θ̂2,1 Θ̂2,2

]−1[
Θ̂1,3

Θ̂2,3

]
Note that as we mentioned in the previous part of this section, we will consider Θ ∈M+

d , i.e.,
the matrix subject to the Cholesky decomposition, to be either the spot or integrated covariance
matrix, and we will consider its respective consistent estimators in order to obtain our spot and
realized betas estimators.

It is clear that our realized betas estimator resembles a multivariate OLS coefficient estima-
tor of a particular “realized regression”, which is how high-frequency regressions have been
dubbed in the literature. Under the very restrictive assumption of fixed given time, our realized
betas estimator obtained from (3.4) will be equal to such a multivariate OLS estimator, but we
show that this is generally not a consistent estimator of the true realized betas defined upon
the Cholesky decomposition (see Proposition 1 in the next part of this section). However, if
we define the factors of the continuous-time process in a particular way, and if the spot betas
are constant over time (fulfilled easily if time is given and fixed), we show that our estimator,
given by (3.4) will be equal to the multivariate OLS estimator; furthermore, in this scenario,
OLS will also be consistent (see Propositions 2 and 3 in the next part of this section).

Hence, the main lesson is that a multivariate OLS estimator of a particular realized regres-
sion is a consistent estimator of the realized betas built upon the Cholesky decomposition of
the realized covariance matrix, only under very restrictive conditions. Within a more realistic
scenario, the spot betas need to be estimated and a natural way to do so is by means of rela-
tionship (3.4), which we introduced above, due to the property of the Cholesky decomposition
given in Lemma 1. Our estimator can be regarded as a generalization of the OLS of a par-
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ticular regression which is able to deal with time-varying coefficients without a complicated
filtering approach, and it has the advantage of providing a consistent estimator of both spot
and realized betas, provided that the spot and realized covariance estimators, respectively, are
consistent and that time is not fixed and given unless the continuous-time factors are following
a specific structure.

3.2.3 Pricing Models and our Estimator

Barndorff-Nielsen and Shephard (2004) developed the theory for conducting inference on the
realized beta of the realized time-series representation of the CAPM. The realized regression
lies on log-returns of a continuous-time Itô semi-martingale observed at some discrete points
in time. For general purposes, consider a d-dimensional continuous-time Itô semimartingale,
(Xt)0≤t≤1 starting at zero and defined on (Ω,F ,(Ft)0≤t≤1,P), i.e., X satisfies:

Xt =
∫ t

0
µ(s)ds+

∫ t

0
σ(s)dBs ; 0 ≤ t ≤ 1 (3.5)

where µ ∈Rd is a locally bounded and adapted process, σ is a predictable process which takes
values in the space of d ×d matrices, and B is a d-dimensional Brownian motion. We further
assume that Σ ≡ σσ ′ ∈ D([0,1];M+

d ) almost surely, and we write the integrated covariance
of such a process as Σ̄(t)≡

∫ t
0 Σ(s)ds = [X ]t . If the log-returns can be described by (3.5) and

are observed during 0 = tn
0 < tn

1 < · · · < tn
n = t, for the case d = 2, we have that the realized

regression is given by:

ˆ̄
β2,1(t) := [

n

∑
j=1

(∆n
jX

1)2]−1
n

∑
j=1

∆
n
jX

1
∆

n
jX

2 (3.6)

Under standard conditions, when n → ∞, Barndorff-Nielsen and Shephard (2004) showed that
this is a consistent estimator, i.e.:

ˆ̄
β2,1(t)

P→ [
∫ t

0
Σ1,1(s)ds]−1

∫ t

0
Σ2,1(s)ds = β

Σ̄(t)
2,1 ; t > 0 (3.7)

which, in turn, shows that the realized regression is a statistic for β
Σ̄(t)
2,1 , where β Σ̄(t) is as

given in Definition 1 and based on the Cholesky decomposition for d = 2. On the other side,
observe that the linear discrete-time model of log-returns on excess log-returns for a fixed
given period of time for i = 1, ...,d with well-behaved errors, in a standard-form extension of
the CAPM, has a covariance matrix given by its Cholesky decomposition given by betas -also
as in Definition 1- and the underlying factors of such extended CAPM (see the representation
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in Remark 1 below).

Remark 1 : Let β be a d × d lower triangular matrix with βi,i = 0. Consider F to be a
d-dimensional random vector whose elements are non-deterministic, independent, and have
mean zero and finite second moment. Define recursively for a fixed given period of time:

Xi =
i−1

∑
k=1

βi,kXk +Fi ; i = 1, . . . ,d (3.8)

By construction we have that Fk is independent of Xl if l < k, and the matrix G = E[FF ′] is
diagonal with strictly positive elements. Moreover, we have that Σ ≡ E(XX ′) = βΣ +E(FX ′)

and that U ≡ E(FX ′) =Uβ ′+G, which implies immediately that:

Σ = (Id −β )−1G(Id −β )−1′

We then deduce that Σ ∈ M+
d and its Cholesky decomposition is given by G and L = (Id −

β )−1, where the latter is equivalent to Definition 1. Reciprocally, if Σ ∈ M+
d has Cholesky

decomposition (L,G), then we can construct F and β satisfying (3.8) in such a way that
Σ = (Id −β Σ )−1G(Id −β Σ )−1′, G = E[FF

′
] and β = β Σ .

This implies that if one wishes to regard our Cholesky decomposition-based estimator
(3.4) as emerging from a discrete-time linear model with a well-behaved error, one needs to
consider d = 2, or, if extending to d > 2, one should consider a fixed given period of time.
When none of these are fulfilled, in principle, we have to abandon the interpretation of our
estimator (3.4) as emerging from a discrete-time model which allows consistent OLS imple-
mentation. Furthermore, in the case d > 2, even if taking a fixed given period of time (see the
representation in Remark 2 below), the OLS estimator of the regression under consideration
will not be consistent, as the underlying factors or errors of the linear discrete-time model do
not satisfy orthogonality (see Proposition 1 below).

Remark 2 : Fix 0 < T ≤ 1 and for i = 1, . . . ,d, j = 1, . . . ,n, let Y i
j ≡ ∆n

jX
i, Zi

j ≡ Πd,i∆
n
jX ,

β̄i(T )≡ Πd,i(β
Σ̄(T ))′ei+1 and f̄ 1

j ≡ Y 1
j , while for i > 1, f̄ i

j ≡ Y i
j − β̄i−1(T )′Zi−1

j , and consider
the following relationship:

Y i+1
j = β̄i(T )′Zi

j + f̄ i+1
j ; j = 0, . . . ,n−1, i = 1, . . . ,d −1 (3.9)

Observe that (3.9) corresponds to the linear regression of ∆n
jX

i+1 with respect to ∆n
jX

1 , . . . ,∆n
jX

i.
Then in order to have consistency, we must have that:

X i+1
t = β̄i(T )′Πd,iXt + F̄ i+1

t ; t ≤ T (3.10)
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where F̄ is defined in an obvious way.3 Observe that the OLS estimator of β̄i(T ) in (3.9)
corresponds to the estimator produced by (3.4), using the realized covariance Θ = Σ̄(T ) and
Lemma 1, with a fixed 0 < T ≤ 1.

Unfortunately, the factors F̄ in (3.10) are not regular: in general, F̄ is not adapted, and it
does not satisfy an orthogonal condition. Then the OLS estimators of β̄i(T ) or, equivalently,
(3.4) relying on the realized covariance Θ = Σ̄(T ) and Lemma 1 for a fixed 0 < T ≤ 1 are
not consistent estimators of the betas as in Definition 1. This, in turn, serves as an argument
against a straightforward extension to the case d > 2 of the results of Barndorff-Nielsen and
Shephard (2004) on the realized regression studied for the case d = 2.

Proposition 1 : Let F̄ be as in (3.10) and (L(t),G(t)) be the Cholesky decomposition of
Σ(t) for t ≥ 0. Then the following statements are equivalent:

1) For all 0 ≤ t ≤ T , [F̄ i, F̄ j]t = 0, whenever i ̸= j, i, j = 1, . . . ,d.

2) For every i = 2, . . . ,d and j < i, [F̄ i,X j]t = 0 for all 0 ≤ t ≤ T .

3) Almost surely, for almost all 0 ≤ t ≤ T , L(0) = L(t).

Proof : See Appendix 3.6.1.

Remark 3 : From the proof of Proposition 1 it is clear that if we consider the case when
(3.10) holds only for certain periods of times 0 = T0 < T1 < T2 < · · ·< Tm = 1, instead of for
all t as stated in (3.10), as Patton and Verardo (2012) suggest one can consider, we indeed
have that the factors satisfy the orthogonality condition as long as L(t) = L(Tk−1) for almost
all Tk−1 ≤ t ≤ Tk, k = 1, ...,m. However, as we pointed out in the introduction, the difficulty
remains in determining which should be the length of such periods.

Proposition 1 and Remark 3 show that the error in the linear regression given by (3.9)
does not satisfy the desirable condition of orthogonality. Hence, an alternative approach is to
start by defining the factors with a specific structure such that they do fulfill the orthogonality
condition. Below in Remark 4 we show how to define and set orthogonal factors, for which
we first require them to be well-defined, and we show in Proposition 2 that they are indeed
well-defined under standard assumptions. Furthermore, within such a given structure for the
factors, we show in Proposition 3 that if the spot betas are constant over time (a scenario much
less restrictive than fixed and given time periods), we have that these factors are equal to the
factors in (3.10), and this is enough to obtain that OLS is a consistent (and asymptotically
normal) estimator of the spot betas.

