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S U M M A R Y
Accurate information on thermal conductivity and thermal diffusivity of materials is of central
importance in relation to geoscience and engineering problems involving the transfer of heat.
Several methods, including the classical divided bar technique, are available for laboratory
measurements of thermal conductivity, but much fewer for thermal diffusivity. We have gener-
alized the divided bar technique to the transient case in which thermal conductivity, volumetric
heat capacity and thereby also thermal diffusivity are measured simultaneously. As the density
of samples is easily determined independently, specific heat capacity can also be determined.
The finite element formulation provides a flexible forward solution for heat transfer across the
bar, and thermal properties are estimated by inverse Monte Carlo modelling. This methodology
enables a proper quantification of experimental uncertainties on measured thermal properties
and information on their origin. The developed methodology was applied to various materi-
als, including a standard ceramic material and different rock samples, and measuring results
were compared with results applying traditional steady-state divided bar and an independent
line-source method. All measurements show highly consistent results and with excellent re-
producibility and high accuracy. For conductivity the obtained uncertainty is typically 1–3
per cent, and for diffusivity uncertainty may be reduced to about 3–5 per cent. The main
uncertainty originates from the presence of thermal contact resistance associated with the
internal interfaces in the bar. These are not resolved during inversion and it is imperative that
they are minimized. The proposed procedure is simple and may quite easily be implemented
to the many steady-state divided bar systems in operation. A thermally controlled bath, as
applied here, may not be needed. Simpler systems, such as applying temperature-controlled
water directly from a tap, may also be applied.

Key words: Inverse theory; Heat flow; Heat generation and transport.

I N T RO D U C T I O N

Processes involving temperatures and the transfer of heat are of great
importance in many branches of science and technology. Within the
geosciences this applies to most geodynamic processes; physical
properties of Earth materials are temperature dependent and temper-
ature is essential in quantifying geothermal resources. In modelling
subsurface temperatures and the transfer of heat, the insertion of
appropriate values of thermophysical parameters into the governing
differential equation is of critical importance and may be an obsta-
cle to obtaining good results. The determination of accurate values
of thermal conductivity is an inevitable requirement to determine
high-quality values of terrestrial heat flow.

Rock thermal properties are measured in the laboratory. Several
techniques are available for the determination of thermal conductiv-
ity whereas there are fewer for thermal diffusivity (cf. Beck 1988).
Determinations by in situ methods (e.g. Burkhardt et al. 1995) are

more difficult, generally costly and, similar to methodologies apply-
ing petrophysical well log data (Fuchs et al. 2015), are less accurate
than laboratory determinations.

Among the classical techniques for laboratory measurements of
thermal conductivity, and frequently applied within geoscience, is
the divided bar method. This is a comparative method where steady-
state thermal condition is established across a bar and temperature
differences are measured across standards of known thermal con-
ductivity and a sample of unknown conductivity (Beck 1957; Jessop
1970). By applying Fourier’s law of heat conduction, the determina-
tion of sample conductivity is in principal straight forward. Precau-
tions must be taken, in particular to minimize or eliminate thermal
contact resistance at the internal interfaces between components
of the bar and to minimize radial heat exchange. The divided bar
technique is best suited for hard materials like crystalline rocks,
whereas softer sedimentary rocks and unconsolidated sediments
are typically measured by transient line source methods, such as the
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Transient divided bar method 1447

Figure 1. (a) Sketch of the experimental setup and (b) photo of the apparatus applied in this study with open bar and a sample of granite. Diameter of the bar
elements is here 50 mm.

needle-probe technique (Blackwell 1954; Von Herzen & Maxwell
1959).

In this study we present a methodology in which the classical
divided bar technique is extended to the transient case and where
thermal conductivity and volumetric heat capacity, and thereby also
thermal diffusivity, are measured simultaneously.

It is apparent from the theory of transient heat conduction through
a 1-D bar that the temperature profile depends both on thermal con-
ductivity and volumetric heat capacity. Just as the gradient of the
steady-state experiment can be used to infer thermal conductivity,
the evolution of the transient temperature profile contains infor-
mation on the thermophysical parameters governing the transient
situation. The thermal diffusivity does not enter as a separate param-
eter, but must be derived from the ratio of the thermal conductivity
to the volumetric heat capacity.

