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Abstract
We study a driven harmonic oscillator operating anOtto cycle by strongly interactingwith two
thermal baths offinite size. Using the tools of Gaussian quantummechanics, we directly simulate the
dynamics of the engine as awhole, without the need tomake any approximations. This allows us to
understand the non-equilibrium thermodynamics of the engine not only from the perspective of the
workingmedium, but also as it is seen from the thermal baths’ standpoint. For sufficiently large baths,
our engine is capable of running a number of perfect cycles, delivering finite power while operating
very close tomaximal efficiency. Thereafter, having traversed the baths, the perturbations created by
the interaction abruptly deteriorate the engine’s performance.We additionally study the correlations
generated in the system, and, in particular, we find a direct connection between the build up of bath–
bath correlations and the degradation of the engine’s performance over the course ofmany cycles.

1. Introduction

The second lawof thermodynamicsprohibits extractingmechanicalwork fromsystems in thermal equilibrium.
Therefore, inorder toobtainwork, onehas tohave access to systemsoutof thermal equilibrium.The theoretically
simplest out-of-equilibriumsystemisonecomposedby twosubsystems that are eachat individual equilibriumandat
different temperatures.This is the traditional setup for aheat engine: aworkingmedium (WM) reciprocatingbetween
two thermalbaths, pumpsheat fromthehotterbath (at temperatureTh) to the colderone (at temperatureTc) and
outputsworkas a result.The ideal engine converts the internal energyof thehotbath intoworkwithan efficiencygiven
byCarnot’s formula, h = - T T1 c hC . The idealizationsneeded for themachine tooperate at suchanefficiency are
that (i) thebaths interactwith theWMweakly [1, 2], (ii) the cycle is aquasiequilibriumprocess andhence it takes infinite
time to complete [1, 3, 4], and (iii) thebaths are infinitely large [1, 5–8]. It has tobenoted,however, that the sizeof the
WMitself is ofno relevance—it canbeanything froma two-level quantumsystem [9–11] to a giant steamengine [12].

Strictly speaking, conditions (i) and (ii) cannever be satisfied: any interactionhasfinite strength and anyprocess
that canbeobserved takesfinite time. In the generic setupwhere the bath is amany-body systemwith short-range
interactions and theWMcouples to it locally, the breakdownof (ii) entails the failureof (iii) even if the bath is
infinitely large4. Indeed, in such systems, the Lieb–Robinsonbounds [13, 14] imply that, roughly speaking, the
correlations spreadwithfinite velocity. Thismeans that, infinite time, theWMcanhave access toonly afinite region
of the bath (see [15],where this ideawas brought touse for thefirst time).However, it shouldbe emphasized that the
saidfinite region is re-thermalizedby the rest of the bath, so this scenario is not entirely equivalent to afinite bath.

Despite the significant attention thatfinite-time [3, 4, 16–27], strong-coupling [27–37], andfinite-size
[5, 7, 8, 15, 38–41] effects have been getting either one by one or in groups of two, a rigorousmicroscopic analysis
of afinite-power thermalmachine strongly coupled tofinite-sized heat baths has never been carried out. In this
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work, we aim tofill this gap by performing a fullymicroscopic analysis of a heat engine consisting of a harmonic
oscillator serving as aWM, reciprocating—by being alternately strongly coupled and decoupled—between two
finite, initially thermal harmonic chains serving as thermal baths.

TheWM interacts with the baths via amodulated linear coupling (see section 3 for details). This type of
system-reservoir interaction is knownunder the name of Caldeira–Leggettmodel [42], and is routinely used in
many areas of physics ranging fromquantumBrownianmotion to quantumoptics [43, 44].

The engine runs a strong-coupling adaptation of theOtto cycle [12]: the two ‘isochoric’ thermalizations are
intermediated by two ‘adiabatic’ changes of theWM’sHamiltonian (see section 4 for the precise description).
For thefirst cycle, theWMstarts uncoupled from the baths and at equilibriumwith the cold bath. Thismakes
the initial state of the overall system aGaussian state. Given that the totalHamiltonian is quadratic at any
moment of time, the dynamics of the system can be describedwithin the formalismofGaussian quantum
mechanics (GQM) [45]. The lattermaps the intractable Schrödinger equation in the infinite-dimensional
Hilbert space of the overall systemonto a linear evolution of thefinite-dimensional phase space. This allows us
to perform a comprehensive analysis of themachine’s operationwithout the need to adhere to any of themany
approximations usuallymadewhen dealingwith quantumopen-systemdynamics [43, 44].Moreover, by
directly simulating the overall system’s evolution, we gain access to the states of the baths at anymoment of time,
which allows us to reveal the physicalmechanisms governing the degradation and eventual exhaustion of the
initial disequilibriumprovided by the baths in the finite-size, finite-time, and strong-coupling regime.With our
approach, we can easily workwith baths of up to 300 times the size of theWMwith just a standard table-top
computer.

The paper is organized as follows. First, in section 2, we give a short account on the notions fromGQMthat
will be needed throughout the rest of the paper. This section is intended as an introduction and can be safely
omitted by those familiar withGQM. In section 3, we describe the interaction of theWMwith a single bath. In
section 4, we explore the physics of theOtto cycle, focusingfirst on the performance of the cycle (section 4.1),
and then on the dynamics and the role of correlations (section 4.2). Finally, we summarize our conclusions in
section 5. The codes, both inMATLAB and Python, of all the numerical computations performed in this work are
available in [46].

2. Review ofGQM

In this section, we review the formalismofGQM, focusing on the aspects necessary for our study. For amuch
broader introduction to the topic, the reader is referred to [45]. Note that throughout this paper all expressions
are given in natural units, i.e., we assume  = =k 1B .

The primary computational advantage of this formalism is that it allows us to study interacting systems via a
direct system-plus-bath perspective, without having to resort to perturbation theory [47] or other open-systems
techniques. This provides access to the exact evolution of the bath in addition to the system, a fact we take great
advantage of in this work.

Consider one ormore quantum systems ascribedwith bosonic canonical quadrature operators, satisfying
the canonical commutation relations (CCRs), d=[ ]q p, ii j ij, where the indices label the systems (henceforth
referred to as oscillators ormodes). If onewere to think about a harmonic oscillator withHamiltonian

+
m

mwP Q

2 2

2 2 2

, then a convenient choice of quadratures would be wm=q Q and =
wm

p P . In terms of the

creation and annihilation operators, the quadratures are expressed through = +( )†q a a 2i i i and

= -( )†p a ai 2i i i . For a systemofNmodes, the quadratures form a phase space that we represent as the
vector of operators

= ( ) ( )x q p q p, , , , . 1N N1 1
T

Due to theCCRs, the phase space is a symplectic space, endowedwith the structure = W[ ]x x, ia b ab. Wab are
the components of the so-called symplectic form, given by

W =
-=

( )⨁ ( )0 1
1 0

. 2
i

N

1

InGQMoneworkswithGaussian states. A state of anN-mode system isGaussian if and only if it is an
exponent of a quadratic form in ={ }xa a

N
1

2 . Importantly, thermal states of quadraticHamiltonians fall within this
class. The defining feature ofGaussian states is that they are fully described by the first and secondmoments of
their quadratures, i.e., theirmean position and their variances in phase space. Themean quadratures of all the
states we consider in this workwill be zero, and so the formalism further simplifies.We thus characterize the
state of our system via the ´N N2 2 covariancematrix s, the entries of which are given by
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s r= á + ñ = +[ ( )] ( )x x x x x x x xTr . 3ab a b b a a b b a

An important aspect of GQM is that creating ensembles and performing partial traces is trivial. This is due to
working in phase space rather than in aHilbert space, where partitions are represented as a direct sum rather
than as a tensor product. Thus, any combined state of two systemsA andB takes the form

s
s g

g s=
⎛
⎝⎜

⎞
⎠⎟ ( ), 4AB

A AB

AB B
T

where sA and sB are the reduced states of systemsA andB respectively, and thematrix gAB specifies the
correlations between the systems. The superscript T denotes the operation of transposition.