Remark 4 : Despite what we have seen in Proposition 1 and Remark 3, there is a way
to define a linear-type regression between the process X i+1 with respect to X1, . . . ,X i, by

3
The term factor is not standard. However, since our motivation comes from the classical CAPM, the process F̄ i+1

t is understood as an external factor which deviates X i+1
t from the

linear relation with respect to X1 , ...,X i .
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considering β Σ(t) instead of β Σ̄(t). Specifically, if we let:

Ft ≡ Xt −
∫ t

0
β

Σ(s)dXs ; 0 ≤ t ≤ 1 (3.11)

where for F to be well-defined we must have that (β Σ(t))0≤t≤1 is integrable with respect to X .
We show in Proposition 2 given below that under standard assumptions, this is fulfilled, and
then a trivial calculation shows that F meets the orthogonality property:

1) For all 0 ≤ t ≤ 1, [F i,F j]t = 0, whenever i ̸= j, i, j = 1, . . . ,d

2) For every i = 2, . . . ,d and j < i, [F i,X j]t = 0 for all 0 ≤ t ≤ 1.

Proposition 2 : Let d ≥ 2 and (L(t),G(t)) be the Cholesky decomposition of Σ(t) for
t ≥ 0. Assume that almost surely:

∫ 1

0
tr[A(s)]1/2tr[A(s)−1]∥µ(s)∥ds+

∫ 1

0

{
tr[A−1(s)]tr[A(s)]

}2
ds < ∞, (3.12)

where A ≡ Πd,d−1ΣΠ′
d,d−1. Then the F given by (3.11) is a well-defined, continuous-time Itô

semi-martingale satisfying:

1) Its quadratic covariation is expressed as [F ]t =
∫ t

0 G(s)ds.

2) For every k, l = 1, . . . ,d, almost surely
[
Xk,F l]

t = 0 if k < l.

Reciprocally, for some diagonal matrix G with strictly positive elements, let F be a d-
dimensional continuous-time Itô semi-martingale with dynamics:

dFt = r(t)dt +G(t)1/2dBt

If β Σ 0
is a locally bounded adapted and predictable matrix-valued process with càdlàg paths

such that β Σ 0

i, j = 0 if j ≥ i and such that almost surely:

∫ 1

0
∥L(s)r(s)∥ds+

∫ 1

0
tr[L(s)G(s)L(s)′]ds < ∞ (3.13)

where L ≡ (Id −β Σ 0
)−1, then there exists a (non-unique) d-dimensional continuous-time Itô

semi-martingale for which 2) in the statement above holds and that:

[X ]t =
∫ t

0
L(s)G(s)L(s)′ds ; 0 ≤ t ≤ 1 (3.14)

Proof : See Appendix 3.6.1.

Observe that the setting given above in Remark 4 is analogous to the setting of Remark
2, with the difference being that in the former, we have well-defined and orthogonal factors
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(thanks to Proposition 2) and we do not assume that time is fixed and given. Since it was
orthogonality of the factors which was missing in the setting of Remark 2 for β Σ̄(t) to be
consistent, we can see that within the setting of Remark 4, if β Σ(t) = β Σ̄(t), then our estima-
tor produced by (3.4) using a consistent estimator of the integrated covariance, β Σ̄(t), as we
suggested in Remark 2, is finally a consistent estimator and equal to the multivariate OLS
estimator. However, β Σ(t) = β Σ̄(t), and the equivalence of our estimator to the OLS estimator,
occurs only under a very particular setting in which the spot betas β Σ(t) are constant over time
(see Proposition 3 below).

Proposition 3 : Let Θ ∈ D([0,1];M+
d ) and set Θ̄(t) :=

∫ t
0 Θ(s)ds. Suppose that Θ is con-

tinuous on (a,b) with 0 ≤ a < b ≤ 1. Then the following statements are equivalent.

1) For any t ∈ (a,b), β Θ̄(t) = β Θ(t).

2) The Cholesky decomposition of Θ, say (L(t),G(t)), satisfies:

Θ(t) = L(0)G(t)L(0)′ ; ∀t ∈ [a,b)

3) β Θ(t) is constant on [a,b) as a function of t.

Proof : See Appendix 3.6.1.

The previous proposition shows that the dynamics in (3.11) and (3.10) are equivalent only
when β Σ(t) is constant over time. In this situation, we also obtain that F̄ and F coincide and
that the OLS estimator for β Σ(t) = β Σ̄(t) is consistent and asymptotically normal. However,
when this is not the case, β Σ(t) needs to be estimated. A natural way of doing so is by means
of relationship (3.4), the estimator we suggested at the beginning of this section, via estimators
for the spot covariance Σ(t). In our simulation study, we consider the spot covariance esti-
mators with full asymptotic theory presented in Jacod and Protter (2012) and Bibinger et al.
(2017).

3.3 Asymptotic Results

3.3.1 Distribution of the Betas Estimators

In this section we derive the asymptotic distribution of our betas estimators, as defined in
Section (3.2.2). The proof of this result, i.e., Theorem 1, relies on Assumption 1, and it is
a simple application of the Delta method, for which Lemma 2 is crucial. We present this
assumption, theorem, and lemma below and leave the proofs for Appendix 3.6.1.

Assumption 1 : For every i = 1, ...,d, there exists a sequence (Θ̂n,i)n≥1 of invertible i× i
matrix-valued random elements and a non-negative F -measurable sequence (an,i)n∈N (they
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are allowed to be stochastic) such that an,i ↑ ∞ and:

an,i[Θ̂
n,i −Πd,iΘ

0
Π

′
d,i]

F -d−→ Zi

where Zi is an F -conditionally centered Gaussian random matrix, possibly defined on an
extension of (Ω,F ,P), with a conditional covariance matrix given by:

E[Zi
k,l(Z

i
k′,l′)

′ |F ] = VZi

kk′,ll′ ; k,k′, l, l′ = 1, . . . , i

for VZi
an F -measurable i2 × i2 random matrix.

Theorem 1 : Let Assumption 1 hold and take β̂i
Θ̂

as in (3.4). Then the following stable
convergence holds:

an,i+1[β̂i
Θ̂ −β

Θ0

i ]
F -d−→ Y i ; i = 1, . . . ,d −1

where β Θ0

i ≡ Πd,i(β
Θ0
)′ei+1 and Y i ≡ (Πd,iΘ

0Π′
d,i)

−1Πi+1,iZi+1b0
i , with b0

i ≡ (−β Θ0

i ,1)′, an
F -conditional Ri-valued Gaussian vector with covariance matrix given by:

E[Y i(Y i)′ |F ] = (Πd,iΘ
0
Π

′
d,i)

−1Vβ (Zi+1)(Πd,iΘ
0
Π

′
d,i)

−1 (3.15)

for Vβ (Zi+1) an i× i random matrix with elements Vβ (Zi+1)k,k′ = b0′
i [VZi+1

kk′,ll′]l,l′=1,...,ib0
i .

Lemma 2 : For i = 1, ...,d −1, let:

Ri ∋ Fi(Θ)≡ (Πd,iΘΠ
′
d,i)

−1
Πd,iΘei+1 ; Θ ∈M+

d (3.16)

Fix Θ0 ∈M+
d . Then the linear transformation dFi(Θ

0) : M+
d → Ri is given by:

dFi(U ;Θ
0) = (Πd,iΘ

0
Π

′
d,i)

−1
Πd,iUΠ

′
d,i+1

(
−β Θ0

i

1

)
; U ∈M+

d (3.17)

where β Θ0

i ≡ Πd,i(β
Θ0
)′ei+1 is the differential of Fi at Θ0, i.e.:

F(Θ0 +U)−F(Θ0)−dFi(U ;Θ
0) = o(∥U∥d) ; U ∈M+

d

where the error term depends on Θ0. �
Just as we can obtain a consistent estimator of our betas through 3.4, using a consistent

estimator Θ̂ of Θ, as pointed out in Section 3.2.2, here above we showed that using the condi-
tional asymptotic covariance of such a Θ̂ (see Assumption 1) or its Cholesky decomposition,
we can obtain the asymptotic covariance of the betas estimators (see Theorem 1). This allows
us to exploit the asymptotic results available already for Θ̂, i.e., spot covariance estimators or
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integrated covariance estimators.

3.3.2 Test for the Constancy of Spot Betas

The result of Theorem 1 allows us to suggest a test for the constancy over time of the spot
betas of the Cholesky decomposition of the (spot) covariance matrix. That is, we suggest a
procedure to test H0 : β Σ̄(t) = β Σ(t).4 Under this null hypothesis, we have that:

max
i

sup
0≤t≤T

∥ β
Σ(t)
i −β

Σ̄(t)
i ∥= 0

Then if ˆ̄
Σ(t) and Σ̂(t) are consistent estimators and asymptotically normal such that Σ̂(t) =

Σ 0(t)+OP(a−1
n ) and ˆ̄

Σ(t) = Σ̄ 0(t)+OP(b−1
n ), we have that under H0 it holds that:

β̂
Σ̂(t)
i − β̂

ˆ̄
Σ(t)
i = OP(a−1

n )+OP(b−1
n ) (3.18)

Typically, we have that an/bn → 0 as n→∞, so the asymptotics of β
Σ̂(t)
i −β

ˆ̄
Σ(t)
i are dominated

by the asymptotics of the spot estimator β̂
Σ̂(t)
i . Hence, if we use Theorem 1 for Θ0 ≡ Σ 0, we

have that:
an,i+1[β̂

Σ̂(t)
i −β

Σ 0(t)
i ]

F -d−→ Y i(t) (3.19)

where Yi(t) is an F -conditional Ri-valued centered Gaussian vector with covariance matrix

given by (3.15) taken for Θ0 ≡ Σ 0 where Vβ (Z(t))k,k′ is taken for b0
i ≡

(
−β

Σ 0(t)
i 1

)′
.