Transient divided bar or similar methods have been applied be-
fore. Gasharov & Petrov (1984) built an apparatus capable of es-
timating thermal diffusivity and volumetric heat capacity by mea-
suring temperature difference between two sides of a sample, one
of which was being heated by a known quantity of heat. No ac-
curacy of estimates was given. Drury et al. (1984) estimated ther-
mal diffusivity based on the Ångstrøm method (Angström 1863) in
which a harmonic temperature variation is supplied to the bar. Dixon
et al. (1988) devised a pulse method to measure thermal diffusiv-
ity of a rod-shaped sample involving drilling several holes into the
sample. Recent work includes that of Pasquale et al. (2015) who
applied an apparatus that measures temperature difference between
two sides of a sample, one of which is being cooled by a thermo-
static bath. This method determines thermal conductivity both by a
numerical and an empirical relationship. Antriasian & Beardsmore
(2014) extended the divided bar method, where a steady-state mea-
surement is followed by a temperature increase at both ends of the
bar. Heat capacity is then determined by numerical integration of
the measured temperature differences. Of the above listed methods,

only the method by Antriasian & Beardsmore (2014) is comparable
to our method in terms of accuracy and versatility. Not only does
our method provide measurements of both thermal conductivity
and thermal diffusivity, it also provides reliable information on the
uncertainty of these parameters.

A P PA R AT U S

Before introducing details of methodology and theory, we briefly
describe the divided bar apparatus. The main principles of the equip-
ment (Fig. 1) are similar to those used by Beck (1957) and Jessop
(1970). The sample to be measured is placed between two standard
elements of a ceramic material with known thermal properties. Hol-
low copper elements, in which water can be circulated, are placed
at both ends of the bar. Depending on the temperature of the water,
these elements can act either as a heat source or a heat sink. A cop-
per disc with a temperature-sensing element (here a thermistor) is
placed at each interface between elements, involving four thermis-
tors. The sample, standard and copper elements are all cylindrical
in shape and with the same diameter. It is necessary for the standard
and copper elements to have the same diameter as the sample, to
ensure 1-D heat transport. We generally use a diameter of 50 mm,
but other diameters may also be accommodated. The effect from
non-axial heat transport is expected to decrease with increasing
sample radius.

Measurements are carried out by circulating water of variable
temperature in the top element, thus imposing a time varying tem-
perature across the elements of the bar. Water is taken from a ther-
mally controlled water bath. The temperature evolution is recorded
at the four thermistor points. In order to minimize the thermal
contact resistance between elements, a silicone based heating com-
pound is applied to surfaces of elements, and a uniaxial pressure
(about 1 MPa) is applied to the bar to reduce the influence of any
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1448 T.S. Bording, S.B. Nielsen and N. Balling

surface irregularities. The stack is encased and insulated (using
Styrofoam) to reduce convection and non-axial heat flow.

Careful calibration of all thermistors against a high precision lab-
oratory quartz thermometer ensures temperature recordings within a
precision of about 1–3 mK and an absolute accuracy of about 3 mK.
The imposed temperature from the water bath and temperature
data acquisition are controlled by two separate PC-based steering
systems.

T H E O RY

The physical model of the divided bar assumes 1-D conduction of
heat along the axis of the bar, and is given by

∂

∂z

(
λi

∂T

∂z

)
− CV

∂T

∂t
= −2H0

a
(Tlab − T ) (1)

T (z = 0, t ≥ 0) = Ttop (t) (2)

T (z = D, t ≥ 0) = Tbot (t) (3)

T (z, t = 0) = T0 (z) (4)

λi
∂T

∂z

∣∣∣∣
z−

= λi+1
∂T

∂z

∣∣∣∣
z+

= −H (Tz+ − Tz− ) , (5)

where T is the temperature distribution, z is the distance from the
top thermistor (Fig. 1), λ is thermal conductivity, CV is volumetric
heat capacity (product of specific heat capacity and density), i is
the index determining the material (copper, standard or sample), t
is time, Ttop(t) and Tbot(t) are the time-series of temperature at
the top and bottom of the bar, respectively, and Tlab is the ambient
laboratory temperature. H0 is the radial surface conductance of
the bar at radius a, D is the distance between the top and bottom
thermistors and T0(z) is the initial temperature profile along the axis
of the bar and H is the surface conduction between discs. Thermal
diffusivity is defined as α = λ/CV.