A fact crucial forGQM is that any unitary evolution generated by a time-dependentHamiltonian that is
quadratic at anymoment of timewill preserve theGaussianity of a state [48]. Any such unitary,U, on theHilbert
space corresponds to a linear symplectic transformation on the phase space of quadratures:  =†x x SxU U ,
with S satisfying

W W W= = ( )S S S S . 5T T

The symplecticity of S, expressed by equation (5), ensures that the CCRs are preserved throughout the
change of basis. On the level of the covariancematrix, it is easy to see that this transformation acts as

s s s ¢ = ( )S S . 6T

2.1. Energy, evolution, and thermality
Another convenient aspect of GQM is that it allows us to compute average energies, evolve the systemover time
according to some time-dependent quadraticHamiltonian, and diagonalize the system into its normalmode
basis without ever referencing aHilbert space object.

The average energy of a state represented by the covariancematrix s, with respect to a purely quadratic
Hamiltonian = x FxH T , is given by

sá ñ = ( ) ( )FH
1

2
Tr . 7

The symplectic (i.e., unitary in theHilbert space) evolutionmatrix ( )S t generated by this (in general, time-
dependent)Hamiltonian obeys a Schrödinger-like equation:

W=
( ) ( ) ( ) ( )S

F S
t

t
t t

d

d
, 8s

where = +F F Fs
T. For a constantHamiltonian the solution trivially takes the form W=( ) ( )FS t texp s , and for

general driven systems, the equation can be straightforwardly integrated by standard numerical techniques.
When speaking of a ‘free’ systemwemean that we areworking in the basis that diagonalizes the system’s

Hamiltonian. This is called the normalmode basis, in which theHamiltonian takes the form

å åw
w

= = +
= =

( ) ( )†H a a p q
2

, 9
i

N

i i i
i

N
i

i ifree
1 1

2 2

where, in the second equality, we have ignored the (constant) zero-point energy. The corresponding phase-space
matrix is diagonal in this basis: w w w w= ( )F diag , , , ,free

1

2 1 1 2 2 . By definition, the normalmodes do not
interact with each other. Thismeans that any thermal state on the entire system is given by the tensor product (in
phase space, the direct sum) of the individual normalmodes’ thermal states.

In general, the systemmay have couplings between pairs ofmodes (for example, between nearest neighbors),
which give non-diagonal elements to thematrix F . The normal-mode basis can be obtained by symplectically
diagonalizing thismatrix: =SFS FT

free, where S is a symplecticmatrix, and Ffree is diagonal as above.
In the normal-mode basis the covariancematrices of the system’s thermal states are given by

s
n

n
n= =

+
-

w

w
=

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟⨁ ( )

( )

( )
( )0

0
,

e 1

e 1
, 10T

i

N
i

i
i

T

T
1

th

th
th

i

i

where wi are the normal frequencies.We can thusfind the thermal covariancematrix of any interacting system
byfirst identifying the normal basis, specifying the covariancematrix s as above, and then applying the inverse
transformation to thismatrix to put it back into the physical-mode basis.

The values n( )
i
th in equation (10) are referred to as the thermal state’s symplectic eigenvalues. In general, every

Gaussian state ofNmodes hasN symplectic eigenvalues ni, which are obtained by symplectically diagonalizing
the covariancematrix: there always exists a symplecticmatrix S such that
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s n
n

=
=

⎜ ⎟⎛
⎝

⎞
⎠⨁ ( )S S

0
0

. 11
i

N
i

i

T

1

The symplectic eigenvalues can be directly computed by taking the regular eigenvalues of thematrix sWi , which
come in n i pairs.

2.2. Entropy and correlations
Consider a two-party state of the formof equation (4). The off-diagonalmatrix gAB contains the correlation
functions between the two systems, and these systems are uncorrelated if and only if g = 0AB . As ameasure of
correlationswe use themutual information, defined as

s s s= + -( ) ( ) ( ) ( ) ( )I A B S S S, . 12A B AB

Here, s( )S is the vonNeumann entropy of the state with covariancematrix s, given by

ås n=
=

( ) ( ) ( )S f , 13
i

N

i
1

where

n
n n n n

=
+ +

-
- -( ) ( )f

1

2
log

1

2

1

2
log

1

2
. 14

This shows that the symplectic eigenvalues of a state—which are invariant under symplectic transformations—
give ameasure ofmixedness for that state. For example, the entropy is zero, i.e., a Gaussian state is pure, if and
only if all its symplectic eigenvalues are equal to one.Note that no state can have eigenvalues smaller than one
(this is a statement of the uncertainty principle).

We are thus able to very easily compute themutual information across any partition in our system,
independent of howmanymodes each partition contains.

Note that the entanglement is also computable, but, formost situations, it is considerablymore difficult. In
the particular case of twomodes it is nevertheless easy [49], andwe discuss some findings in that regard in the
next sections. However, due to the thermality of our system, quantum correlations are hard tomaintain, andwe
have found that generally entanglement does not play a significant role in the scenarios we consider below.
Interestingly, this aspect is in accordwith (yet by nomeans logically necessitated by) the fact that, although
capable ofmanifestingmany interesting quantum features, GQM is an essentially classical, non-contextual
sector of quantummechanics in that it can be described by a local hidden variablemodel [50].

3.Gaussian interactionwith a single bath

Before performing the analysis of theOtto cycle, let us study some relevant features of the isochoric interaction
of theWMwith a single thermal bath.Wewill thereby introduce the specificHamiltonians that describe the
components of theOtto engine in the next sections.

Throughout this work, wemodel thermal baths as collections of harmonic oscillators arranged in one-
dimensional, translation-invariant rings with nearest-neighbor interactions.We consider only position-
position couplings so that the freeHamiltonian of a bath is given by

å åw
a= + +

= =
+( ) ( )H p q q q

2
, 15

i

N
b

i i
i

N

i ibath
1

2 2

1
1

whereN is the number of oscillators in the bath, wb is the bare frequency of each of them, andα controls the
coupling strength. Note that, because of the periodic boundary conditions, =+q qN 1 1.

The phase-spacematrix corresponding to thisHamiltonian is

w a a
a w a

a w

a a w

=





     


⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
( )F

1

2

0 0
0 0

0 0 0

0 0

, 16

b

b

b

b

bath

where 0 is the 2×2matrix of zeros, and

w aw
w

a= =⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ ( )0

0
, 0

0 0
. 17b

b

b

At the beginning of the process, the bath is initialized in a thermal state r µ -( )0 e H Tbbath at temperatureTb.
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Due to the interactions, the covariancematrix will not be given by a simple direct sum as in equation (10).
Rather, wemustfirst identify the normalmode basis that symplectically diagonalizes theHamiltonianmatrix
w = SF S2bath bath

T, where wbath is the diagonalmatrix composed of the normalmode frequencies of Hbath.
We then identify the thermal state as per equation (10) andfinally transformback to the physical basis to
find the thermal state of the ring,s s= - -( )S ST

T
bath

1 1 (this calculation is included in the function Initialize
in [46]).