Then, under the null, keeping in mind the relationship between the estimated spot betas
and estimated integrated betas given in (3.18) and the relationship between the former and the
spot true betas given in (3.19), we conclude that:

a2
n ∥ β̂

Σ̂(t)
i − β̂

ˆ̄
Σ(t)
i ∥2 F -d−→∥ Y i(t) ∥2

Then if a consistent estimator for Vβ (Z(t)) is available, say V̂β (Z(t)), we have that:

a2
n ∥ (V̂β (Z(t))−1/2

Πd,iΣ(t)Π′
d,i)(β̂

Σ̂(t)
i − β̂

ˆ̄
Σ(t)
i ) ∥2 d−→ χ

2(i)

where χ2(i) is a random variable with chi-squared distribution with i degrees of freedom. This
methodology can be applied for several points in time, i.e., if t1, . . . , tm ∈ [0,T ], then by letting

4
Keep in mind the observation we made below Definition 1: testing β Σ̄(t) = β Σ(t) is not equivalent to testing if Σ̄(t) = Σ(t), since L in the Cholesky decomposition of Σ ∈M+

d

does not characterize Σ by itself.
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S = (εi, j) j=1,...,m, we can consider:

εi, j = (V̂β (Z(t j))
−1/2

Πd,iΣ(t j)Π
′
d,i)(β

Σ̂(t j)
i −β

ˆ̄
Σ(t j)
i )

That is, the computation of the test requires the computation of the difference between the spot

betas and integrated betas estimated through (3.4), (β Σ̂(t j)
i −β

ˆ̄
Σ(t j)
i ), as well as a decomposition

of the asymptotic covariance of the spot covariance estimator, V̂β (Z(t j))
−1/2. The projection

matrices Πd,i used above are as defined at the beginning of Section (3.2) and as used in Ex-

ample 1. Finally, observe that under the null, we have that T S ≡ a2
ntr(SS′) d−→ χ2(im), while,

under the alternative, we have that T S P−→+∞.

3.4 Simulation Analysis

In this section we illustrate the theory developed for a continuous-time Itô semi-martingale
and the finite sample behavior of the spot and betas estimators of (3.4) taking Θ̂n,i+1 to be
different spot and integrated covariance consistent estimators.5 In the second part of this
section we present these estimators and their calibration, which is conducted following the
parameter tuning suggested by their authors, and we leave for the last part of this section the
presentation of the main simulation results. We leave for future work the illustration of the
test on the constancy of spot betas over time since it is a work in progress, as is the asymptotic
variance of the betas estimators.

3.4.1 Simulation Settings

To illustrate the theory and its finite sample properties we simulate log-prices (X (i)
t )0≤t≤1

following the multivariate stochastic volatility with one common factor process used in the
simulation studies of Barndorff-Nielsen et al. (2011). That is, we consider:

dX (i)
t = µ

(i)dt +dV (i)
t +dF(i)

t (3.20)

dV (i)
t = ρ

(i)
σ
(i)
t dB(i)

t (3.21)

dF(i)
t =

√
1− (ρ(i))2σ

(i)
t dWt (3.22)

5
Some of our routines for the simulation analysis presented here use functions in the R-package Brouste et al. (2014), as well as adaptations we made to such functions.
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where the elements in Bt are independent Brownian motions and Wt is independent of Bt . The
random spot volatility is given by σ

(i)
t = exp(γ(i)0 + γ

(i)
1 ρ

(i)
t ) with dρ

(i)
t = α(i)ρ

(i)
t dt + dB(i)

t .6

This means that there is perfect statistical correlation between the innovations of V (i)
t and σ

(i)
t ,

and the leverage between X (i)
t and ρ

(i)
t is ρ(i). The stationary distribution of ρ

(i)
t is used to

re-start the process each day at ρ
(i)
0 ∼ N(0,−1/2α(i)).

We set (µ(i),γ
(i)
0 ,γ

(i)
1 ,α(i),ρ(i))= (0.03,−5/16,1/8,−1/40,−0.3), and we have that γ

(i)
0 =

[γ
(i)
1 ]2/[2α(i)] . The correlation between log-prices is given by

√
1− (ρ(i))2

√
1− (ρ( j))2,

which, in this setting is equal to 0.91. Furthermore, note that this parametrization implies that
the volatility process is normalized in the sense that E(

∫ t
0[σ

(i)
s ]2)ds = 1. We simulate 250 sam-

ple paths of three log-prices (i= 1,2,3) with a common factor over the interval t ∈ [0,1], which
we allow to represent 24 hours with 1 second observations. That is, we consider n = 86400
subintervals, or equivalently, that the Euler discretization step is set to be ∆n = 1/86400.

In each replication, we also consider a contamination of the simulated process with market
microstructure noise (MMS) and asynchroncity. For each of the log-prices, we set the noise to
be normally distributed with a variance such that the noise-to-signal ratio is either ξ = 0.01 or
ξ = 0.1. To introduce asynchronicity, we consider two independent Poisson sampling schemes
with intensities λ = (2,4,6) and λ = (5,7,10), i.e., we observe every 2,4, and 6 seconds or
5,7, and 10 seconds, respectively.

3.4.2 Covariance Estimators and Calibration

When we do not contaminate the simulated process neither with market microstructure noise
nor with asynchronicity, we compute our realized betas estimator through (3.4), taking Θ̂n,i+1

to be the realized covariance of Barndorff-Nielsen and Shephard (2004), and we compute our
spot beta estimator through (3.4), taking Θ̂n,i+1 to be the spot covariance estimator presented
in Jacod and Protter (2012), which we denote with the superscript “srcov”.

For the scenario with contaminated log-prices, we consider spot and realized covariance
estimators which are proven to be robust to market microstructure noise and asynchronicity.
That is, we compute our realized betas estimator through (3.4) taking Θ̂n,i+1 to be the multi-
variate realized kernel of Barndorff-Nielsen et al. (2011) -denoted with the superscript “mrk”-,
the modulated realized covariance of Christensen et al. (2010) -denoted with the superscript
“mrc”-, and the local method of moments estimator of Altmeyer and Bibinger (2015) -denoted
with the superscript “lmm”-, for the purposes of comparison. Finally, our spot betas estimators
are computed through (3.4), taking Θ̂n,i+1 to be the the spot local method of moments esti-
mator of Bibinger et al. (2017), which we denote with the superscript “slmm”. We chose this

6
The log-prices are simulated through an Euler discretization scheme using the fact that the OU has an exact discretization (see Glasserman, 2004, p.110).
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estimator because it is able to estimate spot quantities consistently in the presence of noise and
asynchronicity and also has its full asymptotic theory derived. Future work on our spot betas
estimator can benefit from the development of the asymptotic theory of other spot covariance
estimators which are also robust to jumps, such as the estimator suggested in Vander-Elst and
Veredas (2017).

For the discretely observed log-returns ∆n
jX , the realized covariance estimator of Barndorff-

Nielsen and Shephard (2004), neither robust to market microstructure noise nor asynchronic-
ity, is given by:

ˆ̄
Σ
(rcov)
[0,1] ≡

n

∑
j=1

∆
n
jX∆

n
jX

′ (3.23)

As a robust estimator we compute the multivariate realized kernel of Barndorff-Nielsen et al.
(2011), which uses a kernel function k(.), which is a deterministic weight function, to adjust
the autocorrelations for market microstructure noise. It is given by:

ˆ̄
Σ
(mrk)
[0,1] ≡

n

∑
hk=−n

[k(
hk

Hk
)

n

∑
j=hk+1

∆
n
jX∆

n
j−hX ′] ; hk ≥ 0 (3.24)

Here we chose k(.) to be the Parzen kernel, as recommended by Barndorff-Nielsen et al., 2009
and Barndorff-Nielsen et al., 2011. Note that Hk in (3.24) is the bandwidth, which, in our
implementation, is computed as in Barndorff-Nielsen et al. (2011), according to the variance
of the noise, their optimal rate, and the number of observations we retain after refresh-times
sampling.

Another robust estimator is the integrated covariance estimator of Christensen et al. (2010),
which also relies on a weight function g(.) which is piecewise continuously differentiable
with Lipchitz derivative in such a way that g(0) = g(1) = 0, ψ1 ≡

∫ 1
0 g

′
(s)2ds, and ψ2 ≡∫ 1

0 g(s)2ds > 0. It is given by:

ˆ̄
Σ
(mrc)
[0,1] ≡ n

n− k(mrc)
n +1

1

ψ2k(mrc)
n

n

∑
i=1

Xn
i (X

n
i )

′− ψ1

ψ2c2
1

2n

n

∑
i=1

∆
n
i X̃(∆n

i X̃)′ (3.25)

where Xn
i ≡ ∑

k(mrc)
n −1

j=1 g
(

j
k(mrc)

n

)
∆n

i X̃ with X̃ i
n
≡ X i

n
+ ε i

n
, for an i.i.d. triangular array with

E(ε1ε ′1) = Ψ ∈M+
d . For n → ∞, Christensen et al. (2010) show that k(mrc)

n√
n = θ +o(n−1/4), and

as they do, we pick conservative values of k(mrc)
n by setting θ = 1, and we choose g to be the

Bartlett window, i.e., we set g = min(x,1− x). Finally, following their simulation study, we
use refresh-times sampling to deal with the asynchronicity.

We also compute the robust to noise and asynchronicity integrated covariance estimator of
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Altmeyer and Bibinger (2015) given below:

ˆ̄
Σ
(lmm)
[0,1] ≡

⌊th−1
n ⌋

∑
k=1

hn

⌊nhn⌋−1

∑
j=1

Ŵjkvec(S jkS′jk − Ĥn
k ) (3.26)

where hn is the length of the bin-width, k indexes the number of blocks, and Ĥn
k is the esti-

mated noise-level matrix, whereas Ŵjk is a matrix containing the multivariate Fisher informa-
tion as optimal weights, following equations (28) and (32) in Altmeyer and Bibinger (2015),
respectively. The spectral statistics S jk are defined as the sum of returns on the spectral trans-
formation. For these we set the number of blocks to 20, the number of spectral frequencies of
the final covariance estimator to be 50, while the number of such frequencies which we use
for the pilot estimates is set at 10 along with 4 blocks, and finally the variance of the noise is
estimated as in Gatheral and Oomen (2010).