The right-hand side of eq. (1) uses the radiation boundary con-
dition (Carslaw & Jaeger 1959), to model the thermal effect of
loss or gain of heat along the bar, due to imperfection of the ther-
mal insulation. It assumes that heat loss or gain is proportional to
the temperature difference between ambient laboratory temperature
and the temperature of the bar at any position along its axis and
to the surface conductance, H0, of the bar. It is assumed that there
is instantaneous exchange of heat at any given position along the
bar. From experience, this is a fair representation of the minute heat
exchange which occurs, although a cylindrical 2-D representation
of the radial conduction (Jessop 1970) would be a more correct
physical model.

The thermal effect of thermal resistance between the different bar
elements is also modelled using the radiation boundary condition.
On either side of an interface between two elements, heat flow must
be the same and proportional to the temperature difference across
the interface and to the associated surface conductance. In eq. (5),
z− means approaching a material boundary from the top, and z+

means approaching the boundary from the bottom. The effect of
the finite surface conductance is a small temperature discontinuity
across the interface. The possibility exists that interfaces have a
finite heat capacitance, which would have the effect of a slight delay

of the temperature evolution across the interface. Only the finite
surface conductance is incorporated into the model.

M E T H O D O L O G Y F O R DATA A NA LY S I S

During an experiment, temperatures are recorded at the four ther-
mistor points. A procedure is needed by which these temperature
data may be analysed to provide information on the thermal prop-
erties of the sample. For the solution of the heat equation, we apply
the numerical finite element method, and thermal properties are
extracted by inverse Monte Carlo analysis.

Numerical forward model

By applying the numerically finite element method, eq. (1) may be
solved for any arbitrary transient temperature boundary conditions
(eqs 2 and 3), and for any initial condition (eq. 4). This is not
easily achieved by analytical solutions. All discs are divided into a
set of elements connected by sets of nodal points, with an average
nodal distance of 0.5 mm. To represent the contact resistance at
the interfaces between discs, two nodal points are placed at the
same coordinates, resulting in an element with no physical extent.
Temperatures of elements are approximated by a set of interpolation
function according to the Galerkin criterion (Diersch 2013). A time
step of 5 s has been found to be optimal.

Inversion procedure

Different inverse approaches can be used to determine the set of ther-
mal parameters which fit the observed data within the small uncer-
tainty of the temperature measurements. We apply the Monte Carlo
method with a Metropolis–Hastings algorithm (Hastings 1970). The
forward model executes quickly (2–3 ms), which is a prerequisite
for a suitable procedure. It is fully nonlinear, and prior informa-
tion on model parameters can be represented very generally in the
form of states of information, sensu (Tarantola & Valette 1982). In
order to reduce the number of iterations required to go from the
start model to the equilibrium distribution, the so-called ‘burn-in’
period, an adaptive method similar to that of Poulsen et al. (2012)
is used to increase the acceptance ratio.

In addition to the main unknown thermal properties of the mea-
sured sample, the experimental setup (Fig. 1) involves six unknown
surface conductances associated with the six element contacts (be-
tween the top and bottom thermistor) and the surface conductance
governing the heat exchange with the surroundings. These parame-
ters must be, in principle, determined along with the initial thermal
state of the bar.

The uncertainties on the thermophysical properties of the cop-
per discs, on the standard reference material and on the measured
temperatures at the four thermistor points must also be quantified.
These uncertainties influence the accuracy of the derived thermal
properties of the material, despite their limited size.