As aWMwe employ yet another harmonic oscillator, with bare frequency wm. Its coupling to the bath is
described by

ågl=
Î

( ) ( )
{ }

H t q q , 18m
i

iint
int

where { }int is the set of the bath’s nodes which theWM interacts with.
Formost of our analysis, we choose this set to contain just one and always the same node of the bath, which

we label the first node q1. However, also a situationwhere the interaction set hasmore than one element is
discussed in section 4.1.

The function l ( )t is a switching function thatmodulates the interaction in time. In particular, we choose the
following compactly supported, smooth switching function






l

d

d t d
p t

d
t d t

t

=

<
- <

< -

+
-

- <

>

p
d

⎧

⎨

⎪⎪⎪

⎩

⎪⎪⎪

( )
( )

( )t

t

t

t
t

t

t

0 0

tanh cot 0

1

tanh cot

0

, 19

t1

2

1

2

1

2

1

2

where t d2 is the total duration of the interactionwith the bath and δ is the time that takes to fully switch on
(and fully switch off) the interaction.Wewill refer to δ as the ramp-up time of the isochoric interaction.

The phase-spacematrix of the overall Hamiltonianwill then be
w g

g
=

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟F

F

m

tot

1

2

1

2
1

2
T

bath

. Here g is a ´ N2 2

matrix containing all zeros except for the first entry g l g= ( )t11 , corresponding to the q qm 1 interactionwe are
imposing.

In order to construct the symplectic evolutionmatrix ( )S t of the overall system, which is generated by Ftot,
we numerically integrate equation (8). The covariancematrix at themoment twill then be simply given by
s s s= Å( ) ( )( ) ( )S St t tmtot bath

T, where s n n= ( )( ) ( )diag ,m
m m is the initial state of theWM (its values being

given by equation (10)) [46].
During the evolution of the overall (WMplus bath) system, we have found that the state of theWMremains

very close to being thermal. That is, at anymoment of time, its covariancematrix is very close to that given by
equation (10) for some n( )th (for a detailed discussion and an explicit characterization of the distance of the actual
state of theWM to a thermal state, see appendix A). Given this, we are able to assign ameaningful effective
temperature to theWMby computing the temperature associatedwith its symplectic eigenvalue. An example of
this is shown by the green, solid line offigure 1.

Importantly, wenotice that at »t 93 the temperature of theWMbecomes equal to that of the bath.Wenote
that thismoment is not the thermalization time in the proper sense because the interaction is still on. Rather, the
exact thermalization time is t » 98.5th . It turns out that, inorder to achieve precise thermalization, one needs to
match the frequencies, so that wm is also the frequency of the individual bath oscillators (the wb in equation (15)),
and the couplings, so that theWM-baths interaction strength is equal to the intra-ring coupling strength, i.e.,
g a= . Intuitively, thismatching ensures that the rate of information transfer between theWMand the bath is the
same as betweenoscillatorswithin thebath.Whenever wm (resp.γ) is outside a small neighborhoodof wb (resp.α),
theWMdoes not thermalizewith the bath at all (similar frequencyfiltering phenomenon in the classical setting
was reported in [51]). In viewof this, we fromnowon set w w=m b and g a= .

With such a configuration of the parameters, and fixed d t , the thermalization time tth scales as

t aµ - ( )20th
1

for a  1. In fact, the above scaling is, to a good approximation, preserved also for largeα. A remark is in order
here. As tth, we choose the smallest τ that achieves thermalization. Since the bath isfinite and theWMcouples to
it strongly, the temperature of theWMwill not approach the bath’s temperatureTb in amonotonic way: with
passing time, theWM’sfinal temperature willfirst go slightly aboveTb—themaximumbeing  a+ ( )Tb

2 5
—

then go belowTb, and continue an oscillatory behavior as that depicted infigure 1 for >t 100.

5
This is due to the fact that, because of the interaction, the local effective temperature of a bath node is slightly above the global temperature.
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Another important aspect of our thermalization process is that, due to the finite duration and thefinite
strength of theWM–bath interaction, it has a non-zerowork cost.More specifically, the extractedwork, as
quantified by the difference between the initial andfinal average energies of the total system, is not zero.
However, despite the strong non-equilibrium character of the process, this amount is small (compared to, e.g.,
the energy exchanged between theWMand the bath). In fact, for smallα, this work cost,Wi (where the subscript
i stands for isochoric), scales as

aµ ( )W , 21i
2

and is almost independent of the ramp-up time, δ. Taking, for example,N=30, g a= = 0.1, w w= = 2m b ,
=T 4b , =T 0.5m , t = 100, and d t= 0.1 , we get » - ´ -W 6.2 10i

3, while the exchanged heat is»3. This,
togetherwith the fact of exact thermalization discussed above,means that the fine-tuning of the frequencies and
couplings provides uswith an example of almost work-free thermalization infinite time, resulting from a strong
interaction between theWMand the bath. A similar example, where the structure of the bath is known and the
Hamiltonian of theWM isfinely tuned, was constructed in [52]. This is not a standard, exponential relaxation
behavior [44], and it can be argued that such behavior cannot occur for general baths of unknown structure [23].

We also note that the fact of almost zerowork justifies the usage of the term ‘isochoric’ for this process.
Indeed, in this case,most of the energy exchange is heat transfer, which is the characteristic of isochoric
processes [12]. In the strong-coupling regime, strictly isochoric (or, equivalently, constant-Hamiltonian
processes) cannot exist as any non-zero couplingwill change the systemHamiltonian, and therefore the term
needs to be adapted.

Furthermore, subtle processes such as the evolution of the correlations between theWMand the bath or
information exchange between theWMand the bath can be examined in very great detail within the framework
ofGQM.As an illustration, infigure 1we examine the evolution of the correlations between various partitions
during the interaction.

We compare the correlations, asmeasured by themutual information, between theWMand thewhole bath
(dashed blue line), between theWMand the node in the bath it interacts with (black dotted line), and between
the latter and the rest of the bath (red dotted–dashed line). This provides uswith a number of insights into the
non-perturbative interaction of theWMand the bath. First, during the phase of switching on the interaction, the
WMand the bath quickly build up strong correlations, which decay later on. This decay is caused by the fact that
the bath nodes towhich theWM is coupled also interact with the rest of the bath, and the bath, due to its
tendency to thermalize, forces these correlations to decay.We can see this process inmore detail by examining
the other two lines. The correlation between themachine and the interacting node similarly rises and then falls,
and the decay occurs exactly as this node becomes significantly correlatedwith the rest of the bath.

This gives us an important intuitive picture. The interaction between theWMand the bath generates
correlations between the two (specifically, between theWMand the interacting node). Due to the intra-bath
couplings, theWMalso becomes correlatedwith other ring nodes in an outwards-propagatingmanner.
However, these couplings alsomean that the correlation between theWMand bathwill, over time, be swapped
to correlations between different bath nodes, as we see, for example, in the red dotted–dashed line infigure 1.
Over the course ofmany interaction sessions, the bath nodes therefore becomemore andmore intercorrelated,

Figure 1.Evolution of several quantities during a period of interaction between theWMand a thermal bath. The green solid line is the
WM’s effective temperature. The other lines represent themutual information between various partitions: (dashed blue) between the
WMand the bath as a whole, (black dotted) between theWMand the specific bath oscillator withwhich it interacts, and (red dotted–
dashed) between this oscillator and the rest of the bath. The bath containsN=30 oscillators, all with frequency w = 2b , and is
initialized in a thermal state at temperature =T 4b . TheWMhas also frequency w w=m b, but is initialized in a thermal state at
temperature =T 0.5m . The total time of interaction is t = 245, the ramp-up time is d t= 0.1 , and the interaction strengths are
a g= = 0.1. For these parameters, the exact thermalization time as defined in themain text is t = 98.5th . Note that the red curve is
not initially zero (and it should not be, because there is initial correlation from the ring couplings). However, sincewe areworking
with a relatively hot bath, these correlations are very small (of the order of -10 3), and itsmagnitude cannot be appreciated in full detail
in thefigure.
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whichwill eventually result in a halt of themachine.We elaborate on this process in the next section, wherewe
discuss the performance of aWMoperating cyclically between twofinite-sized baths.

