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ABSTRACT
Kepler has revolutionized our understanding of both exoplanets and their host stars. Asteroseis-
mology is a valuable tool in the characterization of stars and Kepler is an excellent observing
facility to perform asteroseismology. Here we select a sample of 35 Kepler solar-type stars
which host transiting exoplanets (or planet candidates) with detected solar-like oscillations.
Using available Kepler short cadence data up to Quarter 16 we create power spectra optimized
for asteroseismology of solar-type stars. We identify modes of oscillation and estimate mode
frequencies by ‘peak bagging’ using a Bayesian Markov Chain Monte Carlo framework. In
addition, we expand the methodology of quality assurance using a Bayesian unsupervised
machine learning approach. We report the measured frequencies of the modes of oscillation
for all 35 stars and frequency ratios commonly used in detailed asteroseismic modelling. Due
to the high correlations associated with frequency ratios we report the covariance matrix of
all frequencies measured and frequency ratios calculated. These frequencies, frequency ratios,
and covariance matrices can be used to obtain tight constraint on the fundamental parameters
of these planet-hosting stars.

Key words: asteroseismology – planets and satellites: fundamental parameters – stars: evolu-
tion – stars: fundamental parameters – stars: oscillations – planetary systems.

1 IN T RO D U C T I O N

The NASA Kepler space telescope has discovered numerous extra-
solar planets (Burke et al. 2014; Marcy et al. 2014; Rowe et al.
2014; Mullally et al. 2015). It is desirable to know the ages of these
exoplanets for studies of planetary formation and evolution, which
generally requires estimating the ages of the host stars. Where host
stars have outer convective envelopes and measurable solar-like
oscillations, it is possible to obtain tight constraints on the stellar

� E-mail: grd349@gmail.com

age using asteroseismology (e.g. Metcalfe et al. 2012; Chaplin &
Miglio 2013; Silva Aguirre et al. 2013; Lebreton & Goupil 2014).

The high-precision and long temporal baseline of the Kepler
observations allow the frequencies of modes of solar-like oscillators
to be measured with high precision. These oscillation frequencies
can be used to estimate stellar mass, radius, and age (see Miglio &
Montalbán 2005; Metcalfe et al. 2012, 2014; Silva Aguirre et al.
2015), the depths of the He ionization zone and convective zone
(Mazumdar et al. 2014; Verma et al. 2014), and even to constrain
models of stellar structure and evolution (Silva Aguirre et al. 2013).

Ages for solar-like oscillators have been determined from as-
teroseismic grid modelling for more than 500 main-sequence and
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sub-giant stars (Chaplin et al. 2014). The typical precision achieved
was of the order of 25 per cent with a precision of better than 1 Gyr
for one third of the sample. That method used the average properties
of the frequencies, such as the mean separation between overtones
(the large spacing �ν), or the frequency of maximum power νmax.
However, a factor of 2 improvement in constraints on age is available
when detailed stellar modelling can be used to compare observed
individual mode frequencies (or combinations thereof) to mode fre-
quencies from stellar models (Silva Aguirre et al. 2013; Metcalfe
et al. 2014; Silva Aguirre et al. 2015).

A number of studies have estimated individual mode frequen-
cies of Kepler solar-type stars (Metcalfe et al. 2012; Chaplin et al.
2013; Ballard et al. 2014; Campante et al. 2015; Davies et al. 2015).
Appourchaux et al. (2012) have estimated frequencies for a large
ensemble of solar-type stars. The precision on individual mode
frequencies is now so high that it is necessary to correct these fre-
quencies for stellar line-of-sight velocity shifts when comparing
results with model frequencies (Davies et al. 2014b). In addition,
near-surface effects that cannot be easily replicated in stellar mod-
els need to be accounted for (Kjeldsen, Bedding & Christensen-
Dalsgaard 2008; Gruberbauer et al. 2013; Ball & Gizon 2014).
It has been shown that this near-surface effect can be minimized
by considering combinations of mode frequencies (Otı́ Floranes,
Christensen-Dalsgaard & Thompson 2005; Roxburgh 2005; Silva
Aguirre et al. 2011) or by phase matching (Roxburgh 2014).

In this paper we analyse Kepler light curves for 35 stars thought
to host planets and produce precise estimates of their oscillation fre-
quencies. We use Markov Chain Monte Carlo (MCMC) techniques
(Handberg & Campante 2011) to estimate the mode frequencies and
Bayesian machine-learning techniques to assess the quality of the
output. The output frequencies will be used in a companion paper
for detailed asteroseismic modelling, to estimate fundamental prop-
erties of each system (Silva Aguirre et al. 2015). Therefore, we take
care to provide the information necessary to assess a detailed mod-
elling ‘goodness of fit’ statistic by reporting the covariance matrices
of the observational parameters.

The paper is laid out as follows. Section 2 introduces the targets
and their basic properties. Section 3 details the method used to move
from Kepler time series to the description of the mode frequencies,
frequency combinations, and quality control statistics. Section 4
defines the frequency combinations we will present. Section 5 gives
example results for a single star with the full set of results available
online. We draw our conclusions in Section 6.

2 LIST O F TARGETS

Our sample of stars is drawn from known solar-like oscillators that
are planet host candidates, designated Kepler Objects of Interest
(KOIs), or are confirmed planet hosts. The signal-to-noise ratio of
the oscillation signal in each target was required to be sufficient
that individual modes of oscillation are clearly present and that
the angular degrees (l) of the modes can be identified. We have
selected a set of 35 stars that meet our criteria. Table 1 lists the
basic properties of the targets.

Appourchaux et al. (2012) defined three categories of stars from
their sample; ‘simple’, ‘F-like’, and ‘mixed mode’. The definitions
are based on visual inspection of the echelle diagram, in which the
Fourier power spectrum is divided into segments of length of the
large frequency spacing that are stacked vertically (Grec, Fossat
& Pomerantz 1983). Simple stars have clear ridges corresponding
to the radial, dipole, and quadrupole modes. F-like stars present
two broad ridges, each representing odd and even degree modes,

respectively, with a potential ambiguity in the degree identification
of these ridges (see Appourchaux et al. 2008; Benomar et al. 2009;
Bedding et al. 2010; White et al. 2012) due to the larger linewidths
displayed by hotter solar-like pulsators (Appourchaux et al. 2014).
Mixed-mode stars show dipole modes that are bumped from their
respective ridges due to coupling between pressure and gravity
modes.

Fig. 1 shows our 35 stars plotted with the global large-frequency
separation as a function of effective temperature. The sample in-
cludes one ‘F-like’ star (KIC 7670943) and one ‘mixed-mode’ star
(KIC 7199397). The remainder of the sample are of the ‘simple’
star type. As examples of echelle diagrams and the differences in
classification, Fig. 2 shows echelle diagrams for each of the three
classes of star. The grey-scale of the echelle diagram represents
power spectral density. We have rebinned the power spectrum in
the horizontal direction so that each order contains 70 bins. We did
not smooth or rebin the data in the vertical direction but we did
interpolate between orders to create a smoother image.

3 M E T H O D

3.1 Data preparation

Kepler short cadence pixel data spanning observing Quarters
Q0–Q16 were prepared following the procedures described by
Handberg & Lund (2014), to yield photometric time series ready
for asteroseismic analyses. Planetary transits were removed using a
smoothing filter on the time series without removing in-transit data
points, thereby maintaining Kepler’s exceptional duty cycle and not
introducing sidelobes in the spectral window function.