The inversion problem of the divided bar is nonlinear. This is
apparent from the finite element formulation as the thermal con-
ductivity to be determined and the surface conductances appear in
the stiffness matrix of the problem. The observed data to be inverted
are the temperature histories T1(t) and T2(t) measured above and
below the rock sample. From experience, we have found it suffi-
cient to parametrize the initial thermal state of the bar by using the
mean temperature and temperature gradient measured at the onset
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Figure 2. Example of the temperature evolution during measurement. The
dashed blue lines correspond to time slices depicted in Fig. 3.

of the experiment between Ttop and Tbot. A few minutes after ex-
periment onset, the higher order details of the initial thermal state
are no longer visible in the data. Measurements can therefore be-
gin immediately after assembly, with no waiting time for thermal
equilibration.

The inverse problem basically has nine unknown parameters:
sample thermal conductivity and volumetric heat capacity, six sur-
face conductances between elements, and the radial surface con-
ductance. These are too many parameters to be determined inde-
pendently from the data available. This situation is equivalent to
the steady-state case where a given temperature difference between
the two thermistors (T1 and T2, Fig. 1) on either side of the sam-
ple can be realized for infinitely many different combinations of
sample thermal conductivity and surface conductance values of the
two copper-rock contacts. This issue of ambiguity carries on to the
transient case. Its solution is to ensure that surface conductances
are large enough that the thermal resistances across interfaces are
very small. This issue is treated below.

The surface conduction governing the heat exchange between
the bar and the surroundings is found to be very low, several orders
of magnitude lower than the surface conduction between discs,
reflecting the efficiency of the insulation. By measuring samples
with known thermal conductivity, and testing different setups, a
conductance value around 3.0 W m−2 K−1 has been selected as the
a priori estimate.

T E S T O F M E T H O D O L O G Y

The methodology described above was tested by laboratory mea-
surements on a number of rock samples and on the standard ma-
terial. Repeatability of the Monte Carlo inverse procedure, as well
as that related to the experimental setup, has been tested. Further-
more, transient divided bar results were compared with results of
traditional steady-state divided bar measurements, as well as with
transient needle-probe measurements on the same materials.

As an illustration of the methodology, we show an example of
measurements on a sample of sandstone. At the top of the bar a
temperature variation with amplitude of 3.5 ◦C is imposed (temper-
atures between c. 20.5 and 27.5 ◦C measured at Ttop, Figs 2 and 3).
The characteristic phase shift and damping of the temperature wave

Figure 3. Vertical temperature profiles for times slices indicated in Fig. 2

from top to bottom are clearly seen. At the bottom thermistor, tem-
perature variations are small, only a few tenths of a degree.

The Monte Carlo inversion procedure is carried out with 50 000
iterations. The first 5000 models reflect ‘burn-in’ and are not ap-
plied. The accepted models sample the posterior distribution of the
variable parameters, which is the solution to the inverse problem
(Tarantola & Valette 1982; Gallagher et al. 2009). The expected
value and the standard deviation are calculated from the histogram
of parameter values, which approximates the joint marginal density
distribution of that parameter. Fig. 4 shows the resulting parameter
distribution produced from the sandstone sample and data set of
Fig. 2. Fig. 5 is produced from equivalent measurements on the
ceramic standard material. Parameter standard deviations are small,
about 1–1.5 per cent. The result of the measurement on the ceramic
standard material is, within error bounds, in agreement with the
value of 1.60 W m−1 K−1 applied as reference value for thermal
conductivity. The ceramic standard is the MACOR Glass Ceramic
from Corning Inc. This value has been determined by different in-
dependent methods in our laboratory and also by other laboratories
(e.g. Bloomer 1980). We note that the manufacturer state value of
1.46 W m−1 K−1, slightly below our best estimate.

Repeatability

To test repeatability of the inversion procedure, the results from
five model runs, but with different initial values of parameters, are
shown in Table 1. Again, the same data set as in Figs 2 and 3 is
applied. In addition to the five separate results, results are also given
from a combined model calculated with

σcombined =
√∑n

i=1

(
σ 2

i + (μi − μ̄)
)

n
; μ̄ = 1

n

n∑
i=1

μi , (6)

where σ and μ denote standard deviation and mean value, respec-
tively, for n individual models. The combined distribution results
in a thermal conductivity of 3.75 W m−1 K−1, a volumetric heat
capacity of 1.98 MJ m−3 K−1 and thermal diffusivity of 1.89 ×
10−6 m2 s−1. The standard deviations constitute 0.8, 1.3 and 1.3
per cent of respective parameter mean values. The individual in-
version estimations are well within the standard deviations of the
determined parameters of the combined model.
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Figure 4. Measuring results illustrated as posterior probability density functions of thermal parameters from the data set shown in Figs 2 and 3 (water-saturated
sandstone). (a) Thermal conductivity, (b) volumetric heat capacity and (c) thermal diffusivity.