One does not need tomove to the two-bath scenario to observe the effects of having finite-sized baths,
though. In fact, one only needs to interact with the bath for a time that is long enough.We do so infigure 2,
wherewe compute the effective temperature of themachine after interacting with a bath composed ofNnodes
during a time τ, for different values ofN and τ, and all the other parameters being the same as those used for
figure 1.

Infigure 2, we observe two very distinct behaviors that are clearly separated. For t < ·c N , where c indicates
the slope of the ‘causal cone’, the temperature of theWM is insensitive to the size of the bath. Indeed, the
interaction time in this case is short enough so as to allow the interaction tofinish before the perturbations that
propagate through the bath return to the regionwhich interacts with theWM (i.e., the interacting node of the
ring). Therefore, there is no difference between the temperature that theWMachieves in this case and the
temperature that it would achieve from interactingwith an infinite bath. The opposite occurs for t > ·c N : in
this case, the interaction time is long enough so as to permit the perturbations generated by the interactionwith
theWMto return to the interacting node. These perturbationsmodify the local state of the interacting node,
which in turn translates into a response in theWMthat diverges from that expected for infinite baths.

It is alsoworth noting that, for short interaction times, theWMdoes not have enough time to fully
thermalize with the bath.We observe that the effective temperature of theWM increases with the interaction
time until the point where thermalization is achieved. After this point, increasing the interaction time further has
nomajor influence on theWM’s temperature until, of course, it is long enough for the perturbations to go
around the bath.

4. TheGaussianOtto cycle

Wenow study the performance of theWMrunning anOtto cycle between two thermal baths at temperaturesTh

(hot) andTc (cold), as depicted infigure 3.
TheOtto cycle we consider is composed of two isochoric interactions between themachine and each of the

baths (as described in section 3) separated by two sudden changes of theWM’sHamiltonian. Specifically,
between subsequent interactions, we instantaneously swap theWM’sHamiltonian,

w w= « ¢ = ( )† †H a a H a a , 22m c m m m h m m

so that theWM’s state remains unchanged. The fact that theWM is detached from the baths during the swap
ensures that the process is adiabatic, i.e., thermally isolated, in the thermodynamic sense6. It is important to note
that the change in equation (22) is not equivalent to simply quenching the frequency of the oscillator. Rather, it
requires simultaneously changing both themass and the frequency: m m w

w
c

h
and w wc h. Here, wc and wh

are the frequencies of theWMused during the interactionswith the cold and hot baths, respectively. For a
discussion of the case when only the frequency is quenched, see appendix B. Asmentioned in section 3, wc and
wh are chosen to coincide with the frequencies of the nodes of, respectively, the cold and the hot baths.Moreover,

Figure 2.Effective temperature of theWMafter the interactionwith the bath as a function of the bath sizeN and the time of interaction
τ. The parameters for theWMare those used also forfigure 1 (w = 2m , =T 0.5m ), and similarly for the relevant parameters of the
bath (w = 2b , =T 4b , a g= = 0.1). The ramp-up time of the interaction is d t= 0.1 for every value of τ. Note the twodistinct
behaviors separated by a straight line t = ·c N .

6
Moreover, the fact that the eigenbasis of theHamiltonian remains unchanged additionally ensures that the process is adiabatic also in the

sense of the quantum adiabatic theorem.
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we alsomatch the interaction strengthwith the ring coupling strengths, i.e., g a a= =c h (we choose a a=c h

for simplicity only, without losing generality).
The total work extracted during a cycle is given by the sumofworks extracted during each of the four parts of

the cycle. Aswe showed in section 3, thework contributions fromWM–bath interactions are small, hencemost
of thework is generated during the adiabats. Thework produced by a sudden change inHamiltonian in
equation (22) is given by a particularly simple expression. Indeed, since the baths remain intact during the
adiabat, thework is given by the energy change of theWMonly. For example, in the adiabat after an interaction
with the hot bath, the energy of theWM is decreased by sw w= - ( )W Trh c h c m. If we choose w w<c h, not
only will >W 0h c , but also the net workwill be positive. Note also that if w w>c h wewould be running a
refrigerator.

Lastly, note that the engine cycles are not cyclic in the standard thermodynamic sense. Indeed, since the
baths are finite and the interactionwithWMperturbs themnon-negligibly, at the end of each cycle, the state of
theWM (and, of course, the state of the baths)will be different from that at the beginning. Nevertheless, the
deviation from cyclicity is small during the period of ‘perfect’ cycles that we describe below.

4.1. Cycle performance
Webegin the cycle by the interactionwith the hot bath, so the startingHamiltonian of theWM is w †a ah m m and its

state is thermal, at temperatureTcwith respect to w †a ac m m. Due to thefinite size of the baths and the strong
perturbations that the interactions with theWMcauses in them,we expect that the performance of the engine
will drop over time. This intuition is confirmed infigure 4, wherewe plot thework output and efficiency of the
engine as a function of the number of cycles of operation. Infigure 4(a), each bar represents thework output
during an adiabat, and the red line represents the total work output in each cycle (the sumof theworks in the
adiabats plus the sumof theworks in the isochores), as described above. The heatQ is defined as the energy the
hot bath loses per cycle.We define the energy of the bathwith respect to theHamiltonian in equation (15), and,

Figure 3.Visualization of theOtto cycle. The standard sequence of isochoric thermalizations and adiabatic compressions/expansions
defining theOtto cycle in phenomenological thermodynamics are, in our case, implemented as a sequence of q−q interactions (as
described in section 3) and sudden changes of theWM’sHamiltonian.More specifically, the cycle consists of the following steps:
(i) theWMinteracts with the hot bath (the red harmonic chain) by a coupling that is smoothly switched on, kept constant, and
smoothly switched off, (ii) theHamiltonian of theWMis suddenly changed so that the frequencymatches the individual frequencies
in the cold bath, (iii) theWMis brought into contact with the cold bath (the blue harmonic chain), with the same pattern of interaction
as in step (i), and (iv) theHamiltonian of theWMis suddenly changed back to its original value.

Figure 4. (a)Work output during the adiabats. One pair of positive-negative bars represents a full cycle. The red, solid line represents
the total work extracted from each cycle (positive bar+negative bar+work during the isochores). The relevant parameters of the
system are = =N N 300h c , =T 4h , =T 0.5c , w = 2h , w = 1c , a a g= = = 0.1h c , t = 100, d t= 0.1 . (b) (Solid black)Efficiency
of the engine and (dotted blue) relative entropy of the hot bathwith respect to its initial state for every cycle of operation. The
divergences in the efficiency are caused by the extraction of no heat from the hot bath.Note how the efficiency andwork output of the
engine remaining virtually constant during the ‘perfect’ cycles is contrasted by the steady increase of the relative entropy distance of
the bath’s state from its initial value.
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for the nth cycle, the heat is given by

s st t= -D = - +[ ( ( ) (( ) ))] ( )FQ E n nTr 2 2 1 , 23h h hbath

where s ( )th is the covariancematrix describing the state of the hot bath as a function of time. The efficiency of
the engine is defined as usual: h = W Q.