For the spot covariance, when there is neither market microstructure noise nor asyn-
chronicity, we consider the estimator presented in Jacod and Protter (2012) given by:

Σ̂
(srcov)
t,[0,1] ≡ 1

k(srcov)
n ∆n

k(srcov)
n −1

∑
j=0

∆
n
i+1+ jX∆

n
i+1+ jX

′ ; t ∈ ((i−1)∆n, i∆n] (3.27)

where we take the window length to be such that k(srcov)
n =

√
n since this fulfills the asymptotic

requirements in Jacod and Protter (2012). They let n → ∞ and k(srcov)
n → ∞ in such a way that

∆nk(srcov)
n → 0. For the case in which our simulated log-prices are contaminated with market

microstructure noise and asynchronicity, as a spot covariance estimator, we take the spot local
method of moments estimator of Bibinger et al. (2017) given by:

vec(Σ̂(lmm)
s,[0,1])≡ (Us,n −Ls,n +1)−1

Us,n

∑
k=Ls,n

hn

Jn

∑
j=1

Ŵjkvec(S jkS
′
jk −π

2 j2h−2
n Ĥn

k ) (3.28)

For (3.28), Bibinger et al. (2017) partition the interval [0,1] into equidistant blocks, [khn,(k+
1)hn], k = 0, ...,h−1

n , where the block length hn goes to zero as n → ∞. Further, Us,n ≡
max{

⌊
sh−1

n
⌋
−Kn,0} and Ls,n ≡min{

⌊
sh−1

n
⌋
+Kn,

⌈
h−1

n
⌉
−1} define the length of the smooth-

ing window, which is bounded above by 2Kn+1, where Kn is set to be 4, as mentioned above,
and all the other settings used in the computation of (3.26) remain equal.

We use (3.23), (3.24), (3.25) and (3.26) in place of Θ̂n,i+1 in (3.4) to obtain our realized
beta estimators, and we use (3.27) and (3.28) in place of Θ̂n,i+1 in (3.4) to obtain our spot
beta estimators. Finally, we compute the non-robust-to-contamination integrated and spot
covariance estimators, as well as their corresponding betas, only over non-contaminated data .
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3.4.3 Simulation Results

The most common approach to multivariate high-frequency betas is the computation of real-
ized betas through a pairwise approach, which we denote here with B. That is, to consider
the realized beta ˆ̄Bi, j to be the ratio between the realized covariance ˆ̄

Σi, j and the realized vari-
ance ˆ̄

Σ j, j. See, for instance, the work of Andersen et al. (2006). As we can observe in (3.4),
our realized beta estimator is different from the pairwise computed realized betas, with the
exception of the estimator for ˆ̄

β2,1. More specifically, in our definition of the betas and, con-
sequently, in the estimator we proposed for realized betas, we have that all of the information
up to the i-th row of matrix returns (and not just part of it) is included in the computation of
the (i+ 1)-th row of the realized betas. Hence, our particular definition of the realized betas
makes it difficult to compare them with the already available estimators in the literature. So,
for comparison purposes, in this analysis, we present what is commonly referred to as realized
betas, i.e., those computed through a pairwise approach, and keep in mind that only ˆ̄B2,1 is
equal to our estimator ˆ̄

β2,1.

We restrict our presentation to the results on betas estimators for simulated log-prices con-
taminated with market microstructure noise and asynchronicity, both present in our analysis in
combinations of different intensities, which is the most realistic scenario. We leave the results
on the performance of the covariance estimators, upon which our betas estimators hinge, for
Tables 3.4 and 3.5 in Appendix 3.6.2, since these estimators have been studied already in the
literature. Tables 3.1 and 3.2 below present the bias and root mean square error of our realized
betas estimators, denoted ˆ̄

βi, j , and of the pairwise realized betas, denoted ˆ̄Bi, j .

In these tables, we can see that, as anticipated, our realized beta estimator ˆ̄
β2,1, computed

through our formula (3.4), is equal to the realized beta ˆ̄B2,1, which is defined as the ratio
between the realized covariance ˆ̄

Σ2,1 and the realized variance ˆ̄
Σ1,1 , both in terms of bias

and root mean square error. The remaining realized betas within our definition indeed do not
match the realized betas defined as ratios of realized measures. It can be noted however, that
they perform similarly in terms of root mean square error, which makes our realized betas
estimators promising. Nevertheless, we should keep in mind that the benchmarks for these
two types of estimators are different, as here we consider an alternative definition of realized
betas.

It can be noted however, that they perform similarly in terms of root mean square error,
which makes our realized betas estimators promising. Nevertheless, we should keep in mind
that the benchmarks for these two types of estimators are different, as here we consider an
alternative definition of realized betas.
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−0.0021510

ξ = 0.01; λ = (2,4,6) ξ = 0.01; λ = (5,7,10)

Bias

ˆ̄
β
(lmm),(2,1)
[0,1] −0.0021 ˆ̄B(lmm),(2,1)

[0,1] −0.0021 ˆ̄
β
(lmm),(2,1)
[0,1] 0.0001 ˆ̄B(lmm),(2,1)

[0,1] 0.0001

ˆ̄
β
(lmm),(3,1)
[0,1] −0.0001 ˆ̄B(lmm),(3,1)

[0,1] −0.0007 ˆ̄
β
(lmm),(3,1)
[0,1] −0.0039 ˆ̄B(lmm),(3,1)

[0,1] 0.0011

ˆ̄
β
(lmm),(3,2)
[0,1] 0.0003 ˆ̄B(lmm),(3,2)

[0,1] −0.0012 ˆ̄
β
(lmm),(3,2)
[0,1] 0.0055 ˆ̄B(lmm),(3,2)

[0,1] 0.0007

RMSE

β̂
(lmm),(2,1)
[0,1] 0.0148 ˆ̄B(lmm),(2,1)

[0,1] 0.0148 ˆ̄
β
(lmm),(2,1)
[0,1] 0.0157 ˆ̄B(lmm),(2,1)

[0,1] 0.0157

ˆ̄
β
(lmm),(3,1)
[0,1] 0.0350 ˆ̄B(lmm),(3,1)

[0,1] 0.0143 ˆ̄
β
(lmm),(3,1)
[0,1] 0.0431 ˆ̄B(lmm),(3,1)

[0,1] 0.0163

ˆ̄
β
(lmm),(3,2)
[0,1] 0.0360 ˆ̄B(lmm),(3,2)

[0,1] 0.0165 ˆ̄
β
(lmm),(3,2)
[0,1] 0.0434 ˆ̄B(lmm),(3,2)

[0,1] 0.0156

Bias

ˆ̄
β
(mrk),(2,1)
[0,1] −0.0014 ˆ̄B(mrk),(2,1)

[0,1] −0.0014 ˆ̄
β
(mrk),(2,1)
[0,1] 0.0034 ˆ̄B(mrk),(2,1)

[0,1] 0.0034

ˆ̄
β
(mrk),(3,1)
[0,1] −0.0001 ˆ̄B(mrk),(3,1)

[0,1] −0.0007 ˆ̄
β
(mrk),(3,1)
[0,1] −0.0016 ˆ̄B(mrk),(3,1)

[0,1] −0.0030

ˆ̄
β
(mrk),(3,2)
[0,1] 0.0001 ˆ̄B(mrk),(3,2)

[0,1] 0.0016 ˆ̄
β
(mrk),(3,2)
[0,1] −0.0030 ˆ̄B(mrk),(3,2)

[0,1] −0.0019

RMSE

ˆ̄
β
(mrk),(2,1)
[0,1] 0.0260 ˆ̄B(mrk),(2,1)

[0,1] 0.0260 ˆ̄
β
(mrk),(2,1)
[0,1] 0.0328 ˆ̄B(mrk),(2,1)

[0,1] 0.0328

ˆ̄
β
(mrk),(3,1)
[0,1] 0.0612 ˆ̄B(mrk),(3,1)

[0,1] 0.0298 ˆ̄
β
(mrk),(3,1)
[0,1] 0.0653 ˆ̄B(mrk),(3,1)

[0,1] 0.0318

ˆ̄
β
(mrk),(3,2)
[0,1] 0.0622 ˆ̄B(mrk),(3,2)

[0,1] 0.0302 ˆ̄
β
(mrk),(3,2)
[0,1] 0.0671 ˆ̄B(mrk),(3,2)

[0,1] 0.0313

Bias

ˆ̄
β
(mrc),(2,1)
[0,1] −0.0031 ˆ̄B(mrc),(2,1)

[0,1] −0.0031 ˆ̄
β
(mrc),(2,1)
[0,1] 0.0019 ˆ̄B(mrc),(2,1)

[0,1] 0.0019

ˆ̄
β
(mrc),(3,1)
[0,1] −0.0003 ˆ̄B(mrc),(3,1)

[0,1] −0.0026 ˆ̄
β
(mrc),(3,1)
[0,1] −0.0007 ˆ̄B(mrc),(3,1)

[0,1] −0.0051

ˆ̄
β
(mrc),(3,2)
[0,1] −0.0009 ˆ̄B(mrc),(3,2)

[0,1] −0.0003 ˆ̄
β
(mrc),(3,2)
[0,1] −0.0055 ˆ̄B(mrc),(3,2)

[0,1] −0.0047

RMSE

ˆ̄
β
(mrc),(2,1)
[0,1] 0.0282 ˆ̄B(mrc),(2,1)