3.2 Mode identification

‘Peak bagging’ is the process of fitting a model to the observed
power spectrum in order to estimate the frequency of each mode
and this is the focus here.

Mode identification is an important part of the peak bagging
work we have undertaken. The correct identification of the mode
degree, l, is important for the model of the power spectrum defined
in later sections. For all but the hottest main-sequence solar-like
pulsators, mode identification is usually straightforward. For F-
type and subgiant stars, it requires some care. Let us first define
some terminology. For a basic introduction to solar-like oscillations,
see Bedding (2014).

Solar-like oscillators can show p modes, g modes and mixed
modes. P-mode oscillations are standing acoustic waves where
pressure supplies the restoring force. Solar-like oscillators may also
show g-mode oscillations of the character of standing gravity waves
where buoyancy is the restoring force. Typically, we do not observe
the g modes directly, but for the more evolved stars it is possible to
observe mixed modes with a combined gravity wave and acoustic
character.

The observable p modes are most sensitive to the conditions in
the outer regions of stars. Since gravity waves can propagate only
in regions that are not convective, i.e. the radiative interior, g modes
are most sensitive to the deeper regions of a star. As a result of their
p and g mixed character, mixed modes take on properties that are a
combination of the p and g properties. Mixed modes therefore can
be sensitive to both the deep interior and the outer region.

P-mode frequencies νn,l that have approximate regularity in the
power spectrum can be expressed in terms of the radial order n, the
angular degree l, and a combination of frequency separations. This
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Table 1. Targets and basic properties for the stars considered. The asteroseismic parameters νmax and �ν are taken from Huber et al. (2013). The Teff and
[Fe/H] parameters are taken from the companion paper (Silva Aguirre et al. 2015).

KOI KIC ID νmax �ν Teff [Fe/H] Notes
(µHz) (µHz) (K) (dex)

268 3425851 2038 ± 60 92.6 ± 1.5 6343 ± 85 −0.04 ± 0.10
69 3544595 Kepler-93 3366 ± 81 145.77 ± 0.45 5669 ± 75 −0.18 ± 0.10 Ballard et al. (2014)
975 3632418 Kepler-21 1153 ± 32 60.86 ± 0.55 6305 ± 50 −0.03 ± 0.10 Howell et al. (2012)
280 4141376 2928 ± 97 128.8 ± 1.3 6134 ± 91 −0.24 ± 0.10
281 4143755 1458 ± 57 77.2 ± 1.3 5622 ± 106 −0.4 ± 0.11
244 4349452 Kepler-25 2106 ± 50 98.27 ± 0.57 6270 ± 79 −0.04 ± 0.10 Steffen et al. (2012)
108 4914423 Kepler-103 1663 ± 56 81.5 ± 1.6 5845 ± 88 0.07 ± 0.11 Marcy et al. (2014)
123 5094751 Kepler-109 1745 ± 117 91.1 ± 2.3 5952 ± 75 −0.08 ± 0.10 Marcy et al. (2014)
85 5866724 Kepler-65 1880 ± 60 89.56 ± 0.48 6169 ± 50 0.09 ± 0.08 Chaplin et al. (2013)
285 6196457 Kepler-92 1299 ± 53 66.6 ± 1.1 5871 ± 94 0.17 ± 0.11 Xie (2014)
3158 6278762 Kepler-444 4538 ± 144 179.64 ± 0.76 5046 ± 74 −0.37 ± 0.09 Campante et al. (2015)
41 6521045 Kepler-100 1502 ± 31 77.0 ± 1.1 5825 ± 75 0.02 ± 0.10 Marcy et al. (2014)
75 7199397 644 ± 8b 38.9 ± 0.8b 5824 ± 50a −0.22 ± 0.08a

269 7670943 1895 ± 73 88.6 ± 1.3 6463 ± 110 0.09 ± 0.11
274 8077137 Kepler-128 1324 ± 39 68.8 ± 0.64 6105 ± 100 −0.11 ± 0.07 Xie (2014)
260 8292840 Kepler-126 1983 ± 37 92.85 ± 0.35 6205 ± 100 −0.26 ± 0.07 Rowe et al. (2014)
122 8349582 Kepler-95 1677 ± 90 83.6 ± 1.4 5699 ± 74 0.3 ± 0.10 Marcy et al. (2014)
245 8478994 Kepler-37 4660 ± 50 178.7 ± 1.4 5417 ± 75 −0.32 ± 0.07 Barclay et al. (2013)
370 8494142 Kepler-145 1133 ± 81 61.8 ± 0.76 6144 ± 106 0.13 ± 0.10 Xie (2014)
5 8554498 1153 ± 76 61.98 ± 0.96 5945 ± 60 0.17 ± 0.05
319 8684730 938 ± 72b 52.2 ± 0.7b 5924 ± 50a 0.17 ± 0.08a

42 8866102 Kepler-410 2014 ± 32 94.5 ± 0.60 6325 ± 75 0.01 ± 0.10 Van Eylen et al. (2014)
974 9414417 1115 ± 32 60.05 ± 0.27 6253 ± 75 −0.13 ± 0.10
288 9592705 1008 ± 21 53.54 ± 0.32 6174 ± 92 0.22 ± 0.10
1925 9955598 Kepler-409 3546 ± 119 153.18 ± 0.14 5460 ± 75 0.08 ± 0.10 Marcy et al. (2014)
263 10514430 False-positive 1303 ± 30 70.0 ± 1.0 5784 ± 98 −0.11 ± 0.11
275 10586004 Kepler-129 1395 ± 40 69.2 ± 1.4 5770 ± 83 0.29 ± 0.10 Rowe et al. (2014)
2 10666592 HAT-P7 1115 ± 110 59.22 ± 0.59 6350 ± 80 0.26 ± 0.08 Pál et al. (2008)
1612 10963065 Kepler-408 2193 ± 48 103.2 ± 0.63 6104 ± 74 −0.2 ± 0.10 Marcy et al. (2014)
276 11133306 2381 ± 95 107.9 ± 1.9 5982 ± 82 −0.02 ± 0.10
246 11295426 Kepler-68 2154 ± 13 101.57 ± 0.10 5793 ± 74 0.12 ± 0.07 Gilliland et al. (2013)
277 11401755 Kepler-36 1250 ± 44 67.9 ± 1.2 5960 ± 80 −0.24 ± 0.06 Carter et al. (2012)
262 11807274 Kepler-50 1496 ± 56 75.71 ± 0.31 6225 ± 75 −0.0 ± 0.08 Steffen et al. (2013)
7 11853905 Kepler-4 1436 ± 42 74.4 ± 1.1 5781 ± 76 0.09 ± 0.10 Borucki et al. (2010)
72 11904151 Kepler-10 2730 ± 280 118.2 ± 0.20 5647 ± 74 −0.15 ± 0.10 Batalha et al. (2011)

Notes. aBuchhave et al. (2012). bThis work.

familiar asymptotic relation is

νn,l ≈ �ν

(
n + l

2
+ ε

)
− δν0l , (1)

where �ν is the large separation, the difference in frequency be-
tween modes of consecutive n but the same l. The small separations
δν0l give the difference in frequency for each l relative to the ra-
dial mode of the same order. It is easy to see using the asymptotic
relation that p modes of the same l produce ridges in the echelle dia-
gram. The separation between these ridges of constant l is described
by the small separations. Finally, the position of all the ridges in
the echelle diagram can be shifted by the ε term. Each of the terms
in this asymptotic expression has physical significance but we refer
the reader to other works for those details (Tassoul 1980; Gough
1986, 2003).