Infigure 4, we see that the engine’s performance has two regimes. First, thework output and absorbed heat
are approximately constant, decreasing very slowly, for the first 15 complete cycles.We call these ‘perfect’ cycles.
The degradation of the engine’s performance during these cycles is due to the residual perturbations near the
interaction site that the outward-propagating perturbations created by theWM–bath interaction leave behind.
As the cycles proceed, these small deviations from the interaction site’s equilibrium state accumulate, causing
the gradual decrease inwork and heat.

What ismore, during the perfect cycles, the perturbations, created by theWM–bath interaction, propagate
through the baths in the sameway as theywould dowere the baths infinite. Therefore, any given perfect cycle is
unaffected by the further increase in the size of the baths. This implies that the engine’s degradation in the course
of perfect operation is not afinite-size effect, and hence occurs alsowhen the baths are infinite.Moreover, the
difference between thework outputs in, say, the first and second cycles, does not vanishwhen the coupling is
taken to zero. Therefore, the perfect-regime degradation is not a strong-coupling effect either. Rather, it strongly
depends on the ramp-up time and can be decreased noticeably by increasing d t . However, going to high values
of d t prevents theWM from thermalizing with the baths, thereby impairing the functioning of the engine.
Hence, the degradation cannot be eliminated completely in ourmodel.We explicitly compute the correction to
the optimalfigures ofmerit due to this degradation in appendix C.Wenote that, while the dependence of single-
cycle characteristics on the ramp-up time is in linewith the general intuition that non-commutative, time-
dependent interactions generate excitations that cause thermodynamic friction (see, e.g., [25, 53]), the
important fact of the cycle-to-cycle accumulation of the imperfections caused byfinite switching time is a
separate phenomenon.

We furthermore observe that the number of perfect cycles,Np, increases asymptotically linearly with
º =N N Nc h, the number of nodes in the baths, as is to be expected given the constant, finite speed of

propagation of the perturbations in the bath7. However, when the interaction time τ is close to tth,Np does not
depend onα for smallα. Indeed, although the thermalization time increases with decreasingα (see
equation (20)) and this requires longer interaction times τwith the baths, the propagation of perturbations
within the baths also slows down, and the two effects almost exactly compensate each other. Alongwith the fact
that the degradation is slow, the linear dependence ofNp onNmakes the perfect regime relevant for practical
engineswith large baths.

Differences from the perfect-cycle behavior begin to appear only when the perturbations return to the region
of the bath that directly interacts with theWM.This is the point at which the finite-size effects take relevance,
and it ismarked by the drastic, discontinuous drop in thework output infigure 4. The performance of the engine
becomes unreliable due to large variations that heat andwork undergo both inmagnitude and sign. The above
discontinuous behavior of the engine’sfigures ofmerit is contrastedwith the conventional gradual degradation
of the performance of an engine operating between finite reservoirs (see, e.g., [39]). The contrast is further
sharpened by the observation that, as is also the case in the said conventional picture, the baths diverge from their
initial states in a gradual, continuousmanner. This is illustrated infigure 4(b), where the distance, asmeasured
by relative entropy [54], of the hot bath’s state at the beginning of the ith cycle, r( )

h
i , to the bath’s initial state, r( )

h
1 ,

r r r r r= -( ∣∣ ) [ ( )]( ) ( ) ( ) ( ) ( )S Tr ln lnh
i

h h
i

h
i

h
1 1 (see appendixD for amore detailed discussion), is plotted as a function

of i. Infigure 4(b) it can be seen how, during the ‘perfect’ cycles, the characteristics of the engine stay almost
constant despite the fact that the bath’s state changes at a steady rate.

An important implication offigure 4 is that, during the perfect cycles, the efficiency of the engine η is very
close to h w w= -1O c h. The latter is the theoreticalmaximum for an oscillator running an idealizedOtto cycle
between two infinite thermal baths towhich it is coupledweakly enough for the standardMarkovian open
quantum system techniques [44] to be applicable [53, 55, 56]. Such idealized engines are known to obey the so-
called power-efficiency trade-off, which states that the power output of the engine has to approach to zero
whenever the efficiency comes close to the reversiblemaximum (see, e.g., [4, 23, 56]). Ourmodel respects the
power-efficiency trade-off for theOtto cycle in the followingmanner: for a  1, the efficiency approaches hO

frombelow as

h h a- µ ( ), 24O
2

7
Recall that, for nearest-neighborHamiltonians such as that in equation (15), the Lieb–Robinson bounds set limitations on the propagation

of perturbations [13, 14].
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while for thework output of a perfect cycle we have  a= -a= ( )W W 0
2 .We refer the reader to appendix C for

amore detailed discussion on these quantities. Taking into account equation (20), this leads us to

aµ ( )P . 25

HereP is the power output of the engine: t=P W cycle, where t t= 2cycle is the duration of the cycle.We note
that, although the setting of our problem is different from that in [37], the scalings in equations (24) and (25)
agreewith (and saturate) the optimal scalings derived there.

One can also consider coupling theWMtomore than one, evenly spaced ring sites. It turns out that adding
more interacting sites reduces the amount of perfect cycles, whichmatches the intuitive picture described
earlier. Indeed, the reduced distance between the sites leads to shorter time needed for the perturbations created
by the interaction to reach the nearest site of interaction. Interestingly, thework output of a single perfect cycle is
insensitive to the cardinality of the set { }int (as long as the perturbations generated in one interacting site do not
have time to arrive to any other), but of course the total work output of the engine over several cycles does get
reduced by increasing the number of interaction points. On the other hand, themore sites theWM interacts
with, the smaller is the time necessary for it to thermalize. This leads to an increased power output for the initial
perfect cycles, albeit at the cost of decreasing the number of such cycles.

4.2. Propagation of correlations
As noted before, the formalismpresented in section 2 allows for an easyway of identifying whether two systems
are correlated. In this subsection, we use this property to study how correlations distribute along the baths and
theWM.We consider this as one of the (probablymany) paths to obtain a better understanding of the
phenomenology presented above.

Infigure 5, we show the strength of the correlations between theWMand each of the oscillators in each bath
and how these correlations evolve in time forfive consecutive cycles. Throughout this subsection, each bath is
composed ofN=30 oscillators, with all other parameters being the same as in section 4.1. The vertical lines
denote the instants of time at which themachine stops interactingwith one bath and, after the corresponding
adiabat, begins interacting with the other.

One featurewe immediately observe is the explicit propagation of the perturbations in the formof localized
wavepackets atfinite speed, in full agreementwith the Lieb–Robinson bound [13, 14]. Although it is hard to see
infigure 5, while propagating, thesewavepackets leave residual perturbations behind. The latter are small and,
during the first three cycles of operation ( Î [ ]t 0, 600 ), theWMappears to interact with almost unperturbed
baths. These are the perfect cycles described above. The time t=600 is when the perturbations that were
generated during thefirst three cyclesmanage to intercept theWMas it is currently interactingwith the bath,
leading to the sudden drop of thework output that has been discussed in section 4.1.

We also observe that the propagating correlations quickly fade. This is unsurprising, and carries the same
explanation as that given forfigure 1.Our computations show that, to a surprisingly good approximation,
during an interaction, theWMbecomes correlatedwith just a single non-localmode in the bath—themode that
propagates outwards—as can be appreciated infigure 5.However, both theWMand this propagatingmode are
interactingwith the rest of the bath as well, and thus this correlation is quickly lost and distributed among bath
modes. This also explains why the decay occursmuch faster in the hot bath than in the cold bath. Indeed, the
hotter the bath, the larger the thermal noise that will break the correlations.

It is also instructive to observe how the correlations are built up and distributed along the baths. This is
illustrated infigure 6, inwhich themutual information between each pair of oscillators in each bath is shown at
various times. One immediately notices the outward-propagating nature of these correlations.