Figure 5. Measuring results on the ceramic standard material illustrated as posterior probability density functions. (a) Thermal conductivity, (b) volumetric
heat capacity and (c) thermal diffusivity.

The repeatability of the entire methodology (laboratory setup
and data inversion), was tested by performing three separate mea-
surements on the sandstone sample. The sample was resaturated
with water, the discs were reassembled between each individual
measurement, and the conducting paste at element interfaces was
reapplied. For each measurement, five inversion runs with 50 000
iterations each were performed, and the combined mean values were
calculated (Table 2). The resulting parameter mean values are all
within 1.3 per cent deviation of the estimation from the combined
result, again calculated using eq. (6). Two main potential sources of
uncertainty are differences in details of the degree of water satura-

tion between the measurements, and small differences in the surface
conductance between the discs (see discussion below).

Measuring time

The time needed for an experimental run has been investigated. A
short time for each measurement makes measurements less time-
consuming and less costly, while a certain amount of time is required
for the data to provide sufficient information for the estimation of
the thermal parameters. Data sets measured over a total of 1 hr
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Table 1. Test of repeatability of the inversion procedure. Results of five sep-
arate inversion runs (different initial values) from measurements on sand-
stone and with the same data set as in Fig. 2. The indicated uncertainty is
one standard deviation.

Inversion λ (W m−1 K−1) CV (MJ m−3 K−1) α (10−6 m2 s−1)

1 3.748 ± 0.031 1.977 ± 0.026 1.893 ± 0.026
2 3.749 ± 0.030 1.981 ± 0.025 1.893 ± 0.026
3 3.754 ± 0.032 1.979 ± 0.026 1.897 ± 0.026
4 3.746 ± 0.030 1.979 ± 0.026 1.893 ± 0.026
5 3.749 ± 0.029 1.982 ± 0.024 1.891 ± 0.024

Combined 3.749 ± 0.030 1.980 ± 0.026 1.893 ± 0.024

Table 2. Test of repeatability of measurements. Results from three separate
laboratory measurements on the same sample (sandstone as in Fig. 2). Five
inversion runs were performed for each individual data set and mean values
and standard deviations are given. The combined results from all three
measurements are also shown.

Measurement λ (W m−1 K−1) CV (MJ m−3 K−1) α (10−6 m2 s−1)

1 3.749 ± 0.030 1.980 ± 0.026 1.893 ± 0.024
2 3.686 ± 0.049 1.973 ± 0.035 1.869 ± 0.041
3 3.761 ± 0.030 2.014 ± 0.026 1.868 ± 0.024

Combined 3.732 ± 0.050 1.989 ± 0.034 1.877 ± 0.033

were subdivided into shorter intervals of decreasing length. One
first data set contains the full 1 hr data sequence; the following
data sets were subsequently reduced by disregarding the latest 225 s
of the previous one. Again, for each data set, five inversion runs
with 50 000 iterations each were performed. Results are shown in
Fig. 6. Two different materials with different thermal properties were

measured: the ceramic standard material and a granite of higher
conductivity and diffusivity. As is seen, the time needed to measure
thermal diffusivity is slightly shorter (by few minutes) than that for
thermal conductivity. After about 40 min both parameters appear
stable, and longer time-series do not result in lower parameter stan-
dard deviations. For the present experimental setup, time-series of
about 45 min are found to be sufficient.