Main-sequence solar-like oscillators typically display high-order
p-mode oscillations. For main-sequence stars of K, G, or cool-
F spectral type, mode identification is trivial and performed by
visual inspection of the echelle diagram of the power spectrum
(see Appourchaux et al. 2012; Chaplin & Miglio 2013). For hotter
F-type stars mode identification is made by using the relationship

between the phase term in the asymptotic relation (ε in equation 1)
and effective temperature (see White et al. 2012).

Subgiants have mixed modes that display a more complex pattern
where some modes can be strongly bumped away from the regular
pattern seen in main-sequence stars. Here, we used visual inspection
to determine the radial and octupole modes (l = 0, 3) which are
largely unaffected by mixing and the model of Deheuvels & Michel
(2011) and Benomar et al. (2014a) for dipole and quadrupole modes
(l = 1, 2).

At this stage of the process (mode identification) we are not
considering rotational splitting, and so from a theoretical point of
view each mode (p or mixed) can be described by the combination
of radial order n and spherical degree l. For p modes, the asymptotic
description gives one mode of each l for each acoustic radial order,
hence each p mode can be uniquely described by n and l. For stars
with mixed modes, more than one mode of each degree can be
observed in the frequency range described by each acoustic order.
The modes of a model star have a unique and well-defined order
(Deheuvels & Michel 2010; Benomar et al. 2012) but for each
bumped mode, the appropriate n is not obvious from observations
alone.
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Figure 1. Large separation as a function of effective temperature for the
stars in this study. The solid lines are evolutionary tracks (Marigo et al.
2008) for stars of mass from 0.8 M� (farthest right) to 1.5 M� (farthest
left), in steps of 0.1 M�. The 33 simple stars are shown as black diamonds,
the mixed-mode star is shown as a pale blue dot, and the F-like star is shown
as a red square.

For convenience and to uniquely describe all observed modes,
we introduce some new notation. As we may observe more than a
single mixed mode of the same degree per order we require extra
notation in addition to the acoustic radial order np and the degree
l. We introduced an identifier (or counter), j, that is included to
differentiate between modes with the same np and l. Modes that
displayed significant bumping caused by their mixed nature are
labelled using n′, l where n′ = np(j), l = l. The identifier j bears no
relation to n, np, or l but simply labels the mixed modes that have
been fitted. For example, n′ = 20(02), l = 1 is the second observable
dipole bumped mode in the 20th acoustic radial order. Similarly, n′

= 17(01), l = 2 is the first observable quadrupole bumped mode in
the 17th acoustic order. With this notation all p and mixed modes
are uniquely identified by l and n′. For the remainder of this work
we drop the subscript p and use n as either the acoustic order or n′.

We used an observational definition of mixed character in so much
as we required bumped modes to display significant deviation from
the non-bumped modes. We insisted that bumped modes are shifted
in frequency away from the nominal p-mode ridges in the echelle
diagram and showed different mode properties (i.e. mode linewidth
and height) from nearby radial modes. Modes that displayed only
very small differences in properties were treated as non-bumped
modes.

The process of mode identification and the determination of initial
frequencies provide a starting point for the peak bagging process.
We also required initial values for the mode amplitudes, linewidths,
rotational splitting, and angle of inclination, all of which are pro-
vided by inspection. We used MCMC techniques to estimate mode
parameters, which gives solutions that are insensitive to the initial
values and hence provide excellent levels of repeatability.

3.3 Peak bagging

We used a Bayesian approach to estimate the frequencies of oscil-
lation modes. Bayes’ theorem for the posterior probability density
function for a set of parameters, θ , given observed data, D, and a
model, M states:

p(θ |D,M) = p(θ |M) p(D|θ, M)

p(D|M)
, (2)

where p(θ |M) are the prior probabilities of the model parameters,
p(D|θ, M) is the likelihood of obtaining the data given a particular
choice of parameters, and p(D|M) is the normalization factor, known
as the evidence.

In the following section, we will describe our choice of model,
priors, and the assessment of the likelihood, p(D|θ, M). We finish
the section by briefly describing our implementation of the MCMC
sampler used to estimate p(θ |D,M).

3.3.1 Likelihood function

The power spectrum of Gaussian noise in the time domain is a
χ2 distribution with 2 degrees of freedom. To model this noise
distribution we used the log likelihood function from Anderson,
Duvall & Jefferies (1990):

ln p(D|θ ,M) =
∑

i

[
ln [Mi(θ )] + Di

Mi(θ )

]
, (3)

where i indexes a bin in the frequency-power spectrum. This treat-
ment assumes that all frequency bins are statistically independent
of each other. This is true for observations that are regularly spaced
in time. However, Kepler data are transformed from the regular ca-
dence of the spacecraft to the frame of the solar-system barycentre.
This produces irregularly spaced time stamps and hence statisti-
cal independence can only ever be an approximation. In addition,
Kepler observations contain temporal gaps in the data due to the
regular data-transfers to Earth and dumping of momentum from
the reaction wheels, and random events like spacecraft safe-modes,
cosmic ray strikes, and coronal mass ejections (CMEs) from the

Figure 2. Echelle diagrams for three targets demonstrating the three classifications used. Left: a ‘simple’ star KIC 3544595. Centre: the ‘mixed mode’ star
KIC 7199397. Right: the ‘F-like’ star KIC 7670943.
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Sun. Stahn & Gizon (2008) have shown how to treat the corre-
lations between bins for gapped time series but this full treat-
ment is computationally expensive. In reality, the full treatment
provides little actual improvement in frequency estimation for
high duty-cycle for Kepler data, where correlations are weak and
data behave like independent observations. Hence, we adopted a
procedure that ignores irregular sampling and gaps in the data.
We have performed tests on simulated data, with a duty-cycle
taken from real Kepler data. We found no bias in the measured
mode frequencies, but some small increases in the estimated un-
certainties, which is consistent with the results of Stahn & Gizon
(2008).

3.3.2 Model

We modelled the observed power spectrum as the sum of three com-
ponents, the oscillation modes O(ν), the stellar granulation back-
ground B(ν), and a white noise component W(ν). The high frac-
tional duty cycle of Kepler observations, coupled with a cadence of
∼58.85 s, causes the apodization of signals in the frequency-power
spectrum (Chaplin et al. 2011). The apodization in amplitude is
given by

η(ν) = sinc

(
π

2

ν

νNyquist

)
, (4)

where νNyquist is the Nyquist frequency, which for Kepler short
cadence data is ≈8496 μHz.

This apodization is a result of averaging the signal over the in-
tegration time, and hence is only applicable to signals where the
instantaneous measurement depends on (or is correlated with) the
last state of the system. This means that oscillation modes and granu-
lation, which both have characteristic time-scales much longer than
the integration time, are apodized. However, white noise has no
characteristic time-scale or memory and is independent of the last
state of the system, so no apodization occurs. Hence, our model
of the observed power spectrum is the sum of the three compo-
nents, with modes and granulation modulated by the apodization
function:

M(ν) = W + η2(ν) [O(ν) + B(ν)] . (5)

Note we have dropped the frequency dependency of the white noise
because the function is constant across all frequencies.