Figure 5.Mutual information between theWMand each oscillator in each bath during thefive initial cycles of operation. The
horizontal line separates the two baths, and the vertical lines separate the interactions of themachinewith each of the baths. The baths
haveN=30 oscillators each, and are initially uncorrelated and at temperatures =T 0.5c and =T 4h . The rest of relevant parameters
are as those used infigure 3. Note howduring the first three cycles themachine observes no differences from the interactionwith
infinite baths, and after this point the perturbations in the chains arrive back to the interacting oscillator,modifying its local state.
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An important insight into the process of the engine’s degradation is gained by looking at the bath–bath
correlations instead. Indeed, given that theWMacts as a carrier of both energy and correlations between the
baths, and that the baths gradually evolve away from their initial states, onewould expect that, over time, the
baths getmore andmore correlated and end up reaching a global passive state (see [57] for the characterization
of passivity withinGQM).We explore this intuition infigure 7, inwhichwe show that, surprisingly, themutual
information between the two baths remains close to zero during the ideal cycles, and starts abruptly increasing
after the last ideal cycle is complete. This can be explained by noticing infigure 5 that, during the perfect cycles,
theWM is virtually uncorrelatedwith the baths both at the beginning and at the end (but not in themiddle) of
each interaction session, whichmeans that theWMdoes not transmit correlations during these cycles. This
picture obviously breaks downonce the perturbations reach the interaction site. This thereby establishes a clear
quantitative link between the correlations among the baths and the optimal performance of the engine.

It is worth noting that, despite the fact that themutual information between different elements of the system
can be substantially large, for our choice of parameters, none of the correlations built involve entanglement.
Indeed, it is well known that entanglement in quantum fields decays very rapidly with temperature, reaching
zero at a finite value [49]. However, for a sufficiently cold bath, one could still expect some entanglement to be
present, although it is not clear whether it will play a significant role in the engine’s performance.

5. Summary and conclusions

Using the formalismofGQMwehave been able to circumvent the standard assumptions of weak coupling, slow
driving, and infinite size of the baths, usually employed in studying thermodynamic phenomena. The focus of
our studywas on a single, driven harmonic oscillator undergoing anOtto cycle between twofinite harmonic
thermal reservoirs. Despite the attention the physics beyond these assumptions has received in recent years, to
the best of the authors’ knowledge, this is thefirst workwhere none of these assumptions ismade.

Figure 6. Intra-bath correlations at differentmoments of time, during the second cycle of operation of the engine. The parameters
chosen are the same as those infigure 5. Note that in the cold bath the correlations propagate outwards, away from the interaction
point (in the center of the images), while in the hot bathwe observe twowaves: one propagating outwards—generated by the latest
interactionwith theWM—and one propagating inwards, generated in the previous interaction of the bath and theWM.The latter
wave, due to the boundary conditions of the system, returns to the interaction point. The script correlations in the computational
appendix [46] generate a full animation of this phenomenon.

Figure 7.Mutual information between the hot and cold baths during the five initial cycles of interaction. The parameters used are the
same as for figures 5 and 6. The solid lines denote the end of each cycle, while the dashed lines denote the end of the interaction of the
WMwith the hot bath and the beginning of its interactionwith the cold bath.Note the abrupt increase of themutual information
during the fourth cycle (starting at t=600), which is thefirst cycle outside the regime of ‘perfect’ operation.
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Wefirst study the interaction of amachinewith a single bath,modeled as anN-mode translationally
invariant harmonic ring. GQMallows one to observe not only how themachine thermalizes, but also how the
interaction creates correlations between theWMand the region of the bath that directly interacts with it, and
how these correlations later on propagate across the bath.

In our study of the quantumOtto cycle, we conclude that the crucial element that determines the
performance of the engine is the propagation of the perturbations created by theWM–bath interaction. During
thefirst cycles of operation, theWM interacts with the baths in such away that an infinite-sized-baths behavior
is observed.We call these cycles ‘perfect’ andfind that the figures ofmerit of the engine during these cycles
remain almost unchangedwith the efficiency being very close to its optimal value, whilemaintaining finite
power and respecting the power-efficiency trade-off.We furthermore observe that the perturbations generated
during these interactions propagate through the baths as wavepacketsmovingwith constant velocity. These
wavepackets leave residual perturbations behind, which causes a slow, but gradually accumulating degradation
of the engine’s performance—an effect that persists even for infinitely large baths. After enough time, the
wavepackets return to the interaction region and start disrupting the thermalization of theWM, thereby
drastically affecting thework output and efficiency of themachine.We expect this picture to also hold beyond
theGaussian regime, provided the speed of soundwithin the baths is finite [13, 14].

We have also explored the interplay between the degradation of our engine and the creation of correlations
within the overall system. As discussed, the process of running the engine inevitably creates an increasing
number of correlationswith the baths, within the baths, and among the baths. Remarkably, the bath–bath
correlations remain very close to zero during the perfect cycles, and start increasing abruptly right after. This
represents the overall system’s gradual evolution to amore andmore passive state.We believe that further study
into this interesting dynamics is warranted.

By its own example, this work demonstrates the capabilities of GQMas aworkhorse for assessing finiteness
effects in a field that has historically relied on infinite (time, size, and subtlety of the interactions) idealizations.
Not only canGQMaddress fundamental questions in quantum thermodynamics, but it also provides uswith
more tractable numerical computations. This we believemay be of great use for the community of quantum
thermodynamics.
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Note added

After having submitted thismanuscript, we became aware of relatedwork [58], which studies afinite-size
Gaussian engine consisting of a single-oscillatorWMoperating anOtto cycle between two heat baths composed
of single oscillators each.

AppendixA. The effective temperature of theWMduring an isochoric interaction

Due to the strong coupling to the bath during the isochoric interaction, the state of theWMwill in general
acquire non-diagonal terms, leading to the state being, in general, not a thermal state. Indeed, the thermal state is
a function of theHamiltonian and hence cannot have non-diagonal terms in the energy eigenbasis. In this
appendix, we introduce ameasure of athermality forGaussian states of an oscillator and show that for the
isochoric interactions we consider in themain text (sections 3 and 4) the athermality is negligible, especially at
the end of the interaction. This additionally justifies the view that the thermal bath thermalizes theWM.

Let a single-oscillator Gaussian state be described by a covariancematrix s
n k
k n= ( )m

1

2
. If the state were

thermal, then its covariancematrix would simply be s n
n

= ( )ˆ 0
0m , i.e., n n n= º1 2 and k = 0. Then,

following equation (10), its temperature would be
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w
= n

n
+
-

( )T
ln

. A1m
1

1

This will not be, however, the case of ourWM for every instant during the interactionwith a bath. In order to
prescribe a temperature to a general state of theWMwe take its covariancematrix, sm, symplectically

diagonalize it to s n
n

= ( )ˆ ˜
˜
0

0m as prescribed in section 2, and compute its temperature via equation (A1). The

obtained temperature will be the effective temperature of the original state described by sm. This is the definition
we use infigure 1.Note that, for thermal states, this effective temperature coincides with the real temperature of
the system.