[0,1] 0.0282 ˆ̄
β
(mrc),(2,1)
[0,1] 0.0367 ˆ̄B(mrc),(2,1)

[0,1] 0.0368

ˆ̄
β
(mrc),(3,1)
[0,1] 0.0681 ˆ̄B(mrc),(3,1)

[0,1] 0.0327 ˆ̄
β
(mrc),(3,1)
[0,1] 0.0731 ˆ̄B(mrc),(3,1)

[0,1] 0.0357

ˆ̄
β
(mrc),(3,2)
[0,1] 0.0685 ˆ̄B(mrc),(3,2)

[0,1] 0.0329 ˆ̄
β
(mrc),(3,2)
[0,1] 0.0757 ˆ̄B(mrc),(3,2)

[0,1] 0.0357

ξ = 0; λ = 1

Bias

ˆ̄
β
(rcov),(2,1)
[0,1] −1.55e−04 ˆ̄B(rcov),(2,1)

[0,1] −1.55e−04 β̂
(rcov),(2,1)
[0,1] −1.549e−04 B̂(rcov),(2,1)

[0,1] −1.549e−04

ˆ̄
β
(rcov),(3,1)
[0,1] 9.24e−05 ˆ̄B(rcov),(3,1)

[0,1] −5.77e−05 β̂
(rcov),(3,1)
[0,1] 9.235e−05 B̂(rcov),(3,1)

[0,1] −5.769e−05

ˆ̄
β
(rcov),(3,2)
[0,1] −8.31e−05 ˆ̄B(rcov),(3,2)

[0,1] 1.74e−05 β̂
(rcov),(3,2)
[0,1] −8.341e−05 B̂(rcov),(3,2)

[0,1] 1.742e−05

RMSE

ˆ̄
β
(rcov),(2,1)
[0,1] 1.47e−03 ˆ̄B(rcov),(2,1)

[0,1] 1.47e−03 β̂
(rcov),(2,1)
[0,1] 1.469e−03 B̂(rcov),(2,1)

[0,1] 1.469e−03

ˆ̄
β
(rcov),(3,1)
[0,1] 2.82e−03 ˆ̄B(rcov),(3,1)

[0,1] 1.40e−03 β̂
(rcov),(3,1)
[0,1] 2.819e−03 B̂(rcov),(3,1)

[0,1] 1.399e−03

ˆ̄
β
(rcov),(3,2)
[0,1] 2.81e−03 ˆ̄B(rcov),(3,2)

[0,1] 1.45e−03 β̂
(rcov),(3,2)
[0,1] 2.809e−03 B̂(rcov),(3,2)

[0,1] 1.445e−03

Table 3.1: Performance of Realized Betas Estimators - Low MMS
.............This table reports the bias and root mean square (RMSE) error of the daily realized betas estimated as we suggest in (3.4), denoted ˆ̄

β , and as pairwise

through the ratio of realized covariance and realized variance, denoted ˆ̄B. The data-generating process is as given in (3.20)-(3.22), computed at a 1-second

frequency. The bottom of the table reports the results for the realized betas which are based on the realized covariance, under the case of no contamination

in the log-prices. The rest of the table reports the results on the realized betas which are based on robust to contamination realized covariance estimators,

under the presence of low market microstructure noise (MMS) and asynchronicity with two different intensities in the data-generating process.
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0.02132

ξ = 0.1; λ = (2,4,6) ξ = 0.1; λ = (5,7,10)

Bias

ˆ̄
β
(lmm),(2,1)
[0,1] 0.0213 ˆ̄B(lmm),(2,1)

[0,1] 0.0213 ˆ̄
β
(lmm),(2,1)
[0,1] 0.1040 ˆ̄B(lmm),(2,1)

[0,1] 0.1040

ˆ̄
β
(lmm),(3,1)
[0,1] 0.0204 B̂(lmm),(3,1)

[0,1] 0.0436 ˆ̄
β
(lmm),(3,1)
[0,1] −0.0300 ˆ̄B(lmm),(3,1)

[0,1] 0.1263

ˆ̄
β
(lmm),(3,2)
[0,1] 0.0150 ˆ̄B(lmm),(3,2)

[0,1] 0.0483 ˆ̄
β
(lmm),(3,2)
[0,1] 0.1336 ˆ̄B(lmm),(3,2)

[0,1] 0.1554

RMSE

ˆ̄
β
(lmm),(2,1)
[0,1] 0.1615 ˆ̄B(lmm),(2,1)

[0,1] 0.1615 ˆ̄
β
(lmm),(2,1)
[0,1] 0.3351 B̂(lmm),(2,1)

[0,1] 0.3351

ˆ̄
β
(lmm),(3,1)
[0,1] 0.4097 ˆ̄B(lmm),(3,1)

[0,1] 0.1964 ˆ̄
β
(lmm),(3,1)
[0,1] 0.6471 ˆ̄B(lmm),(3,1)

[0,1] 0.3711

ˆ̄
β
(lmm),(3,2)
[0,1] 0.4263 ˆ̄B(lmm),(3,2)

[0,1] 0.2410 ˆ̄
β
(lmm),(3,2)
[0,1] 0.6928 ˆ̄B(lmm),(3,2)

[0,1] 0.4892

Bias

ˆ̄
β
(mrk),(2,1)
[0,1] 0.0571 ˆ̄B(mrk),(2,1)

[0,1] 0.0571 ˆ̄
β
(mrk),(2,1)
[0,1] 0.0625 ˆ̄B(mrk),(2,1)

[0,1] 0.0625

ˆ̄
β
(mrk),(3,1)
[0,1] 0.0218 ˆ̄B(mrk),(3,1)

[0,1] 0.0595 ˆ̄
β
(mrk),(3,1)
[0,1] 0.0140 ˆ̄B(mrk),(3,1)

[0,1] 0.0564

ˆ̄
β
(mrk),(3,2)
[0,1] 0.0121 B̂(mrk),(3,2)

[0,1] 0.0572 ˆ̄
β
(mrk),(3,2)
[0,1] 0.0149 ˆ̄B(mrk),(3,2)

[0,1] 0.0575

RMSE

ˆ̄
β
(mrk),(2,1)
[0,1] 0.0697 ˆ̄B(mrk),(2,1)

[0,1] 0.0697 ˆ̄
β
(mrk),(2,1)
[0,1] 0.0758 ˆ̄B(mrk),(2,1)

[0,1] 0.0758

ˆ̄
β
(mrk),(3,1)
[0,1] 0.0742 ˆ̄B(mrk),(3,1)

[0,1] 0.0705 ˆ̄
β
(mrk),(3,1)
[0,1] 0.0741 ˆ̄B(mrk),(3,1)

[0,1] 0.0712

ˆ̄
β
(mrk),(3,2)
[0,1] 0.0725 ˆ̄B(mrk),(3,2)

[0,1] 0.0706 ˆ̄
β
(mrk),(3,2)
[0,1] 0.0761 ˆ̄B(mrk),(3,2)

[0,1] 0.0734

Bias

ˆ̄
β
(mrc),(2,1)
[0,1] 0.0010 ˆ̄B(mrc),(2,1)

[0,1] 0.0010 β̂
(mrc),(2,1)
[0,1] −0.0006 B̂(mrc),(2,1)

[0,1] −0.0006

ˆ̄
β
(mrc),(3,1)
[0,1] 0.0083 ˆ̄B(mrc),(3,1)

[0,1] 0.0035 β̂
(mrc),(3,1)
[0,1] −0.0018 B̂(mrc),(3,1)

[0,1] −0.0057

ˆ̄
β
(mrc),(3,2)
[0,1] −0.0067 ˆ̄B(mrc),(3,2)

[0,1] 0.0007 β̂
(mrc),(3,2)
[0,1] −0.0043 B̂(mrc),(3,2)

[0,1] −0.0046

RMSE

ˆ̄
β
(mrc),(2,1)
[0,1] 0.0412 ˆ̄B(mrc),(2,1)

[0,1] 0.0412 β̂
(mrc),(2,1)
[0,1] 0.0019 B̂(mrc),(2,1)

[0,1] 0.0440

ˆ̄
β
(mrc),(3,1)
[0,1] 0.1139 ˆ̄B(mrc),(3,1)

[0,1] 0.0392 β̂
(mrc),(3,1)
[0,1] 0.0175 B̂(mrc),(3,1)

[0,1] 0.0452

ˆ̄
β
(mrc),(3,2)
[0,1] 0.1116 ˆ̄B(mrc),(3,2)

[0,1] 0.0408 β̂
(mrc),(3,2)
[0,1] 0.0177 B̂(mrc),(3,2)

[0,1] 0.0452

ξ = 0; λ = 1

Bias

ˆ̄
β
(rcov),(2,1)
[0,1] −1.55e−04 ˆ̄B(rcov),(2,1)

[0,1] −1.55e−04 β̂
(rcov),(2,1)
[0,1] −1.549e−04 B̂(rcov),(2,1)

[0,1] −1.549e−04

ˆ̄
β
(rcov),(3,1)
[0,1] 9.23e−05 ˆ̄B(rcov),(3,1)

[0,1] −5.77e−05 β̂
(rcov),(3,1)
[0,1] 9.235e−05 B̂(rcov),(3,1)

[0,1] −5.769e−05

ˆ̄
β
(rcov),(3,2)
[0,1] −8.34e−05 ˆ̄B(rcov),(3,2)

[0,1] 1.74e−05 β̂
(rcov),(3,2)
[0,1] −8.341e−05 B̂(rcov),(3,2)

[0,1] 1.742e−05

RMSE

ˆ̄
β
(rcov),(2,1)
[0,1] 1.47e−03 ˆ̄B(rcov),(2,1)

[0,1] 1.47e−03 β̂
(rcov),(2,1)
[0,1] 1.469e−03 B̂(rcov),(2,1)

[0,1] 1.469e−03

ˆ̄
β
(rcov),(3,1)
[0,1] 2.82e−03 ˆ̄B(rcov),(3,1)

[0,1] 1.40e−03 β̂
(rcov),(3,1)
[0,1] 2.819e−03 B̂(rcov),(3,1)

[0,1] 1.399e−03

ˆ̄
β
(rcov),(3,2)
[0,1] 2.81e−03 ˆ̄B(rcov),(3,2)

[0,1] 1.44e−03 β̂
(rcov),(3,2)
[0,1] 2.809e−03 B̂(rcov),(3,2)

[0,1] 1.445e−03

Table 3.2: Performance of Realized Betas Estimators - High MMS
.............This table reports the bias and root mean square error (RMSE) of the daily realized betas estimated as we suggest in (3.4), denoted ˆ̄

β , and as pairwise

through the ratio of realized covariance and realized variance, denoted ˆ̄B. The data-generating process is as given in (3.20)-(3.22), computed at a 1-second

frequency. The bottom of the table reports the results for the realized betas which are based on the realized covariance, under the case of no contamination

in the log-prices. The rest of the table reports the results on the realized betas which are based on robust to contamination realized covariance estimators,

under the presence of high market microstructure noise (MMS) and asynchronicity with two different intensities in the data-generating process.

