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The equation-of-motion coupled cluster (EOM-CC) framework has been used for deriving a novel
series of perturbative corrections to the coupled cluster singles and doubles energy that formally converges towards the full configuration interaction energy limit. The series is based on a Møller-Plesset
partitioning of the Hamiltonian and thus size extensive at any order in the perturbation, thereby remedying the major deficiency inherent to previous perturbation series based on the EOM-CC ansatz.
© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4873138]
I. INTRODUCTION

To obtain high accuracy coupled cluster1 (CC) electronic
structure models, the energy of the coupled cluster singles
and doubles2 (CCSD) model has to be augmented by corrections originating from higher-level excitations, in particular
triple, but often also quadruple excitations. Different schemes
have been proposed for this purpose; one acclaimed strategy
has been to correct the CCSD energy by the leading-order
triples contributions from many-body perturbation theory3
(MBPT). Using this approach, energy corrections are determined with respect to the Hartree-Fock (HF) reference state,
but not directly with respect to the CCSD state. The most
prominent of these models is the CCSD(T)4, 5 non-iterative
approximate triples model that has become the gold standard
within the field of applied electronic structure theory. Related
models, which differ by taking into account the asymmetric nature of CC theory, have also been proposed. Of these,
the -CCSD(T)6 model (also known as a-CCSD(T)7 ) is the
CCSD(T) counterpart.
A different strategy for determining specific triples corrections to the CCSD energy revolves around equation-ofmotion CC (EOM-CC) theory. Depending on the focus of
the derivation and whether or not the reference energy and
state(s) are expanded in terms of a perturbation, different series have been derived such as those of the CC(m)PT(n)8, 9
hierarchy and those of the biorthogonal method of moments
of CC equations (MMCC) theory.10 Using such approaches,
corrections are determined directly to the CCSD energy.
In a recent paper,11 we have used coupled cluster energy Lagrangians and a Møller-Plesset partitioning of the
Hamiltonian to derive a new class of perturbative triple and
higher-level excitation models where corrections are likewise determined directly to the CCSD energy. In particular, we have described the development of the CCSD(T–n)
and CCSD(TQ–n) perturbation series that converge towards
the coupled cluster singles, doubles, and triples12 (CCSDT)
or coupled cluster singles, doubles, triples, and quadruples13
a) Author to whom correspondence should be addressed. Electronic mail:

janusje@chem.au.dk
0021-9606/2014/140(17)/174114/8/$30.00

(CCSDTQ) energy limits, respectively, depending on what
target energy has been used in the derivation. We refer to
Ref. 11 for an overview of previous triples (and quadruples)
models and for a comparison of the characteristics of these
with those of the CCSD(T–n) and CCSD(TQ–n) series.
In the present paper, we restrict ourselves to reconsider
series of corrections to the CCSD energy that are obtained by
applying perturbation theory within an EOM-CC framework.
Despite the plethora of such models, none of the current
perturbation series are size extensive through all orders.
In particular, difficulties have been encountered whenever
the EOM-CC framework has been used to (non-iteratively)
describe relaxation effects in the singles and doubles spaces.
We describe in the present paper how such problems may
be overcome, and by using a Møller-Plesset partitioning of
the Hamiltonian, we propose a novel series of perturbative
energy corrections — denoted the EOM(2)PT(n) series —
based on the EOM-CC ansatz. The devised corrections to the
CCSD energy are size extensive to any order and converge
formally towards the FCI energy limit. A direct comparison
of the EOM(2)PT(n) and CC(2)PT(n) series is performed
that reveals the origin of the deficiencies of the latter.
The EOM(2)PT(n) series is also compared to our recently
developed CCSD(TQ–n) series,11 stressing that while both
series are size extensive, their target energies differ, as this is
always the FCI energy for the EOM(2)PT(n) series while it is
the CCSDTQ energy for the CCSD(TQ–n) series.
In Sec. II, the EOM-CC energy and amplitude equations are derived, formulated such that a Møller-Plesset partitioning of the electronic Hamiltonian may be performed,
which gives rise to the EOM(2)PT(n) series of corrections
to the CCSD energy derived in Sec. III. In Sec. IV, the
EOM(2)PT(n) series is viewed from a variational energy perspective where the left-hand EOM-CC state by construction
is biorthonormal to the right-hand EOM-CC state. In Sec. V,
a detailed comparison of the EOM(2)PT(n), CC(2)PT(n), and
CCSD(TQ–n) series is carried out, while Sec. VI contains
a summary and some conclusive remarks. The Appendix
examines in detail why the CC(2)PT(n) series is not size
extensive.
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II. EOM-CC ENERGY AND AMPLITUDE EQUATIONS