In order to define the athermality of the state given by sm, sr ( )m , we compute theUhlmannfidelity [54]
between sr ( )m and the thermal state at the effective temperature, sr ( ˆ )m , given by

s s s s sr r r=[ ˆ ] ( ( ) ( ˆ ) ( ) ) ( )F , Tr . A2m m m m m
2

s s[ ˆ ]F ,m m is equal to 1 if and only if s s= ˆm m, and is<1otherwise.
ForGaussian states theUhlmann fidelity can be directly expressed in terms of their covariancematrices. For

purely quadratic states (which recall is the case of thermal states) thefidelity is given by [59]

s s =
+ -

[ ˆ ] ( )F
A B B

,
2

, A3m m

where the quantitiesA andB are given by

s s= +( ˆ ) ( )A 4 det , A4m m

s s= - -( )( ˆ ) ( )B 4 det 1 4 det 1 . A5m m

Nowwe can look at howmuch the state of theWM, as given by the covariancematrix s ( )tm , differs from the
thermal state at temperatureTeff—given by the covariancematrix ŝ ( )tm —at anymoment t during the isochoric
interactions described in sections 3 and 4. To that end, we define the athermality of the state at amoment t as

 s s= -( ) [ ( ) ˆ ( )] ( )t F t t1 , . A6m m

Due to the properties of thefidelity, we thus have that  ( )t0 1and =( )t 0 if s s=( ) ˆ ( )t tm m , i.e., if
the state of the system is really thermal.

Infigure A1we plot the athermality of theWM for an example isochoric interactionwith a bath consisting of
N=30 oscillators.We clearly see that, except for a period in the beginning of the process, theWM is rather close
to being thermal. It is especially interesting that by the end of the process, theWM is almost exactly thermal. This
information, in addition to thefinal temperature of theWMshown infigure 1, indicates that theWM is
thermalized by the bath.

Appendix B. Adiabat withoutmass change

Instead of performing theHamiltonian swap in equation (22), which is equivalent to simultaneously quenching
both the frequency and themass of theWM, let us explore the possibility of changing only the frequency of the
WM.Namely,

Figure A1.Time-dependence of the athermality of theWM, initially thermal at temperature =T 0.5b , for the isochoric interaction
with a bath (at temperature =T 4b ) consisting ofN=30 oscillators with frequencies w w= = 2b m . The coupling constants are
matched so that g a= = 0.1 and the interaction lasts t = 245 units of time, with the ramp-up time δ being t0.1 . See section 3 for a
detailed explanation of themeaning of these parameters.
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whereQm andPm are the canonical position andmomentumof theWM, andμ is itsmass. In this case, the
quadratures and the creation–annihilation operators change as well:
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In these terms, the change in equation (B1) takes the form

w w= « ¢ = ¢ ¢ ¢( ) ( )† †H a a H a a . B3m m m m m m m m m

Now, if we perform this change instantaneously, the initial thermal state of theWM, r µ -e H Tm m, will
remain unchanged. Since ¢ ¹[ ]H H, 0m m , this will result in the state having coherences in the new energy
eigenbasis [56], thereby significantly reducing the efficiency of the engine (this can be straightforwardly deduced
from the analysis presented in appendix C). If, on the other hand, as a result of equation (B1), the state were also
changed to

r w¢ µ - ¢ ¢( ( ) ) ( )†a a Texp , B4m m m m

its covariancematrix, as defined by equation (3)with ¢xm instead of xm, would remain unchanged. If now the
interactionHamiltonian,Hint (see equation (18)), would couple to the bath degrees of freedomwith the new
quadrature, ¢qm (instead of qm), the dynamics of the overall covariancematrix would be the same as that
presented in themain text.

Put in other words, were we to change to the newquadratures in all formulas, the dynamics on the level of
covariancematrices andHamiltonianmatrices would remain unchanged.Hence, wewould have exactly the
same results for such an engine that those shown in themain text.

For such amodification towork, we need to have ρ evolving into r¢ as a result of equation (B3). Since the
instantaneous change inHamiltonian cannot produce any changes in the state, let us allow the change to take
some non-zero time tad. The problem is now the following: is it possible to devise a quadraticHamiltonian path
connectingHm to ¢Hm that is capable of evolving the state in time tad so that the covariancematrix remains
the same?

To answer the above question, let us notice that the covariancematrix remains unchanged as a result of
quantumadiabatic evolution. The latter is defined by the unitary evolution operator

å= ñ á¢∣ ∣ ( )U n n , B5
n

Hm Hm

where ñ∣n
Hm
and ñ ¢∣n

Hm
are the nth eigenvalues of, respectively,Hm and ¢Hm (see, for instance, [60]). Indeed, we

have that

s r
r

¢ = ¢ ¢ + ¢ ¢
= +

( ( ))
( ( )) ( )

†U U x x x x

x x x x

Tr

Tr , B6
ab a b b a

a b b a

wherewe used the fact that

å

å

¢ = ñ á á ¢ ñ

= ñ á á ñ

=

¢ ¢∣ ∣ · ∣ ∣

∣ ∣ · ∣ ∣

( )

†x x

x

x

U U n k n k

n k n k

. B7

n k

n k

,

,

Hm Hm Hm Hm

Hm Hm Hm Hm

Now, as is shown in [60], for a single oscillator, a shortcut to adiabaticity can be constructed for
implementing the unitary in (B5) by adding the time-dependent term

w
w

= - +( ) ˙ ( )
( )

( ) ( )H t
t

t
QP PQ

4
B8I

m

m

to theHamiltonian of the oscillator for the period of the adiabat tad. Here, the function w ( )tm is arbitrary
provided that it satisfies w w=( )0m m and w t w= ¢( )m ad m .

In order for this new cycle to coincidewith the one in themain text, we need tad to approach to zero. This
would require very fast generation of the term (B8) and very quick driving of the frequency. Althoughwe leave
the question of the experimental accessibility of such quick driving open, we note that the codes provided in the
computational appendix [46] straightforwardly allow for simulating anOtto cycle with any non-zero tad.
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AppendixC. Full-cycle energetics

In this appendix, we perform a detailed analysis of thework and heat involved in the perfect cycles of operation
of theWM.As in themain text, we take as a starting point themoment of the cycle where theWM is still in a state
µ w- † ( )

e a a Tc m m c
0
but its Hamiltonian has already been changed to w †a ah m m, and the isochoric interactionwith the

hot bath is about to start.We label the initial temperature of the bathwith superscript ( )0 to indicate that it was its
temperature before thefirst cycle started. At thismoment, the totalHamiltonian is just the sumof the individual
Hamiltonians, and the energy before starting the isochore is thus

w
w

= + = +
⎛
⎝⎜

⎞
⎠⎟ ( )( ) ( ) ( ) ( )

( )E E E E n
T

, C1B WM B h
c

c

in in in in
0

wherewe have defined

=
-

( ) ( )n x
1

e 1
. C2

x

After the isochore, the totalHamiltonian returns to being the sumof the individualHamiltonians and the
state of theWM is again thermal (albeit now correlatedwith the bath). Hence, the energy of the system right after
the isochore is

w
w

= +
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ ( )( ) ( )

( )E E n
T

, C3B h
h

h

fin fin
1

where ( )Th
1 is the temperature of theWMafter the interactionwith the hot bath. Recall that, as discussed in

section 4.1, although the parameters can be chosen so that =( )T Th h
1 exactly, this temperature does not need to

be exactly the temperature of the bathTh. In the example in themain text, namely, when = =N N 30c h , w = 1c ,
w = 2h , =T 0.5c , =T 4h and t = 100, ( )Th

1 is slightly greater thanTh: - » ´ -( )T T 1.3 10h h
1 4. This small

difference does not affect our analysis because such deviations, if not appearing in the first cycle, do appear in the
subsequent ones. Thework extracted during the hot isochore is then

w
w w

= - = + -
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎤
⎦
⎥⎥ ( )( ) ( )

( ) ( )W E E Q n
T

n
T

, C4ih h
c

c

h

h

in fin
0 1

where = -( ) ( )Q E EB B
in fin .