Oscillation modes are modelled as Lorentzian profiles. For each
mode identified in Section 3.2 specified by n and l, we now assume
the mode to be rotationally split into (2l + 1) components labelled
with m (e.g. Garcı́a et al. 2004; Davies et al. 2014a; Lund, Miesch
& Christensen-Dalsgaard 2014a). The nominal model for the set
of oscillation modes in power is then (Appourchaux et al. 2008;
Chaplin et al. 2013):

O(ν) =
∑

n

∑
l

l∑
m=−l

Hn,l,m

1 + 4/
2
n,l,m

(
ν − νn,l,m

)2 , (6)

where Hn,l,m and 
n,l,m are the height and width of each rotationally
split component, respectively, and νn,l,m is the frequency. To this
nominal model we make a number of generally accepted simpli-
fications to limit the complexity of the model fitted and to reduce
the correlation between parameters. We discuss these in turn in the
following.

Rotation. Given the modest rates of rotation observed in solar-
like oscillators we have neglected the contribution of centrifugal

distortion to the rotational splitting in frequency (Reese, Lignières
& Rieutord 2006). We also did not account for the possibility of
a differential rotation splitting in frequency within an azimuthal
order, m, for example due to the presence of magnetic fields. In
this prescription the frequency of each rotationally split component
satisfies

νn,l,m = νn,l + m δνn,l (7)

with

δνn,l � 1

2π

∫ R

0

∫ π

0
Kn,l,m(r, θ ) �(r, θ ) r dr dθ. (8)

Here, �(r, θ ) is the internal angular velocity profile in radius r and
co-latitude θ , and Kn,l,m(r, θ ) is a weighting kernel that represents the
sensitivity of the mode to the internal rotation profile. For modes
of mixed character, the weighting kernel is non-zero in both the
core and outer regions, and hence radial differential rotation can
be seen in the frequency splitting (Beck et al. 2012; Deheuvels
et al. 2012, 2014). To allow for this in the fitting model we set
δνmixed

n′,l = δνn′,l , so that the model ignores latitudinal differential
rotation but allows for radial differential rotation (see Lund et al.
2014a; Davies et al. 2015). For all pure p modes we have assumed
the rotational frequency splitting can be well approximated by a
single value, which ignores differential rotation (both latitudinal
and radial), by setting δν

pmode
n,l = δνs.

Mode linewidths. The p-mode linewidth, to a good approximation,
is a function only of mode frequency and is independent of de-
gree and azimuthal order. Mode linewidth for the p modes changes
slowly as a function of frequency. To reduce the number of fitted
parameters, we have defined a single linewidth for each order in the
echelle diagram, 
pmode

n,l,m = 
n, which will still reproduce the under-
lying trend in linewidth. For mixed modes the linewidth depends on
the strength of the p or g character of the mode (Dupret et al. 2009).
As such, it can vary with frequency strongly across a single acoustic
order. For mixed character modes, we therefore set the linewidth to
be one parameter for each value of l and n, giving 
mixed

n′,l,m = 
n′,l
(i.e. one value for all rotationally split multiplets).

Angle of inclination and mode height. The height in power of each
mode is determined by the underlying amplitude of the oscillation,
but modified by a geometric weighting across the stellar disc due to
partial (or complete) cancellation.

The angle of inclination, i, of the rotation axis of the star af-
fects the relative heights of each azimuthal component (see Gizon
& Solanki 2003; Chaplin et al. 2013). We assume that the inten-
sity across the stellar disc depends only on angular distance from
the centre, which is true for photometric observations. We also
assume equipartition of energy between different azimuthal com-
ponents, which is reasonable given the small predicted asymmetries
(approximately 1 per cent) (Belkacem et al. 2009) and that we are
typically observing over many mode lifetimes. The relative heights
of the azimuthal components are given by (Gizon & Solanki 2003):

εl,m(i) = (l − |m|)!
(l + |m|)!

[
P

|m|
l (cos i)

]2
, (9)

where P
|m|
l is the Legendre function, and the sum over εl,m(i) is

normalized to unity.
The visibility for p modes is then the height of the radial mode

for the given acoustic order Hn, multiplied by the visibility Vl and
εl,m(i):

H
pmode
n,l,m = Hn V 2

l εl,m(i). (10)
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For mixed character modes we used a different parameter for each
rotationally split multiplet:

H mixed
n′,l,m = Hn′,l εl,m(i). (11)

Reparametrization. To improve the exploration of the parameter
space we made two re-parametrizations. Mode linewidth and height
are highly anti-correlated, but mode linewidth and amplitude are
less strongly correlated. Hence we re-parametrized mode height
and instead explored mode amplitude A, where A2 = (π/2)H
.

In terms of rotation, δνs and i are highly anti-correlated with a
curved dependence. For angles of inclination greater than around
20◦ the projected rotational splitting δνs sin i and i are virtually
uncorrelated. Below about 20◦ there is little signature of rotation
in the power spectrum, with only m = 0 azimuthal components
detectable. Consequently, the power spectrum evidence does not
normally allow us to discriminate between a true low angle of
inclination and an absence of stellar rotation (Ballot, Garcı́a &
Lambert 2006; Chaplin et al. 2013; Benomar et al. 2014b; Lund
et al. 2014b). Therefore we re-parametrized to explore projected
rotation and the angle of inclination, i.e. we varied δνs sin i and i.

Background. To model the stellar background we used a single
Harvey component (Harvey 1985):

B(ν) = 4σ 2τ

1 + (2πτν)c
, (12)

where σ is the amplitude and τ is the characteristic time-scale of
the granulation. We followed Appourchaux et al. (2012) in that we
performed a first fit to the power spectrum using a simple max-
imum likelihood estimator in order to determine the background
parameters. The fit was made using the following model:

Mbg(ν) = W + η2(ν)B(ν). (13)

The region of the power spectrum below 100 μHz and the region that
contains the oscillation modes were excluded from the likelihood
calculation. This provided the parameters for the background which
were fixed in the subsequent peak-bagging analysis. This provided
a satisfactory fit for the background in the region of the oscillation
modes (Appourchaux et al. 2012). Furthermore, since the mode fre-
quency parameters are virtually uncorrelated with the background
parameters (for all sensible solutions for the background), this ap-
proach will not influence our results for estimated mode frequencies.

3.3.3 Prior functions

It is necessary to specify prior probability distributions to produce
marginalized posterior probability distributions for the mode fre-
quencies. To some extent, and considering the computational re-
sources that are available to us, it is inevitable that specifying priors
on mode frequencies will have some element of subjectivity. Very
broad uninformative priors lead to instability in the peak-bagging
fit. A pragmatic approach is to define prior probability distributions
based on inspection of the power spectrum and a certain degree
of judgement that balances maximizing the stability of the fit and
minimizing the impact of the prior on the posterior distribution. It
is, however, possible to specify a general prior on mode frequencies
that can be applied once mode identification has been made.

General prior probabilities for mode frequencies. For the ‘simple’
and ‘F-type’ stars in our sample, and for the radial (l = 0) modes in

the ‘mixed mode’ stars, mode frequencies can be approximated by
the asymptotic relation (Tassoul 1980)

νn,l ≈ �ν

(
n + l

2
+ ε

)
− δν0,l , (14)

where ε is a phase offset that is observed to be correlated with the
stellar effective temperature (White et al. 2012).

This asymptotic relation describes sequences, or ridges in the
echelle diagram, of frequencies for a given l separated by �ν. In
addition, there are differences between the sequences or ridges for
each l that are described by δν0,l. We used this relation to define
prior probability functions of mode frequencies that can be applied
whenever a series of modes contains no mixed character modes. The
prior formulation is simply that the ridges are smoothly varying by
order n for a given l, or in other words, that the separation of the
ridges is smoothly varying by order n.