Surface conductance

The surface conductance between interfaces depends on the smooth-
ness of the surfaces and the applied ambient pressure. Despite
careful sample preparation, the disc surfaces will never be per-
fectly smooth, and heat flowing across an interface will occur
at a finite number of contact points (Cooper et al. 1969). The
small gaps between contact points can be filled by a thin smear
of heat-conducting paste, and by applying a certain ambient pres-
sure the effect of small amounts of air or water are reduced. Fur-
thermore, some surface irregularities may be smoothed by defor-
mation on the microscopic level, thereby increasing the surface
conductance.

The values of surface conductance for relatively smooth surfaces,
covered by a silicone heating compound, are reported to be between
103 and 105 W m−2 K−1 (Fletcher et al. 1969; Khounsary et al.
1997; Wolff & Schneider 1998). Since surface conductance values
vary by more than an order of magnitude, these parameters are
handled in log-space in the inversion algorithm. From experiments
using steady-state divided bar measurements on samples of different
length (by which this parameter may be estimated), we have obtained

Figure 6. Measuring results and accuracy in relation to duration of experiment. Blue lines are from the ceramic standard material, red lines with crosses from
a granite sample (sample B, Table 4). Dashed lines show the 95 per cent confidence interval. Estimates of thermal diffusivity stabilize after about 25–30 min
(b), but uncertainty decreases until about 35 min (d). Estimates of thermal conductivity and uncertainty estimates both stabilize after 35–40 min (a, c).
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Figure 7. Synthetic example with density cross-plots of sample thermal parameters and surface conductance at the upper interface between sample and copper.
Blue cross marks true values. (a–c) High a priori geometric standard deviation on surface conductance (eσ = 12). (d–f) Low a priori geometric standard
deviation on surface conductance (eσ = 2.3).

typical values of surface conductance of around 1–2 × 104 W m−2

K−1. From this, a priori distributions for all surface conductances
were chosen as log-normal distributions with geometric mean values
of 1 × 104 W m−2 K−1 and a value of 2.3 as the geometric standard
deviations (eσ ).

The lower limit for negligible values was estimated by com-
paring forward test models against forward models with virtually
infinite surface conductance. When the temperature deviation at
any finite element node became greater than the precision of ther-
mistors, taken at 3 mK, the surface conductance was too low to
be non-negligible. This occurs around values of 2–4 × 105 W
m−2 K−1. Surface conductances above this level do not influ-
ence the resulting thermal parameters and, furthermore, cannot be
determined.

Due to the coupling between parameters, uncertainty and error
in the determination of surface conductances migrates into the ther-
mal parameters to be determined. All six disc interface surface
conductances are unknown, but since the thermal properties of the
reference material are well-known, it is mainly the two sample-
copper discs contacts that are of interest. An example of uncer-

tainty propagation can be seen in Fig. 7, where density cross-plots
of surface conductance and sample parameters are shown. Surface
conductance is here at the interface between sample and thermis-
tor T1. Figs 7(a)–(c) show the results of a relatively unconstrained
inversion, where thermal conductivity and diffusivity correlate neg-
atively. The negative correlation reflects an equivalence of the pa-
rameters values, so that a lower value of surface conductance is
compensated by a higher value of thermal conductivity, while an
increasing surface conductance is compensated by a lower thermal
conductivity, but only to a limited extent. Because of the compen-
sation effect, one of the parameters needs to be constrained in order
to estimate the other. Here, of course, it is the surface conduc-
tance which is constrained, simply by making it as large as possible.
Figs 7(d)–(f) show the same cross-plots, but for the standard inver-
sion algorithm.

The next step was to estimate the influence of the chosen a priori
surface conductance.

Again, numerical experiments were conducted on synthetic sam-
ples of different thermal properties, different sample length (18, 25
and 35 mm) and different interface surface conductances within
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Table 3. Comparisons of measurements by transient and steady-state divided bar. Measurements on ceramic standard material, granite
(Siljan area, central Sweden) and two core samples of basalt (deep Lopra borehole, Faroe Islands). Uncertainty in terms of standard
deviation and difference between measured thermal conductivity (in per cent) are given.