Rearranging and adding the superscript ( )1 to indicate that the labeled quantities correspond to the end of the
first cycle, we obtain the following expression for the heat exchanged during the cycle:

w
w w

= - +
⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )( )

( ) ( )
( )Q n

T
n

T
W . C5h

h

h

c

c
ih

1
1 0

1

The following step in the cycle is the adiabatic expansion. Thework extracted from this process is

w w
w

= -

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( ) ( )( )

( )W n
T

. C6h c h c
h

h

1
1

Next, during the cold isochoric interaction, we extract ( )Wic
1 amount of work, and leave the system at

temperature ( )Tc
1 (which, again, is slightly different from =( )T Tc c

0 . For the case studied in
section 4, - » ´ -( ) ( )T T 7.7 10c c

1 0 3).
Finally, during the adiabatic compression, we extract the negative amount of work

w w
w

= - -

⎛
⎝⎜

⎞
⎠⎟( ) ( )( )

( )W n
T

. C7c h h c
c

c

1
1

Thefinal state of theWMwill beµ w- † ( )
e a a Tc m m c

1
, which explicitly shows that theWM is not completely cyclic.

However, the deviations from cyclicity, in the case discussed in themain text, are of
 - =w w- - -( ) ( )( ) ( )

e e 10T T 3c c c c
0 1

, the same order ofmagnitude of the degradation during the perfect cycles.
The total work output of the cycle is the sumof the outputs in every step, that is

w w
w w

= - - + +
⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥( ) ( )( )

( ) ( )
( ) ( )W n

T
n

T
W W , C8h c

h

h

c

c
ih ic

1
1 1

1 1
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and thus the efficiency, h =( ) ( ) ( )W Q1 1 1 , will amount to

h h
w w

w

w w w w

= +
+

-
-

-
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )

( )
( ) ( )

( )

( ) ( ) ( )

W W

Q

Q
n

T
n

T
, C9

O
c ih h ic

h

h c c

c

c

c

1
1 1

1

1 1 0

where

h
w
w

= - ( )1 C10O
c

h

is themaximal theoretical efficiency for theOtto engine inwhich theWMcouples negligibly weakly to infinite,
Markovian baths [53, 56]. Since - ( ) ( )T T 1c c

1 0 , whenever hO is away from theCarnot value, namely, when
w w

< ( )( ) ( )T T
C11h

h

c

c
1 0

so that

 { } ( )( ) ( ) ( )Q W Wmax , , C12ih ic
1 1 1

the efficiency h( )1 will be very close to hO. In our example, both the hot and cold isochoric works are of the order
of -10 3, while »( )Q 31 .

By themoment the second hot isochore (and hence the second cycle) is about to start, the perturbations
created in the hot bath during the first isochorewill have traveled away from the interaction node in formof a
wavepacket. However, the propagation of this wavepacket is not ideal in that it leaves a trace in the formof
residual perturbations. In particular, before the start of the second isochore, the state of the interaction nodewill
be slightly different from that at equilibrium. Thismeans that ( )Th

2 will be even further fromTh than
( )Th
1 . As our

numerical analysis shows for perfect cycles, and as it is to be expected from the fact that the hot isochore extracts
heat from the bath,

 º »  ( )( ) ( ) ( )T T T T . C13h h h h
0 1 2

With a similar reasoning, another result that we observe numerically is that

 º »  ( )( ) ( ) ( )T T T T . C14c c c c
0 1 2

Moreover, since (while within perfect cycles) theWM is thermal after each interactionwith the baths, for the
kth perfect cycle we have that

w
w w

= - +
-

⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )( )

( ) ( )
( )Q n

T
n

T
W C15k

h
h

h
k

c

c
k ih

k
1

and

w w
w w

= - - + +
⎡
⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
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( ) ( )
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T
n

T
W W , C16k
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h

h
k

c

c
k ih

k
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k

and therefore

h h
w w

w

w w w w

= +
+

-
-

-
-

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟
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⎞
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⎤
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W W

Q

Q
n

T
n

T
. C17

k
O

c ih
k

h ic
k

h
k

h c
k

c

c
k

c

c
k 1

Alongwith equations (C13) and (C14), equations (C15) and (C16) explain the slow, gradual decrease of cycle
heat andwork during the period of perfect operation (seefigure 4). At the same time, equation (C17) explains
why is that the efficiency does not accumulate errors and stays very close to hO throughout the perfect

performance. Indeed, asmentioned above, the isochoric works, ( )Wih
k and ( )Wic

k , stay of the order of a2 and the

acyclicity, as given by - -( ) ( )T Tc
k

c
k 1 , being an effect a singleWM–bath interaction session has on the bath,

remains almost unchanged throughout the perfect cycles and is small compared to the cycle heat. Another
important consequence of equation (C17) is that equation (24)needs to be slightlymodified for k 2. Indeed,
although h h a- µa=

( ) ( )k k
0

2 still holds, one needs additionally account for
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h h- = -a=
-( ) ( )( ) ( ) ( )T T , C18O

k
c

k
c

k
0

1

and if, for the first cycle, this term can be eliminated by adjusting the interaction time, it will be non-zero for the
subsequent cycles. However, as wementioned above, the correction (C18) is very small and does not increase as
the cycles proceed.

Lastly, we remark that, whenever themachine approaches theCarnot efficiency, h = - T T1C c h, namely,
when w wc h approaches T Tc h from above, thework output of the engine tends to zero (as can be seen from
equation (C16)), and, exactly at the point when h h=O C , <( )W 0k .

AppendixD. Relative entropy

In order to show the evolution of the baths’ states, we choose the relative entropy as a distance quantifier. Take,
for example, the hot bath. Let us denote its state at the beginning of the ith cycle by r( )

h
i . Then, the quantity we are

interested in is

r r r= -
⎛
⎝⎜

⎞
⎠⎟( ∣∣ ) ∣∣ ( )( ) ( ) ( )S S

Z

1
e , D1h

i
h h

i

h

H T1 h h

whereHh is theHamiltonian of the hot bath, = -Z Treh
H Th h, and [54]

r s r r s= -( ∣∣ ) [ ( )] ( )S Tr ln ln . D2

The relative entropy has several features desirable for a distancemeasure. In particular, those that are of
interest for the case studied are that

r s( ∣∣ ) ( )S 0, D3

i.e., that it is a positive quantity, and that

r s r s= =( ∣∣ ) ( )S 0 iff . D4

Although the relative entropy does not satisfy the triangle inequality and is not symmetric, whichmeans it is
not a distancemeasure in the proper sense, it decreasesmonotonically under completely positive trace
preserving operations [54], whichmakes it a distinguishabilitymeasure of choice inmany situations [54].

Whenever the second argument in ( ∣∣ )S • • is a Gibbs state, as, e.g., is the case in equation (D1),

r r r r= - - +-( ∣∣ ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )S T E E S S D5h
i

h h h
i

h h
i

h
1 1 1 1

r r= -- -[ ] [ ] ( )( ) ( )T F T F , D6h h
i

h h
1 1 1

where S is the vonNeumann entropy, ( )Eh
i is the energy of the hot bath at the beginning of the ith cycle, and

= -F E TS is the free energy. Equation (D6)means that relative entropymeasures the ‘thermodynamic’
distance between r( )

h
i and r( )

h
1 , which additionallymotivates our choice of relative entropy as a distance

quantifier.
The quantities in equation (D5) can be readily calculated directly in the covariance-matrix picture via

equations (7), (13), and (14). An example of such a calculation is presented infigure 4(b), where it can be seen
that the relative entropy distance of the state of of the bath from the initial state of the bath increases at a steady
rate as the ‘perfect’ cycles proceed. This is contrasted by how the efficiency andwork per cycle remain almost
constant during these cycles.
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