We used an approximation from our prior knowledge that the first
derivative of the observed large separation �ν l(n) is approximately
equal to zero (Benomar et al. 2012),

∂�νl(n)

∂n
≈ 0. (15)

We applied this prior knowledge as a Gaussian prior on the large
separation which has the form

− ln p(θ l) = ln(
√

2πσ ) + 1

2

(
�νl(n) − �νl(n − 1)

σ

)2

, (16)

where σ represents the uncertainty in our prior knowledge. We
rewrite this prior function in terms of a sum of the second differ-
ences in mode frequencies and rewrite the uncertainty in terms of
a tolerance λ� across all νn,l. This gives the prior, which constrains
the large separation to be near constant, as

− ln p(θ l) = λ�

nmax∑
nmin

(
∂2νn,l

∂n2

)2

. (17)

We applied the same concept as before to the small separation
in frequency. Here we assume that the small separation does not
change from order to order,

∂dl,l(n)

∂n
≈ 0, (18)

which is applied as before but in the first difference of the small
separation

− ln p(θ l) = λδ

nmax∑
nmin

(
∂dl,l(n)

∂n

)2

. (19)

We applied the smoothness conditions as follows.
The prior on the large separation was applied to all sets of modes

with l ≤ 3 from nmin to nmax. We computed ∂2νn,l/∂n2 as second
differences between modes of the same l and varying n. This cal-
culation requires at least five modes of the same l and consecutive
n to be stable. Where this condition was not met we did not apply
this prior

The prior on the small separation is applied to δν0,2(n). Equally, a
prior could be applied to δν0,1(n) but this extra constraint is typically
not required to achieve a stable fit. There are not enough modes of
l = 3 to apply the δν1,3(n) prior. We used a tolerance of λ� =
0.125 μHz and λδ = 0.25 μHz which in testing on simulated data
was found to work well. For tolerances much smaller than these, it
was possible for the prior to dominate and so remove information
on small changes in frequency differences. The selected tolerances
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are sufficiently wide such that the data dominated the posterior
information for all good signal-to-noise ratio modes. Modes with
either higher linewidths or low signal-to-noise ratio, and hence large
uncertainties, could be influenced by the smoothness condition. We
are satisfied that the smoothing condition did not noticeably impact
the posterior probability distributions, other than to eliminate bad
solutions, for modes with good signal-to-noise ratios.

Smoothness conditions on low signal-to-noise modes can in-
troduce undesirable correlations between mode frequencies. When
mode frequencies are dominated by the data rather than the prior, no
noticeable correlation is introduced. However, at very low signal-
to-noise ratio, where the prior dominates the data, a correlation is
necessary to satisfy the prior. We choose to apply a smoothness
conditions in order to maximize the number of modes that are mea-
sured in the power spectrum. By including modes that are somewhat
dominated by the prior probability we are able to report more fre-
quency combinations than if we were to remove the mode frequency
from our results. Because we provide the covariance matrices for all
frequencies and frequency combinations, there is no concern that
inclusion will influence the results of detailed stellar modelling.

General priors on non-frequency parameters. For all parameters
apart from mode frequencies we applied prior probability distribu-
tions that were uniformly distributed for each parameter. For mode
linewidth the prior was unity in probability space between 0 and
12 μHz and zero elsewhere. For mode amplitude the prior was unity
between 0 and 100 ppm and zero elsewhere. For the rotational pa-
rameters, the prior on angle of inclination was unity between 0 and
90◦ and the prior on projected rotation was unity from 0 to 3 μHz
with both set as zero elsewhere. Priors on the mode visibility ratios
were defined as unity from 0 to 2 and zero elsewhere. These prior
probability distributions represent very wide priors designed to only
eliminate bad solutions.

3.3.4 MCMC details

For an introduction to the techniques and terminology of MCMC
techniques, see e.g. Gelman et al. (2013). We used a standard
Metropolis–Hastings MCMC algorithm. Each fit was initiated using
a maximum likelihood estimator in order to provide rapid conver-
gence to a good solution. After this, the MCMC algorithm was run
to optimize proposal distributions and ‘burn in’. When the opti-
mization of the proposal distributions achieves good levels of step
independence in the chain, assessed using the autocorrelation func-
tion, we switched to a mode where the proposal distributions are
no longer modified. We then ran for 200 000 steps, after which the
chains are inspected for good convergence to the posterior distribu-
tions. If the convergence is deemed acceptable then the chains were
stored as the final results. If convergence is not satisfactory we re-
ran the optimization of the proposal distributions before attempting
another 200 000 step final run. This process was repeated until the
inspected results were satisfactory.

3.4 Quality assurance

In this section, we describe a method to assess whether the mode
frequencies we have obtained are of high quality and constrained
by the data rather than our prior knowledge only. We are not test-
ing whether or not a star shows a particular mode of oscillation
– our understanding of the regular structure seen in the power
spectra of solar-like oscillators is sufficient that we can extrapolate

where modes of low signal-to-noise ratio are likely to be located
in frequency. We are, however, testing the detectability of a given
mode. Mode frequencies that have a low probability of having been
detected are not necessarily wrong (the uncertainty in the mode fre-
quency will be large to reflect this) but are probably dominated by
our prior information. It is important to regard these mode frequen-
cies as plausible because we will use them to construct frequency
combinations for which the low signal-to-noise ratio component
contributes only a small part because of the larger uncertainty and
hence a small weighting in the frequency combination.

We present a detailed method of assessing the probability of
detection of a low signal-to-noise ratio mode. The method is rela-
tively computationally expensive, especially if all fitted modes are
assessed, and explicitly estimates the probability we have detected
a mode of a given n and l in the data, p(Detn,l|D). In many cases
the detection is unambiguous and with p(Detn,l|D) > 0.99. To save
computational time, we screened for these higher signal-to-noise
ratio modes with a simple and fast null hypothesis (H0) test.

In what follows we describe both the H0 test and the procedure
for estimating p(Detn,l|D).

3.4.1 Null hypothesis test

The null hypothesis, H0, states that, in a particular narrow range of
frequency, the data are consistent with the presence of only noise
and no signal. A power spectrum with only broad-band noise and
no oscillation modes is made up of the background noise level
multiplied by a χ2 distribution with 2 degrees of freedom, χ2

2 .
Dividing the spectrum by the background noise level produces an
signal-to-noise ratio (SNR) spectrum that is a χ2

2 with a mean of
unity. It is trivial to test the probability of obtaining a given SNR
for this case. Broomhall et al. (2010) and Appourchaux et al. (2012)
give the probability of observing a certain value of SNR, s, as

p(s|H0) = exp (−s). (20)

Because modes in solar-like oscillators typically have lifetimes
that are shorter than the data sets used here. Hence, the mode
linewidths are greater than the power spectrum frequency resolution.
This spreads signal from each mode over a number of frequency
bins. To account for this we rebinned the SNR spectrum O over t
bins where t is an odd number, so that the resulting spectrum was

Oi = 1

t

t(i+1/2)∑
j=t(i−1/2)

Oj . (21)

This rebinned spectrum has the same noise distribution as the
spectrum of χ2

2t . The probability of observing a value s is now

p(s|H0, t) = st−1 exp(−s)

γ (t)
, (22)

where γ (t) is the gamma function. To screen for modes of high
SNR we tested H0 for that mode frequency and across a number of
rebinning values. If the probability of observing the data given H0

was below a certain threshold we accepted the mode as detected. It
is easier to determine a detection level in terms of SNR, sdet. The
probability of observing a value at sdet or greater at a given rebinning
is

pdet = 1

γ (t)

∫ ∞

sdet

ut−1 exp(−u)du, (23)
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where u is a dummy variable representing what may be observed.
We solved the above equation to find sdet for each t in t = 1, 3,
5, ..., 99 given a probability of rejection of H0 of pdet = 0.001.