Steady-state divided bar Transient divided bar

Material λ (W m−1 K−1) λ (W m−1 K−1) α (10−6 m2 s−1) �λ (%)

Ceramic 1.63 ± 0.02 1.59 ± 0.02 0.84 ± 0.01 −2.5
Granite 2.13 ± 0.10 2.17 ± 0.10 1.27 ± 0.01 1.5
Basalt, core 3 1.76 ± 0.02 1.73 ± 0.02 0.76 ± 0.01 −2.0
Basalt, core 5 1.77 ± 0.07 1.87 ± 0.04 0.84 ± 0.01 5.6

the range of 0.3–3 × 104 W m−2 K−1. All interfaces were assigned
identical value of surface conductance. The model forward data sets
were then inverted, as for real data sets, and the differences between
parameters determined by the inversion and those known as ‘true
parameters’ were determined.

Given the chosen a priori value, it was found that higher values of
surface conductance (3 × 104 W m−2 K−1) lead to slightly too high
values for the determined thermal diffusivity, while lower values of
surface conductance (3 × 103 W m−2 K−1) lead to slightly lower
values for thermal diffusivity. The same trend, albeit at a lower
scale, was observed for thermal conductivity values higher than
2.5 W m−1 K−1, while the trend was opposite for lower values.

Thicker disks provided better estimation of thermal diffusivity,
and only slightly better estimation of thermal conductivity, while the
values of thermal conductivity and diffusivity themselves proved
to be proportionate to their determination error. In total for all
synthetic experiments (n = 45), the mean absolute error was 1.1 per
cent for the estimation of thermal conductivity, and 5.9 per cent for
thermal diffusivity. The corresponding root mean squares of errors
were 1.5 per cent and 7.0 per cent respectively. Ways of increasing
thermal conductance between elements during measurements are
thus of great importance, particularly for accurate determination of
thermal diffusivity.

Another experiment was carried out where the effect of ignoring
the thermal resistance between discs was estimated. The same syn-
thetic data was used as above, but an ‘infinite’ surface conductance
was assumed in the inversion, thereby simulating the effect of ig-
noring thermal resistance. The resulting mean absolute error was
2.4 per cent for thermal conductivity and 9.0 per cent for thermal
diffusivity. The corresponding root mean squares of errors were now
3.8 per cent and 11.8 per cent respectively, and thermal diffusivity
was consistently estimated too low. The increase of errors when
surface conductance is omitted shows the importance of including
this model parameter into the analysis.

C O M PA R I S O N W I T H O T H E R M E T H O D S

In order to compare the results of the transient divided bar with
those of other methods, a number of measurements were carried
out with the divided bar under steady-state conditions and with an
independent transient line-source method.

Measurements by steady-state divided bar

Measurements were performed by the divided bar apparatus apply-
ing classical steady- state conditions. This was ensured by imposing
different, but constant, temperatures at the top and bottom ends of
the bar by circulating water from thermally controlled water baths.
The measured samples comprise the ceramic standard, a granite
from the Siljan area in central Sweden, and two samples of basalt

from the deep Lopra-1 borehole in the Faroe Islands (Balling et al.
2006). For each sample, the effect from thermal contact resistance
was eliminated by taking measurements on four discs of differ-
ent length. Samples were chosen for which a sufficient amount of
homogeneous material was available.

Results are shown in Table 3. Only results for thermal conductiv-
ity can be compared, as the steady-state technique does not provide
information on other parameters; thermal diffusivity from the tran-
sient divided bar is also given. With an average absolute difference
of 2.9 per cent, we observe a generally good agreement between the
two methods. Small differences can arise from the requirement of
more discs for each sample for the steady-state method and small
differences in conductivity among individual discs.

Measurements by needle probe

The samples for the needle probe were prepared by first sawing
individual samples into two halves, and a needle sized groove
(c. 1.5 mm in diameter) was milled into the surface of one of them.
The groove was covered with heat-conducting paste to minimize
thermal contact resistance between needle and sample, and the two
halves were put back together around the needle. During measure-
ments, samples were submerged in water-saturated quartz-sand to
minimize any boundary effects of limited sample size. Three to
five needle-probe measurements were performed for each sample
with calculated mean values of thermal conductivity. Again, only
thermal conductivity is compared.