In this sense, note that if in a given row of betas, we could somehow determine which
ones are zero, and if, in addition, we concluded that in such given row only one beta is non-
zero, then this realized beta would be equal to the ratio of the realized covariance and realized
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variance of the associated asset. This could be addressed within the framework we developed
here for the test of the constancy of spot betas over time, by testing if a spot beta is constantly
equal to zero. Such an evaluation of the betas can reveal the importance of estimating them
through the approach we suggest in this article, instead of relying on the pairwise realized
betas. The former, with its incorporation of the information on all assets of previous rows,
rather than just pairwise information, would then be the correct approach to the realized beta
estimation problem.

In this line, as expected along with the larger amount of information accounted for by our
realized betas estimators, we find that they exhibit a higher root mean square error, as it can
be seen in Tables 3.1 and 3.2, when compared to the pairwise realized betas. The removal of
potentially unnecessary information used in the computation of a given beta, as a result of the
determination of other betas being zero, can then be of much help in the reduction of such root
mean square errors. This can be particularly relevant for high-dimensional settings or for the
exploration of which are the relevant explanatory variables in an asset pricing model.

For the evaluation of our spot betas estimator, the challenge arises not only in terms of
finding an already available spot betas estimator in the literature, but mainly in terms of de-
termining how to evaluate properly a spot estimator. For this, we assess the performance of
the spot betas estimators through the bias and root mean square error of the betas computed
from the Reimann sums of the spot covariance estimators. We refer the reader to the Table 3.6
in Appendix 3.6.2 for the results on the performance of spot covariance estimators obtained
through their Reimann sums, while, here in Table 3.3 below, we present the performance of
the betas computed upon these sums for the scenario with low market microstructure noise.

−0.0023480

ξ = 0; λ = 1 ξ = 0.01; λ = (2,4,6) ξ = 0.01; λ = (5,7,10)

Bias

ˆ̄
β
(srcov),(2,1)
[0,1] −1.41e−04 ˆ̄

β
(slmm),(2,1)
[0,1] −0.0023 ˆ̄

β
(slmm),(2,1)
[0,1] −9.12e−05

ˆ̄
β
(srcov),(3,1)
[0,1] 7.50e−05 ˆ̄

β
(slmm),(3,1)
[0,1] 0.0002 ˆ̄

β
(slmm),(3,1)
[0,1] −3.65e−03

ˆ̄
β
(srcov),(3,2)
[0,1] −6.77e−05 ˆ̄

β
(slmm),(3,2)
[0,1] −4.28e−06 ˆ̄

β
(slmm),(3,2)
[0,1] 0.0051

RMSE

ˆ̄
β
(srcov),(2,1)
[0,1] 1.48e−03 ˆ̄

β
(slmm),(2,1)
[0,1] 0.0147 ˆ̄

β
(slmm),(2,1)
[0,1] 1.56e−02

ˆ̄
β
(srcov),(3,1)
[0,1] 2.85e−03 ˆ̄

β
(slmm),(3,1)
[0,1] 0.0353 ˆ̄

β
(slmm),(3,1)
[0,1] 4.32e−02

ˆ̄
β
(srcov),(3,2)
[0,1] 2.84e−03 ˆ̄

β
(slmm),(3,2)
[0,1] 3.63e−02 ˆ̄

β
(slmm),(3,2)
[0,1] 0.0436

Table 3.3: Performance of Spot Betas Estimators
.............This table reports the bias and root mean square error (RMSE) of the daily realized betas estimated as we suggest in (3.4), denoted ˆ̄

β , and as pairwise

through the ratio of realized covariance and realized variance, denoted ˆ̄B. The input for these realized betas are the Reimann sums of the spot covariance

estimators. The data-generating process is as given in (3.20)-(3.22), computed at a 1-second frequency. The first column of the table reports the results

for the realized betas which are based on the spot covariance estimator given by (3.27), under the case of no contamination in the log-prices. The last two

columns of the table report the results on the realized betas which are based on the robust to contamination spot covariance estimator, (3.28), under the

presence of low market microstructure noise (MMS) and asynchronicity with two different intensities in the data-generating process.
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As expected and as we observed before for the realized betas estimators, we also note in
Table 3.3 that when computing betas upon spot covariance estimators, our spot betas perform
worse the higher the noise-to-signal ratio is and the stronger the asynchronicity is. We restrict
ourselves to the scenario with low market microstructure noise since, otherwise, the tuning
selected for the spot covariance estimator of Bibinger et al. (2017) should be reconsidered. We
observe that the spot covariance estimator of Bibinger et al. (2017) is challenged in a setting
with a high noise-to-signal ratio and as the asynchronicity gets slightly higher. Moreover,
from other simulation exercises not presented here, we also observed that lowering the time-
frequency of the simulated log-prices damaged the performance of this estimator relatively
more than it harmed others. We conclude that the spot covariance estimator of Bibinger et al.
(2017) might be more suitable for high-frequency data settings finer than 1-second, as used in
their empirical study (an observation every 0.2 seconds). This research was focused originally
on the integrated covariance estimators and the spot covariance estimator of Jacod and Protter
(2012) and we leave for future work an adaptation of our setting more in line with the estimator
of Bibinger et al. (2017). In the same line of thoughts, we only introduced mild asynchronicity
-with respect to what is done in Barndorff-Nielsen et al. (2011) and Christensen et al. (2010)-
in light of the settings of Bibinger et al. (2017). Our goal was to try to find a compromise which
allowed us to selected a tuning for the estimators and frequency for the simulated data which
encompassed what has been done in the literature for the integrated covariance estimators.

3.5 Conclusions

In this article, we developed the theory and estimation for spot and integrated betas relying on
positive definite matrices within a multi-factor model. We provided the asymptotic distribution
of such betas and showed when standard OLS is not a consistent estimator. Furthermore, we
suggested a test for the constancy of betas over time, which is useful to know both when
standard OLS can be applied and in terms of avoiding the difficulties and complexities of
defining the appropriate time-window in which to perform OLS estimation.

To illustrate our theory, we considered several spot and integrated covariance estimators in
order to have a wide range of results to corroborate and analyze. We computed the estimators
of Jacod and Protter (2012), Bibinger et al. (2017), Barndorff-Nielsen and Shephard (2004),
Barndorff-Nielsen et al. (2011), Christensen et al. (2010), and Altmeyer and Bibinger (2015)
and showed that their corresponding betas estimators which we proposed perform well in
terms of bias and root mean square error. Some of these covariance estimators have been
widely used in the literature, while others are more recent developments within the literature
on spot and integrated covariance estimators which are robust to two of the essential features
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of high-frequency data (i.e., market microstructure noise and asynchronicity), and also able to
guarantee positive definiteness.

Particularly recent in the literature are the spot covariance estimators, especially the ones
that are robust to market microstructure noise and asynchronicity. For this, we considered the
spot covariance estimator of Bibinger et al. (2017), which shows good results for the corre-
sponding spot betas estimator we proposed in this paper, both in terms of bias and root mean
square error as long as the noise-to-signal ratio is low. Further analysis needs to be carried on
in order to arrive to a more more appropriate calibration and setting for this estimator which
at the same time is also compatible with our broader goal of spot and integrated betas within
a multi-factor model.

In this sense, an empirical application of the theory developed here aiming to use the
estimator of Bibinger et al. (2017) due to its attractive feature of being robust to market mi-
crostructure noise and asynchronicity should be carried on a highly liquid data set with ob-
servations at a high-frequency finer than 1-second observations, as Bibinger et al. (2017) do.
As we mentioned, this research was originally focused on the spot covariance estimator of Ja-
cod and Protter (2012), which shows good results for the simulated 1-second frequency data.
Additionally, such a high-frequency data set should also contain multiple factors if the goal
is to illustrate the most general case of our theory, i.e., the data set should contain multiple
high-frequency factors. Here we chose to focus our simulation analysis on the single com-
mon factor model, in order to explore the performance of our betas estimators within a model
widely used in the literature.

Finally, we leave for future work the assessment of the test of constancy over time of
spot betas (which is currently a work under progress), as well as the procedure to determine
if a spot beta is constantly equal to zero over time. This can help to reduce the variables
in our pricing model as well as to determine if the realized betas of a given regression or row
might be estimated as the ratio between the realized covariance and realized variance. Another
interesting extension of the theory we developed here lies in the incorporation of jumps in the
log-prices. In this respect, our work can benefit from the results of Vander-Elst and Veredas
(2017), and a derivation of the asymptotic theory of their robust to jumps spot estimator will
allow us to retain the test of constancy over time of our spot betas.