In EOM-CC theory,
be expressed as


14

the FCI eigenvalue equation may

∗

Ĥ exp ( T̂ ) 1 +





k

R̂k |HF

k=1



= EFCI exp (∗ T̂ ) 1 +



Multiplying Eq. (2.1) by HF| (or equivalently by
HF| exp (−∗ T̂ )) gives a closed expression for the FCI energy



∗
T̂
EFCI = HF|Ĥ
R̂k |HF,
1+
(2.10)
which — using Eq. (2.6) — becomes


R̂k |HF,

EFCI = ECCSD +

(2.1)

2

∗
HF|Ĥ T̂ R̂k |HF,

where the parameters to be determined are the amplitudes of
the intermediate normalized right-hand FCI state



|R = 1 +
(2.2)
R̂k |HF.
k=1

R̂k is a linear operator that generates all excitations at excitation level k

Rμk τ̂μk ,
(2.3)
R̂k =
μk

where the greek indices, {μi , ν j , ηk , . . . }, are reserved for
specific excitations within manifolds at excitation levels,
i, j, k, . . . . The summation over index k in Eq. (2.1) runs over
all excitation levels. Furthermore, Eq. (2.1) is expressed in
terms of the CCSD cluster operator, ∗ T̂ , which is build from
the CCSD singles, ∗ tμ1 , and doubles, ∗ tμ2 , amplitudes


∗
∗
∗
T̂ = ∗ T̂1 + ∗ T̂2 =
tμ1 τ̂μ1 +
tμ2 τ̂μ2 .
(2.4)
μ1

μ2

∗

T̂

|HF = 0

i = 1, 2

(2.5)

ECCSD = HF|Ĥ
where Ĥ

T̂

∗

∗

T̂

∗ L| =

|HF,

= exp (−∗ T̂ )Ĥ exp (∗ T̂ ).

2
2 


∗
∗ Lj | =
Lνj HF|τ̂ν†j
j =1

T̂

Equation (2.12) expresses the FCI energy as a sum of the
CCSD energy and a correction, which involves the left- and
right-hand CCSD states as well as the parameters of the righthand FCI state.
The FCI parameters may be determined with the righthand CCSD state as reference point by multiplying Eq. (2.1)
by μi | exp (−∗ T̂ ) (where i may refer to any excitation level),
which yields



∗
T̂
(2.13)
1+
μi |Ĥ
R̂k |HF = EFCI Rμi .
Substituting Eq. (2.10) into Eq. (2.13) gives



∗
T̂
1+
R̂k |HF = 0
(μi | − Rμi HF|)Ĥ

(2.6)

(2.8)

j =1 νj

, τ̂μi ]|HF + ∗ L|[Ĥ

∗

T̂

(2.14)

∗

, τ̂μi ]|HF = 0 (i = 1, 2).
(2.9)

The CCSD left-hand state parameters, {∗ Lμ1 , ∗ Lμ2 }, are
identical to the CCSD Lagrange multipliers, {∗ t¯μ1 , ∗ t¯μ2 }, of
Ref. 11.

∗

μi |Ĥ T̂ |HF − Rμi HF|Ĥ T̂ |HF

∗
∗
+
{μi |[Ĥ T̂ , R̂k ]|HF + μi |R̂k Ĥ T̂ |HF

(2.7)

contains singles and doubles parameters, {∗ Lνj }, that satisfy
the CCSD singles and doubles left-hand state equations
∗

(2.12)

k=1

which may be rewritten as
T̂

Note that the amplitudes in Eq. (2.4) carry an asterisk and that
the asterisk notation will be used to denote the pre-determined
CCSD parameters in the following.
From an EOM-CC point of view, the right-hand CCSD
ground state becomes |∗ R = |HF, since the corresponding singles and doubles parameters vanish, i.e., ∗ Rμ1 = ∗ Rμ2
= 0, whereas the left-hand CCSD state