Results are shown in Table 4. The average absolute difference is
4.6 per cent. From experience, differences like those seen here are
typical when applying different methods to geological materials.
Due to different requirements for sample preparation and sample
size, measurements were not carried out on exactly the same spec-
imen, but on specimens taken from the same sample of rock. In
addition to normal laboratory experimental uncertainty, some dif-
ferences may be introduced by small real differences in conductivity
and, perhaps, a minor degree of anisotropy in some samples. The
larger difference for sample C (gneiss) may be explained by a rela-
tive small sample size available for the needle-probe measurement.

C O N C LU S I O N S

This study has generalized the traditional steady-state divided bar
apparatus to transient conditions. Volumetric heat capacity and ther-
mal diffusivity are measured, in addition to thermal conductivity.
Since sample density is easily measured by independent methods,
information on specific heat capacity may also be derived.

A flexible forward solution for heat transfer across the bar
with arbitrary transient boundary conditions is ensured by ap-
plying a numerical finite element formulation. This is not possi-
ble with traditional analytical solutions. The Monte Carlo inverse
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Table 4. Comparisons of measurements by transient divided bar and a line source needle-probe. Rock samples are from crystalline basement
rocks in southern Sweden. Uncertainty in terms of standard deviation and difference between measured thermal conductivity (in per cent) are
given.

Needle probe Transient divided bar

Sample Lithology λ (W m−1 K−1) λ (W m−1 K−1) α (10−6 m2 s−1) �λ (%)

A Feldspar-rich granite, medium grained 3.54 ± 0.05 3.67 ± 0.10 2.20 ± 0.08 3.7
B Feldspar-rich granite, medium grained 3.39 ± 0.05 3.27 ± 0.11 2.00 ± 0.09 −3.4
C Gneiss, fine grained 2.83 ± 0.07 2.54 ± 0.07 1.49 ± 0.06 −10.5
D Gneiss, fine grained 2.45 ± 0.07 2.38 ± 0.03 1.37 ± 0.02 −4.7
E Gneiss, fine to medium grained 2.65 ± 0.10 2.73 ± 0.05 1.26 ± 0.03 3.1
F Mafic rock, fine to medium grained 2.17 ± 0.07 2.19 ± 0.04 0.96 ± 0.02 0.9
G Mafic rock, fine to medium grained 2.22 ± 0.07 2.09 ± 0.04 1.02 ± 0.02 −5.9

method is well suited for the extraction of thermal material prop-
erties from the recorded temperature time-series, as well as for
revealing compensation effects between the inversion variables. Un-
certainties on measured temperatures and model parameters are al-
lowed to propagate into the uncertainties on the measured thermal
properties.

The developed methodology was applied to various materials,
including a ceramic material (also applied as our standard material)
and different rock samples. Comparisons of results with those ob-
tained applying traditional steady-state divided bar measurements
and with an independent line-source method show highly consistent
results. The developed methodology yields excellent reproducibil-
ity and high accuracy. For thermal conductivity the accuracy ob-
tained was typically 1–3 per cent whereas it was slightly greater
(3–5 per cent) for diffusivity.

The main uncertainty originates from the presence of thermal
contact resistance associated with the internal interfaces of the
bar. It is a prerequisite for unbiased measurements of the ther-
mal parameters, in particular for thermal diffusivity, that contact
resistances be reduced to a minimum. This requires careful sam-
ple preparation and experimental design with entirely planar inter-
faces, application of a conductive paste on interfaces and a ver-
tical pressure across the bar. Significant contact resistance will
bias thermal diffusivity toward higher values. If sample materi-
als are measured for which a significant contact resistance may
be inevitable, it is important that this value is estimated as accu-
rately as possible. This may be achieved by supplementary tradi-
tional steady-state measurements (e.g. Jessop 1970). Furthermore,
it is important that ambient temperature variation around the bar,
and any exchange of heat with the surroundings, are kept to a
minimum.

The proposed procedure is simple and may quite easily be im-
plemented into the many steady-state divided bar systems in oper-
ation elsewhere. The temperature variations at the ends of bar can
be imposed by simple means, and a thermally controlled bath, as
applied here, may not be necessary. Simpler systems, such as alter-
nating between hot and cold water directly from a tap may also be
applied.
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