Finally, we leave for future work the assessment of the test of constancy over time of spot
betas (which is currently a work under progress), as well as the procedure to determine if a
spot beta is constantly equal to zero over time. This can help to reduce the variables in our
pricing model as well as to determine if the realized betas of a given regression or row might
be estimated as the ratio between the realized covariance and realized variance.
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3.6 Appendix

3.6.1 Appendix C.1: Theoretical Results

Proof of Proposition 1 : Observe that when β Σ̄(T ) = 0 (the zero matrix) the result is trivial, so suppose
that β Σ̄(T ) ̸= 0. Let (L̄(t), Ḡ(t)) be the Cholesky decomposition of Σ̄(t). Note that by (3.10) and the
bilinearity of the quadratic covariation, we get that for all 0 < t ≤ T :

[F ]t = L̄(T )−1[X ]t(L̄(T )−1)′

[F,X ]t = [F ]t L̄(T )′

From this, it follows inmediately that 3)⇒ 1)⇒ 2) in the statement of Proposition 1, so it remains to
show that 2) implies 3). To see this, we first note that due to (3.10), it holds that for any i = 2, . . . ,d
and j = 1, . . . , i−1:

∫ t

0
Σi, j(s)ds = β̄i(T )′Πd,i

[∫ t

0
Σi, j(s)ds

]
e j ; 0 < t ≤ T

which is, thanks to Lemma 1, equivalent to β Σ̄(t) = β Σ̄(T ) ; 0 < t ≤ T . Or, in other words, the Cholesky
decomposition of Σ̄(t) is such that L̄(t) = L̄(T ) for all 0 < t ≤ T . Using this, we conclude that almost
surely, for almost all 0 < t ≤ T , the mapping t 7→ Ḡ(t) is differentiable and satisfies that:

Σ(t) = L(t)G(t)L(t)′ = L̄(T )
d
dt

Ḡ(t)L̄(T )′ (3.29)

Note that we can obtain the pair (L̄(t), Ḡ(t)) in the following way. Fix, Σ̄(t) ∈M+
d and let Ḡ1,1 = Σ̄1,1

and L̄2,1 = Σ̄2,1/Σ̄1,1 . For k = 3, . . . ,d and l < k, we put:

L̄k,l =
1

Ḡl,l
(Σ̄k,l −

l−1

∑
m=1

L̄k,mL̄l,mḠm,m) (3.30)

Ḡk,k = Σ̄k,k −
k−1

∑
m=1

(L̄k,m)
2 Ḡm,m (3.31)

The pair (L̄(t), Ḡ(t)) obtained in this way is the Cholesky of Σ̄(t). By iterating equation (3.31), we
deduce that for k = 1, . . . ,d, almost surely, for almost all 0 < t ≤ T :

d
dt

Ḡk,k(t) = Ḡk,k(t)

Plugging the previous relation into (3.29), and invoking the uniqueness of the Cholesky decomposition,
give us that almost surely, for almost all 0 < t ≤ T , L(t) = L̄(T ). Now, observe that by right continuity
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of Σ(t) and equation (3.31) it holds that:

L(0)G(0)LΣ(0)′ = lim
t↓0

t−1
∫ t

0
Σ(s)ds

= L̄(T ) lim
t↓0

t−1Ḡ(t)L̄(T )′

= L̄(T )G(0)L̄(T )′

which concludes the proof, since we only needed to show that L̄(T ) = L(0). �

Proof of Proposition 2 : Consider the notation β
Σ(t)
i (t) = Πd,i(β

Σ(t))′ei+1. Note that by Cauchy’s
Interlace Theorem -see Hwang (2004)- for Σ ∈M+

d it holds ∀ k = 1, . . . ,d −1 that:∥∥Πd,kΣΠ
′
d,k

∥∥
k ≤ tr(Πd,kΣΠ

′
d,k)≤ tr(Πd,k+1ΣΠ

′
d,k+1)≤ (k+1)

∥∥Πd,k+1ΣΠ
′
d,k+1

∥∥
k+1 (3.32)

From Lemma 1, (3.32), and recalling that we defined A ≡ Πd,d−1ΣΠ′
d,d−1, we get that for any i =

1, . . . ,d −1: ∥∥β
Σ
i (t)

∥∥≤ Ktr(A(t))1/2tr(A(t)−1) ; 0 ≤ t ≤ 1

where we have used that
∣∣Σi, j

∣∣2 ≤ Σi,iΣ j, j, and that the elements of Σ are totally bounded on [0,1].
Therefore, by (3.12), we obtain that almost surely that:

∫ 1

0

∥∥∥β
Σ(s)

µ(s)
∥∥∥ds+

∫ 1

0
tr[β Σ(s)diagonal{Σ1,1(s), . . . ,Σd,d(s)}β

Σ(s)]ds < ∞

This shows that
(
β Σ(t)

)
0≤t≤1 is integrable with respect to X , meaning that F is well-defined and that it

satisfies 1) and 2) of the statement of Proposition 2. Reciprocally, let F and β Σ 0
be as in the statement

of Proposition 2, and for 0 ≤ t ≤ 1 we set:

µ
β Σ0

,F(t)≡ L(t)r(t) ; σ
β Σ0

,F(t)≡ L(t)G(t)1/2

From (3.13) we have that the process:

dXt ≡ µ
β Σ0

,F(t)dt +σ
β Σ0

,F(t)dBt ; 0 ≤ t ≤ 1

is well-defined and satisfies (3.14). Also observe that:

Xt =
∫ t

0
β

Σ 0
(s)dXs +Ft ; 0 ≤ t ≤ 1 (3.33)

Finally, observe that the non-uniqueness of the semimartingale is due to the fact that we can always
add an absolutely continuous drift to X and still get the same quadratic covariation.�

Proof of Proposition 3 : It is clear that 2) and 3) of the statement are equivalent, and that they
imply 1), so suppose that 1) holds. We show that β Θ(t) is constant on [a,b). For every i = 1, . . . ,d −1,
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define:

Hi(t)≡(Πd,iΘ̄(t)Π′
d,i) ; Bi(t)≡ Πd,iΘ̄(t)ei+1

By assumption, Hi and Bi are continuously differentiable on (a,b). Moreover, due to Lemma 1 and
using the right continuity of Θ, we have that Hi and Bi satisfy the linear system:

dBi(t)
dt

=

[
dHi(t)

dt
Hi(t)−1

]
Bi(t) ; t ∈ [a,b) (3.34)

with initial contidion Bi(a) = Πd,iΘ̄(a)ei+1. Therefore, by the uniqueness of the solution of (3.34), we
get that necessarily:

Bi(t) = Hi(t)xi
a ; t ∈ [a,b) ; i = 1, . . . ,d −1 (3.35)

where xi
a = Hi(a)−1Bi(a). Using Lemma 1 this results in:

Πd,i

(
β

Θ(t)
)′

ei+1 = Πd,i

(
β

Θ̄(t)
)′

ei+1 = xi
a ; t ∈ [a,b) ; i = 1, . . . ,d −1 (3.36)

or in other words, β Θ(t) is constant on [a,b), as required. �

Proof of Lemma 2 : Fix i ∈ {1, . . . ,d − 1}. Observe first that Fi is well-defined in the whole M+
d

since Πd,iΘΠ’
d,i is a leading submatrix of a positive definite matrix, which is, in turn, also positive

definite, and therefore invertible. We now note that:

Fi(Θ) = H(G(Θ))g(Θ)

where we define:

H(B)≡B−1 ; B ∈M+
i

G(Θ)≡Πd,iΘΠ
′
d,i ; Θ ∈M+

d

g(Θ)≡Πd,iΘei+1 ; Θ ∈M+
d

Moreover, H, G and g are differentiable on the whole M+
i and M+

d , respectively, with differentials
given by -see Chapter 8 in Magnus and Neudecker, 2007-:

dH(V ;B) =−B−1V B−1 ; B,V ∈M+
i

dG(U ;Θ) =Πd,iUΠ
′
d,i ; Θ,U ∈M+

d

dg(U ;Θ) =Πd,iUei+1 ; Θ,U ∈M+
d

Hence, by the product and the chain rules for differentials -see Chapter 5 in Magnus and Neudecker,
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2007-, we conclude that Fi is differentiable at Θ0 and that:

dFi(U ;Θ
0) = dH(dG(U ;Θ

0);G(Θ0))g(Θ0)+H(G(Θ0))dg(U ;Θ
0)

= (Πd,iΘ
0
Π

′
d,i)

−1
Πd,iU [ei+1 −Π

′
d,i(Πd,iΘ

0
Π

’
d,i)

−1
Πd,iΘ

0ei+1]

= (Πd,iΘ
0
Π

′
d,i)

−1
Πd,iU [ei+1 −Π

′
d,iFi(Θ

0)] (3.37)

but from Lemma 1 we have:

ei+1 −Π
′
d,iFi(Θ

0) = Π
′
d,i+1

(
−β Θ0

i

1

)

Plugging the previous equation into (3.37) gives (3.17). �

Proof of Theorem 1 : Let i ∈ {2, . . . ,d − 1}. Since projecting Θ into Πd,iΘΠ′
d,i is the same as

projecting Πd,i+1ΘΠ′
d,i+1 into Πd,iΘΠ′

d,i, and projecting Θei+1 into Πd,iΘei+1 is equivalent to project-
ing Πd,i+1Θei+1 into Πd,iΘei+1, we may and do assume without loss of generality that d = i+ 1. By
Lemmas 1 and 2, for n large enough, we have that:

an,i+1[β̂i
Θ̂ −β

Θ0

i ] = an,i+1
[
Fi(Θ̂

n,i+1)−Fi(Θ
0)
]