3.4.2 Bayesian quality control

We implemented an unsupervised machine-learning Bayesian
scheme that provided a set of probabilities to assess whether or
not a mode had been detected in the data. This quality control is
similar to the work of Appourchaux et al. (2012), which we describe
here in order to demonstrate the advancements. For each mode fre-
quency, a test was performed that asked for the probability that
the mode is present in the data p(H1|D). This quantity was formed
from the probability of measuring the data given the null hypoth-
esis, p(D|H0), and the probability of measuring the data given the
detection hypothesis, p(D|H1). H0 has already been discussed. H1

was assessed by integrating (or marginalizing) the probability of
measuring the data given a model over a range of mode parameters.
Appourchaux et al. (2012) marginalized over the mode height and
linewidth using uniform priors from zero to some predetermined
limit.

Here we have expanded on this approach. First, we marginalized
over the distribution of mode frequencies summarized from the
posterior distributions of the peak bagging work. In addition, we
marginalized over a range of stellar rotation scenarios (rotation
rate and angle of inclination) and the likely values of the local
background around the mode.

This method is more complete than that of Appourchaux et al.
(2012) in that more parameters of the peak bagging model are ac-
counted for, but this also makes it more complicated. The increased
number of parameters means an increased number of dimensions
over which we integrate. This lends itself to a more complicated ap-
proach rather than simply using brute force numerical integration.
We used a mixture model unsupervised machine learning algorithm
comprising either models for a background only, a single mode,
or a pair of modes and assessed this using the emcee hammer
(Foreman-Mackey et al. 2013), an affine-invariant MCMC method.
Each mode pair was selected as the pair closest in frequency (even
or odd l pairs). If any of the fitted modes in a pair of l = 2, 0 or l = 3,
1 failed the above null hypothesis test then the pair were subjected
to this Bayesian test to determine the probability of detection for
each of the modes of oscillation.

Before we complicate the above scheme by applying it to the real
world, let us consider a simple example where we wish to estimate
the probability that we have detected just one mode of oscillation in
a narrow range in frequency of a power spectrum. For our purposes
there are just two possibilities: there is only a background signal,
H0; and there is a background signal plus a mode of oscillation, H1.
We can define the probability of observing the data given our model
and some set of parameters θ as

p(D|θ, pa) = (1 − pa) p(D|H0, θ ) + pa p(D|H1, θ ), (24)

where pa is a value between zero and one and is the probability we
have detected the mode of oscillation.

Now pa is an unknown value that can be treated as a parameter that
can be estimated. By using Bayesian methods to estimate the poste-
rior probability distribution and marginalized parameter estimates,
we can estimate the marginalized posterior probability distribution
of pa (Hogg, Bovy & Lang 2010; Farr et al. 2015) and hence assess
the likelihood we have detected the mode of oscillation. We must
supply prior probability distributions on all parameters within θ . For

p(pa) we use a uniform prior distribution between zero and unity
which assigns equal probability to each possibility.

We can see that in the extreme cases of an obviously detected
mode, or an obviously absent mode, equation (24) reduces to the
simple likelihood functions for each case. In the case of an obviously
detected mode of oscillation

lim
pa→1

L(D|θ ) ≈ ln p(D|H1, θ ), (25)

and in the case of a clear absence of a mode of oscillation

lim
pa→0

L(D|θ ) ≈ ln p(D|H0, θ ). (26)

For the in-between cases where neither case is decisively favoured,
the parameters (θ) for each model are (in this application) nuisance
parameters and are marginalized over. We then have access to the
estimated posterior distribution of the probability that the mode of
oscillation has been detected.

We have applied our method to pairs of modes that are closest
in frequency and over a range of frequency that is not expected to
contain other modes. This provides an easily tractable set of pos-
sibilities over which we consider. We defined the even l modes,
νn=n−1,l=2 and νn=n,l=0, and the odd l modes, νn=n−1,l=3 and νn=n,l=1.
From our pairs, the radial and dipole modes are much more easily
detected than the quadrupole and octupole modes. Hence, we as-
sume that in any given pair, it is not possible to detect these weaker
modes (l = 2, 3) without having detected the stronger modes (l = 0,
1). Given this, there are three possible combinations of models: first,
there may be a background but no modes of oscillation; secondly,
there is a background plus a stronger (l = 0, 1) mode; finally, there
is a background plus a pair of modes. In these cases, the probability
of observing the data given the set of models for the even pair is

p(D|θ, pl0, pl0+l2) = (1 − pl0 − pl0+l2) p(D|H0, θ )

+ pl0 p(D|Hl0, θ) + pl0+l2 p(D|Hl0+l2, θ ),

where pl0 is the probability of having detected just the l = 0 mode
and pl0+l2 is the probability of having detected both the l = 0 and
the l = 2 mode. The same form applies to the odd pair

p(D|θ, pl1, pl1+l3) = (1 − pl1 − pl1+l3) p(D|H0, θ )

+ pl1 p(D|Hl1, θ) + pl1+l3 p(D|Hl1+l3, θ ),

where pl1 is the probability of having detected just the l = 1 mode
and pl1+l3 is the probability of having detected both the l = 1 and
the l = 3 mode. The probability of having detected the stronger of
the two modes is then the probability of having only detected the
strong mode plus the probability of having detected both modes,
that is

p(Detl=0|D) = pl0 + pl0+l2, (27)

p(Detl=1|D) = pl1 + pl1+l3, (28)

while the probability of having detected the weaker modes is
simply

p(Detl=2|D) = pl0+l2, (29)

p(Detl=3|D) = pl1+l3. (30)

For each hypothesis we defined the models to be tested as follows.
For the background only model (H0), as we are testing across a
narrow range in frequency, we treat the background as flat and so
trivially, MH0 (ν, θ ) = W (θ). For the model of a radial mode plus
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background only, we have a simple Lorentzian plus a background:

MHl0 (ν, θ ) = H

1 + 4/
2 (ν − νl0)2 + MH0 (ν, θ ). (31)

Moreover, the model for the even pair of modes plus a
background is

MHl0+l2 (ν, θ ) =
2∑

m=−2

0.5 ε2,m(i) H

1 + 4/
2 (ν − νl2 − m νs)
2 + MHl0 (ν, θ ).

(32)

This defines the mode linewidth as a single parameter for the pair,
and the mode height (cf. amplitude) as a single parameter but divided
by 2 for the l = 2 mode of oscillation (see Ballot, Barban & van’t
Veer-Menneret 2011). Note that the height of each rotationally split
component within the mode is regulated by the angle of inclination
of the rotational axis (i) following equation (9).

For the odd l pair, the model for observing the background and
just the strong mode is

MHl1 (ν, θ ) =
1∑

m=−1

1.5 ε1,m(i) H

1 + 4/
2 (ν − νl1 − m νs)
2 + MH0 (ν, θ ),

(33)

and the model for detecting the pair of modes is

MHl1+l3 (ν, θ ) =
3∑

m=−3

0.1 ε3,m(i) H

1 + 4/
2 (ν − νl3 − m νs)
2 + MHl1 (ν, θ ).

(34)

Again, the mode linewidth is common across the pair, the rotational
splitting is common across the pair, and again the mode heights (cf.
amplitudes) have been modified according to the expected mode
visibility.

We defined the prior probability distributions to test only the
mode frequency obtained from the peak-bagging exercises. The
prior on mode frequency was defined by the summary statistics of
the posterior probability distribution obtained for each frequency.
The prior probability was then a normal distribution with mean νn,l

and standard deviation σνn,l
. If only one of the modes in a pair (the

stronger) has been fitted then we guessed the prior probability for
the unfitted mode from the frequency of the fitted mode and estimate
of the small separation. We used a value of 10 times the uncertainty
in the strong mode for the distribution of the prior on a weak mode
that has not been fitted. For all other types of parameter, we adopted
generic prior probability distributions that were uniform.

Mode linewidths are smaller at lower frequency and larger at
higher frequency, as well as being a function of the stellar effective
temperature (Appourchaux et al. 2014). We placed a lower limit
on mode linewidth of 0.1 μHz. The upper limit was determined by
the mode frequency relative to νmax. For pairs of modes where νnl

< νmax (using the strong mode to determine νn,l) the upper limit
on linewidth was 5.0 μHz. For pairs of modes with νn,l ≥ νmax the
upper limit was 12 μHz. Both of these values are higher than the
linewidths expected for even the hottest solar-like oscillators with
the largest linewidths. Consistent with Appourchaux et al. (2012),
we set the prior on amplitude to be uniform over the range zero to
15 ppm2. Priors on rotational splitting were uniform from zero to
twice the value estimated in the peak bagging stage, and the prior
on angle of inclination was uniform over zero to 90◦.

As we have stated already, we used the parallel-tempered affine-
invariant MCMC ensemble sampler (Foreman-Mackey et al. 2013)

to explore the parameter space. This Bayesian quality control ma-
chinery outputs the probabilities that we have detected the mode
of oscillation. We report the median of the posterior probabil-
ity distributions of the natural log of the ratio of the probability
of a detection over the probability of no detection, i.e. the Bayes
factor K,

ln K = ln p(D|Detl) − ln p(D|H0). (35)

The reported values can then be qualitatively assessed on the Kass
& Raftery (1995) scale, such that:

ln K =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

<0 favours H0

0 to 1 not worth more than a bare mention
1 to 3 positive
3 to 5 strong
>5 very strong.

We report all modes that have been fitted. Because we report
not only the value and uncertainty for the frequency, but also the
probability that we have made a detection, decisions about the use
of each mode frequency can be assessed at the stage of detailed
modelling.

4 D E F I N I N G FR E QU E N C Y C O M B I NAT I O N S

It is well known that acoustic oscillations in the outer layers of
solar-type stars are poorly modelled by stellar oscillation codes.
Corrections for the ‘surface effect’ are possible (Kjeldsen et al.
2008; Gruberbauer et al. 2013; Ball & Gizon 2014) but combi-
nations of frequencies have been shown (Roxburgh & Vorontsov
2013) to be useful because they are approximately independent of
the structure in the outer layers. In addition to being insensitive to
problems related to modelling the near-surface layers, frequency
ratios are also insensitive to the Doppler frequency shifts caused by
the intrinsic line-of-sight motion of a star (Davies et al. 2014b).

These frequency combinations are measurable quantities that can
then be compared with a stellar model. Because of the way the fre-
quency combinations (or ratios) are constructed each measurement
is not independent of all others. It is therefore important to have ac-
cess to the covariance matrix for these combinations. For this paper
we estimated mode frequencies using an MCMC approach. A con-
sequence of having access to the Markov chains for all parameters is
that we can construct covariance matrices for measured parameters
and their combinations. Hence, we present the covariance matrix as
an intrinsic result that must be considered and incorporated when
performing likelihood calculations using frequency combinations.

We used the definition of the large separations, �ν l(n), as

�ν0(n) = νn,0 − νn−1,0, (36)

�ν1(n) = νn,1 − νn−1,1. (37)

The small separations dl,l(n) are defined as

δν0,2(n) = νn,0 − νn−1,2, (38)

δν0,1(n) = 1

8

(
νn−1,0 − 4νn−1,1 + 6νn,0 − 4νn,1 + νn+1,0

)
, (39)

δν1,0(n) = 1

8

(
νn−1,1 − 4νn,0 + 6νn,1 − 4νn+1,0 + νn+1,1

)
. (40)

The frequency combinations we used are those of Roxburgh &
Vorontsov (2003), i.e.

r02(n) = δν0,2(n)

�ν1(n)
, (41)
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r01(n) = δν0,1(n)

�ν1(n)
, (42)

r10(n) = δν1,0(n)

�ν0(n + 1)
. (43)

We report not only the raw fitted frequencies but also the frequency
ratios and the complete covariance matrix of the measured frequen-
cies, and frequency combinations.

5 R ESULTS

In this section we describe the outputs using KIC 11295426 as
an example. Results for all other stars can be found in the online
appendices.

5.1 Frequencies

The MCMC peak bagging method calculates the marginalized pos-
terior probability distribution for mode frequencies. We have to
summarize the posterior probability distribution. We use only the
sections of the Markov chain that have already been ‘burnt in’,
that is the MCMC sampler has reached the stage where the station-
ary posterior distribution is being explored. For the central value
of the distribution we quote the median of the values of the fully
‘burned in’ Markov chain that represents the posterior distribution.
The 68 per cent confidence intervals are estimated and quoted as the
standard deviation of the same Markov chain.

For modes of oscillation with good signal-to-noise ratios in the
power spectrum, it is common for the marginalized posterior prob-
ability distribution to have the form of a Gaussian distribution with
negligible higher-order moments. In this scenario, the use of the me-
dian and standard deviation to describe the posterior make excellent
choices for summary statistics.

In the case of modes with very low signal-to-noise ratios in the
power spectrum, the posterior distributions may not appear as clean
Gaussian distributions. A posterior distribution may contain multi-
ple modes of solutions (often more than just bimodal) or a single so-
lution that is approximately Gaussian with an elevated background.
In these cases it is difficult to define simple summary statistics that
properly describe the posterior distributions. Here the use of the
median value and the standard deviation of the Markov Chains pro-
vides a compromise between accurately reproducing the posterior
distribution and finding a summary statistic that can be widely ap-
plied. Typically the standard deviation of the posterior distributions
for low signal-to-noise ratio modes is very large compared to un-
certainties in the frequencies of other modes which mitigates the
poor approximation of the posterior distribution.

Table 2 contains the degree and summary statistics for all modes
found on inspection of the frequency echelle diagram and then fitted
using the model described in Section 3.3 for KIC 11295426. For
modes that fail the null hypothesis tests and are hence deemed to
be significant enough to not require further HDet tests we assigned a
value of log p(D|Det)/p(D|H0) = 6.91 that would be consistent with
p(D|Det) = 1 − p(D|H0) ≈ 0.999. For ln K greater than 6 we simply
record a value of >6. Fig. 3 shows the region of the power spectrum
that contains the modes of oscillation but presented as the power
spectrum with the ‘best-fitting model’ and the echelle diagram. In
each plot the mode frequencies shown in Table 2 are overplotted,
together with 68 per cent confidence intervals in the echelle diagram.
It is a testament to the precision of these measurements that even in
the echelle diagram, the confidence intervals are often much smaller
than the symbol that is plotted.