= (Πd,iΘ
0
Π

′
d,i)

−1
Πd,i

[
an,i+1

(
Θ̂

n,i+1 −Θ
0)](−β Θ0

i

1

)
+oP(

∥∥Θ̂
n,i+1 −Θ

0∥∥
d)

where Θ̂n,i+1 and an,i+1 are as in Assumption 1. Since Θ0, an,i+1 and β Θ0

i are F -measurable we have:

(Πd,iΘ
0
Π

′
d,i)

−1
Πd,i

[
an,i
(
Θ̂

n,i+1 −Θ
0)]

Π
′
d,i+1

(
−β Θ0

i

1

)
F -d−→ Y i

where Y i as in the statement of the theorem. Finally, by the F -measurability of Θ0 and β Θ0

i , we get
that conditionally on F , Y i is Gaussian and that:

E[Y i(Y i)′ |F ] = (Πd,iΘ
0
Π

′
d,i)

−1Vβ (Zi+1)(Πd,iΘ
0
Π

′
d,i)

−1

where Vβ (Zi+1) = Πi+1,iE[Zi+1bib′i(Z
i+1)′ |F ]Π′

i+1,i. Then, equation (3.15) follows from this and
from Assumption 1. �

3.6.2 Appendix C.2: Covariance Estimators for Simulated Data

We present in Tables 3.4 and 3.5 the bias and root mean square error of our integrated covariance
estimators, under a setting with low and high noise-to-signal ratio, respectively. Then, in Table 3.6 we
assess the performance of the spot covariance estimators through the bias and root mean square error
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computed from Reimann sums of the spot covariance estimators, under a setting with a low noise-to-
signal ratio.

0.042730

ξ = 0.01; λ = (2,4,6) ξ = 0.01; λ = (5,7,10)

Robust Estimators

ˆ̄
Σ
(lmm)
[0,1]

Bias

0.0494 0.0427 0.0442 0.0595 0.0544 0.0556

0.0427 0.0506 0.0449 0.0544 0.0626 0.0579

0.0442 0.0449 0.0532 0.0556 0.0579 0.0648

RMSE

0.0696 0.0631 0.0645 0.0770 0.0717 0.0712

0.0631 0.0706 0.0647 0.0717 0.0810 0.0741

0.0645 0.0647 0.0734 0.0712 0.0741 0.0806

ˆ̄
Σ
(mrk)
[0,1]

Bias

−0.0001 −0.0019 −0.0010 0.0118 0.0144 0.0075

−0.0019 −0.0063 −0.0040 0.0144 0.0089 0.0061

−0.0010 −0.0040 −0.0052 0.0075 0.0061 −0.0010

RMSE

0.1112 0.1073 0.1075 0.1257 0.1209 0.1185

0.1073 0.1119 0.1077 0.1209 0.1251 0.1180

0.1075 0.1077 0.1150 0.1185 0.1180 0.1206

ˆ̄
Σ
(mrc)
[0,1]

Bias

−0.0016 −0.0052 −0.0044 0.0102 0.0112 0.0037

−0.0052 −0.0078 −0.0074 0.0112 0.0079 0.0022

−0.0044 −0.0074 −0.0068 0.0037 0.0022 −0.0029

RMSE

0.1198 0.1167 0.1156 0.1380 0.1330 0.1312

0.1167 0.1217 0.1164 0.1330 0.1385 0.1310

0.1156 0.1164 0.1235 0.1312 0.1310 0.1342

Realized Covariance ξ = 0; λ = 1

ˆ̄
Σ
(rcov)
[0,1]

Bias

−3.59e−04 −4.99e−04 −3.91e−04 −3.588e−04 −4.997e−04 −3.907e−04

−4.99e−04 −5.93e−04 −5.20e−04 −4.997e−04 −5.932e−04 −5.201e−04

−3.91e−04 −5.20e−04 −4.70e−04 −3.907e−04 −5.201e−04 −4.704e−04

RMSE

5.27e−03 4.97e−03 4.96e−03 5.275e−03 4.969e−03 4.965e−03

4.97e−03 5.09e−03 4.87e−03 4.969e−03 5.093e−03 4.871e−03

4.97e−03 4.87e−03 5.16e−03 4.965e−03 4.871e−03 5.156e−03

Table 3.4: Performance of Realized Covariance Estimators - Low MMS
.............This table reports the bias and root mean square (RMSE) error of the daily realized covariances. The data-generating process is as given in (3.20)-(3.22),

computed at a 1-second frequency. The bottom of the table reports the results for the realized covariance, under the case of no contamination in the log-

prices. The rest of the table reports the results on the realized covariance estimators which are robust to contamination realized covariance estimators, under

the presence of low market microstructure noise (MMS) and asynchronicity with two different intensities in the data-generating process.
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0.07221

ξ = 0.1; λ = (2,4,6) ξ = 0.1; λ = (5,7,10)

Robust Estimators

ˆ̄
Σ
(lmm)
[0,1]

Bias

0.0722 0.1169 0.1352 −0.7031 −0.0641 0.14840

0.1169 0.0071 0.1675 −0.0641 −0.7547 −0.0554

0.1352 0.1675 0.0364 0.1484 −0.0554 −1.3320

RMSE

0.3844 0.3353 0.3860 5.7560 2.8540 2.1200

0.3353 0.8935 0.3498 2.8540 6.0670 4.5960

0.3860 0.3498 0.9310 2.1200 4.5960 10.700

ˆ̄
Σ
(mrk)
[0,1]

Bias

−0.0760 −0.0003 0.0021 −0.0731 0.0080 0.0008

−0.0003 −0.0737 0.0015 0.0080 −0.0759 −0.0001

0.0021 0.0015 −0.0716 0.0008 −0.0001 −0.0848

RMSE

0.1644 0.1308 0.1327 0.1729 0.1433 0.1434

0.1308 0.1587 0.1291 0.1433 0.1722 0.1412

0.1327 0.1291 0.1616 0.1434 0.1412 0.1771

ˆ̄
Σ
(mrc)
[0,1]

Bias

−0.0060 −0.0035 −0.0008 0.0005 0.0009 −0.0050

−0.0035 −0.0031 −0.0010 0.0009 −0.0013 −0.0060

−0.0008 −0.0010 −0.0008 −0.0050 −0.0060 −0.0080

RMSE

0.1227 0.1143 0.1147 0.1399 0.1280 0.1300

0.1143 0.1237 0.1127 0.1280 0.1334 0.1273

0.1147 0.1127 0.1218 0.1300 0.1273 0.1362

Realized Covariance ξ = 0; λ = 1

ˆ̄
Σ
(rcov)
[0,1]

Bias

−3.60e−04 −4.99e−04 −3.91e−04 −3.588e−04 −4.997e−04 −3.907e−04

−4.50e−04 −5.93e−04 −5.20e−04 −4.997e−04 −5.932e−04 −5.201e−04

−3.91e−04 −5.20e−04 −4.70e−04 −3.907e−04 −5.201e−04 −4.704e−04

RMSE

5.30e−03 4.97e−03 4.97e−03 5.275e−03 4.969e−03 4.965e−03

4.97e−03 5.09e−03 4.87e−03 4.969e−03 5.093e−03 4.871e−03

4.97e−03 4.87e−03 5.16e−03 4.965e−03 4.871e−03 5.156e−03

Table 3.5: Performance of Realized Covariance Estimators - High MMS
............This table reports the bias and root mean square (RMSE) error of the daily realized covariances. The data-generating process is as given in (3.20)-(3.22),

computed at a 1-second frequency. The bottom of the table reports the results for the realized covariance, under the case of no contamination in the log-

prices. The rest of the table reports the results on the realized covariance estimators which are robust to contamination realized covariance estimators, under

the presence of high market microstructure noise (MMS) and asynchronicity with two different intensities in the data-generating process.
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0.042730

ξ = 0.01; λ = (2,4,6) ξ = 0.01; λ = (5,7,10)

Robust Estimator

ˆ̄
Σ
(slmm)
[0,1]

Bias

0.0494 0.0427 0.0442 0.0595 0.0544 0.0556

0.0427 0.0506 0.0449 0.0544 0.0626 0.0579

0.0442 0.0449 0.0532 0.0556 0.0579 0.0647

RMSE

0.0696 0.0631 0.0645 0.0770 0.0717 0.0712

0.0631 0.0706 0.0647 0.0717 0.0810 0.0741

0.0645 0.0647 0.0734 0.0712 0.0741 0.0806

Summed Spot Covariance ξ = 0; λ = 1

ˆ̄
Σ
(srcov)
[0,1]

Bias

−4.17e−03 −3.97e−03 −3.86e−03 −3.588e−04 −4.997e−04 −3.907e−04

−3.97e−03 −4.40e−03 −3.99e−03 −4.997e−04 −5.932e−04 −5.201e−04

−3.86e−03 −3.99e−03 −4.29e−03 −3.907e−04 −5.201e−04 −4.704e−04

RMSE

6.75e−03 6.36e−03 6.31e−03 5.275e−03 4.969e−03 4.965e−03

6.36e−03 6.73e−03 6.30e−03 4.969e−03 5.093e−03 4.871e−03

6.31e−03 6.30e−03 6.72e−03 4.965e−03 4.871e−03 5.156e−03

Table 3.6: Performance of Spot Covariance Estimators - Low MMS
.............This table reports the bias and root mean square error (RMSE) of the daily Reimann sums of the spot covariance estimators. The data-generating process is

as given in (3.20)-(3.22), computed at a 1-second frequency. The bottom of the table reports the results for the spot covariance estimator given by (3.27),

under the case of no contamination in the log-prices. The upper part of the table reports the results on the robust to contamination spot covariance estimator,

(3.28), under the presence of low market microstructure noise (MMS) and asynchronicity with two different intensities in the data-generating process.
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