Table 2. Mode frequencies and statistics for KIC 11295426.

n l Frequency 68 per cent credible ln K
(µHz) (µHz)

14 0 1465.55 0.58 1.58
14 1 1512.33 0.4 >6
14 2 1560.71 1.25 −0.14
15 0 1567.82 0.98 2.46
15 1 1613.09 0.29 >6
15 2 1661.12 0.17 >6
16 0 1668.11 0.12 >6
16 1 1713.36 0.08 >6
16 2 1761.4 0.19 >6
17 0 1767.37 0.2 >6
17 1 1813.43 0.12 >6
17 2 1861.87 0.15 >6
18 0 1868.02 0.11 >6
18 1 1914.52 0.08 >6
18 2 1963.14 0.14 >6
19 0 1969.07 0.09 >6
19 1 2016.27 0.07 >6
19 2 2064.8 0.07 >6
20 0 2070.63 0.05 >6
20 1 2117.76 0.05 >6
20 2 2166.43 0.11 >6
21 0 2171.99 0.07 >6
21 1 2219.52 0.07 >6
21 2 2268.12 0.13 >6
22 0 2273.38 0.1 >6
22 1 2321.17 0.1 >6
22 2 2370.27 0.22 >6
23 0 2374.95 0.13 >6
23 1 2423.44 0.15 >6
23 2 2472.68 0.9 >6
24 0 2476.19 0.53 >6
24 1 2526.09 0.47 >6
24 2 2575.31 1.11 0.51
25 0 2580.03 0.84 3.32
25 1 2628.39 1.05 2.33
25 2 2675.45 1.38 0.65
26 0 2680.99 1.3 2.42
27 0 2783.39 1.65 1.15

Note that in Table 2 we include a value of n. This n is not
necessarily the same n as would be used to describe the radial
order of the eigenfunction of the oscillation. Here we persist in
displaying an ‘observer’s’ n as it is useful when following which
mode frequencies are used to construct the frequency ratios dealt
with next.

5.2 Ratios

We computed the frequency ratios defined in Section 4 using the full
information in the ‘burned in’ Markov chains. That is, we took the
chain for each mode frequency, and created a new chain that is the
combination of many chains. This method allows us to propagate all
correlations in mode frequency into the frequency ratios presented
here. As for the mode frequencies, we quote the central value of the
distribution as the median of the frequency ratio Markov chain and
the standard deviation as the 68 per cent credible region.

Table 3 gives the values for the calculated mode frequency ratios
that can be fully described by the set of mode frequencies identified
and fitted. The values in Table 3 are plotted in Fig. 4 as a function

MNRAS 456, 2183–2195 (2016)
Downloaded from https://academic.oup.com/mnras/article-abstract/456/2/2183/1060313
by Aarhus University Library user
on 06 February 2018



Oscillations of exoplanet host stars 2193

Figure 3. Power spectrum and echelle diagram for KIC 11295426. Top:
power spectrum with data in grey smoothed over 3 µHz and best model
in black. Bottom: echelle diagram with power in grey-scale. Both: mode
frequencies are marked as: radial modes with red circles; dipole modes with
green diamonds; quadrupole modes with blue squares; and octopole modes
with yellow pentagons.

of the frequency of the dominant mode νn,d, defined as

νn,d =
⎧⎨
⎩

νn,0 if r = r01(n)
νn,1 if r = r10(n)
νn,0 if r = r02(n).

(44)

5.3 Correlations

Frequency ratios, as constructed here with up to five mode frequen-
cies contributing to the calculated ratio, are heavily correlated with
each other as well as with mode frequencies. In the process of de-
tailed asteroseismic modelling we wish to compare the observed
mode frequencies and ratios with the same frequencies and ratios
obtained from models of stellar evolution and pulsation. To perform
a rigorous calculation of the likelihood of getting the observed data
given some model it is essential to account for the correlations be-
tween observations. These correlations can be accounted for with
the covariance (or correlation) matrix of the observations.

Fig. 5 shows a visualization of the correlation matrix of all mea-
sured frequencies and calculated frequency ratios. These correlation
matrices are calculated from the ‘burned in’ Markov chains and the
chains of the derived quantities. This method of using the Markov
chains will account for correlations between individual mode fre-

Table 3. Ratios for KIC 11295426.

Ratio type n Ratio 68 per cent credible interval

r01 15 0.049 0.008
r10 15 0.049 0.006
r01 16 0.048 0.002
r10 16 0.044 0.001
r01 17 0.041 0.002
r10 17 0.041 0.001
r01 18 0.04 0.001
r10 18 0.039 0.001
r01 19 0.037 0.001
r10 19 0.036 0.001
r01 20 0.035 0.001
r10 20 0.035 0.001
r01 21 0.033 0.001
r10 21 0.031 0.001
r01 22 0.03 0.001
r10 22 0.029 0.001
r01 23 0.025 0.002
r10 23 0.021 0.003
r01 24 0.017 0.005
r10 24 0.02 0.006
r01 25 0.023 0.009
r02 15 0.071 0.013
r02 16 0.07 0.002
r02 17 0.06 0.003
r02 18 0.061 0.002
r02 19 0.058 0.002
r02 20 0.057 0.001
r02 21 0.055 0.001
r02 22 0.052 0.002
r02 23 0.046 0.002
r02 24 0.034 0.011
r02 25 0.046 0.013

Figure 4. Ratios and 67 per cent confidence intervals as a function of fre-
quency for KIC 11295426.

quencies and how these carry through into the calculation of the
frequency ratios.

6 C O N C L U S I O N

In this paper we have determined the mode frequencies for 35 solar-
type stars that are thought to host planets. These mode frequencies
are to be used in the accompanying paper (Silva Aguirre et al. 2015)
to determine fundamental properties of these host stars. We have
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Figure 5. Correlation matrix of all frequencies and ratios for KIC
11295426. The grid represents the matrix and hence the identity elements
are all correlation 1.0. The matrix is constructed so that frequencies and
ratios are grouped separately. If each matrix element is labelled [i, j] then
the first set of i contains the mode frequencies, the second set the r010, and
the final set the r02.

performed mode identification, taken care to report all necessary
properties from the peak bagging process, and estimated the prob-
ability of the mode detection. Mode frequencies have been used
to construct frequency combinations often used in detailed astero-
seismic modelling and the covariance matrices of frequencies and
frequency combinations are supplied.

We have used Bayesian MCMC methods to estimate frequency
parameters. We have defined general prior probabilities that encode
the ridge-like structure of solar-like p modes into the parameter esti-
mation. These general priors provide an objective methodology that
helps constrain the fit parameter space and penalizes solutions that
do not agree with the asymptotic theory of p modes. In most cases,
the introduction of these smoothness condition priors does not in-
troduce significant correlation between frequencies. However, in
cases of low signal-to-noise ratios and/or large mode linewidths ad-
ditional undesirable correlations are introduced. We mitigate this by
providing the magnitude of this correlation in the covariance matrix
and hence, provided the covariance matrix is used in asteroseismic
modelling, there is no cause for concern.

We have made improvements in the tests of mode detection orig-
inally presented in Appourchaux et al. (2012) by expanding the
marginalization of mode parameters to include properties of stellar
rotation and the local background noise levels. By expanding the
possible set of models included in the test of mode detections we
expect more robust detections at even lower signal-to-noise ratios.
To cope with the expanded parameter dimensions we evaluate the
test using mixture models assessed using a Bayesian framework.
With each mode frequency we report the natural log of the Bayes
factor of detection and include details of a qualitative assessment of
the measure.
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