HF|[Ĥ

EFCI

is the CCSD similarity-transformed Hamiltonian
Ĥ

2

∗
= ECCSD −
∗ L|[Ĥ T̂ , R̂k ]|HF.

k

and determine the CCSD energy

∗

where the R̂ operator has been restricted to single and double excitations (k ≤ 2), as the similarity-transformed Hamil∗
tonian, Ĥ T̂ , has the same maximal deexcitation rank as Ĥ ,
i.e., two. Further using Eq. (2.9) and that HF|τ̂μk = 0, we
arrive at

k

These amplitudes satisfy the CCSD singles and doubles amplitude equations
μi |Ĥ

(2.11)

k=1

k=1

k

−Rμi HF|[Ĥ

∗

T̂

, R̂k ]|HF} = 0.

(2.15)

Using the expansion

∗
μi |R̂k Ĥ T̂ |HF
k

=



μi |R̂k Ĥ

∗

T̂

|HF + Rμi HF|Ĥ

∗

T̂

|HF,

(2.16)

k<i

the amplitude equations in Eq. (2.14) may be written in the
compact form

∗
∗
μi |[Ĥ T̂ , R̂k ]|HF
μi |Ĥ T̂ |HF +
+


k<i

k

μi |R̂k Ĥ

∗

T̂

|HF−Rμi


∗
HF|[Ĥ T̂ , R̂k ]|HF = 0.
k

(2.17)
The FCI energy may thus be obtained by using right-hand
state amplitudes obtained from Eq. (2.17).
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five terms.15 Through second order, the amplitudes thus read

III. PERTURBATION EXPANSION OF THE EOM-CC
ENERGY AND AMPLITUDE EQUATIONS: THE
EOM(2)PT(n) SERIES

∗

−1
ˆ T̂
R(1)
μi = −μi μi | |HF

We now describe how perturbation theory may be applied
to the EOM-CC ansatz in order to derive a series of sizeextensive corrections to the CCSD energy that formally converges towards the FCI energy. From the amplitude equation
in Eq. (2.17), we will determine an order expansion of the FCI
amplitudes, keeping the right-hand CCSD state as our reference point, while from Eq. (2.12), energy corrections are determined by using all of the CCSD parameters (the energy as
well as the left- and right-hand states) of our reference point.
We first perform a Møller-Plesset partitioning of the CCSD
similarity-transformed Hamiltonian
Ĥ

∗

T̂

∗

ˆ
= fˆ T̂ + 
= fˆ +

∗

R(2)
μi

(3.5)
6

ˆ ∗ T̂ , R̂(1)
= −μ−1i
μi |[
k ]|HF (i = 1, . . . , 10)
k=3

−μ−1i

6

ˆ ∗ T̂
μi |R̂(1)
k  |HF

(3.6)
while the third-order amplitudes are given as
R(3)
μi

=

−μ−1i

12

ˆ ∗ T̂ , R̂(2)
μi |[
k ]|HF

∗

∗

ˆ ,
tμi μi τ̂μi + 
T̂

(3.1)

12

ˆ ∗ T̂
μi |R̂(2)
k  |HF

− μ−1i

∗

ˆ T̂ , R̂k ]|HF −
μi |[

k=1

+Rμi

(3.7)

i−3

ˆ ∗ T̂ |HF
μi |R̂k 
k=1

2


∗

ˆ T̂ , R̂k ]|HF.
HF|[

(3.2)

k=1

In the first summation (second term) of Eq. (3.2), k is restricted to be less than or equal to i + 2, as the operaˆ ∗ T̂ , R̂k ] must be of excitation rank i and the minimal
tor [
ˆ ∗ T̂ is −2. The upper limit on the secexcitation rank of 
ond summation (third term) in Eq. (3.2) arises from noting
that nonvanishing contributions to this term occur only when
i − k > 2, due to the CCSD amplitude equation in Eq. (2.5).
Furthermore, δ i1 and δ i2 in Eq. (3.2) are Kronecker deltas that
take into account the CCSD amplitude equation for the first
term.
The right-hand state parameters may now be expanded in
orders of the fluctuation potential
(1)
(2)
Rμi = R(0)
μi + Rμi + Rμi + · · · ,

Equations (3.5) through (3.7) show how relaxation in the singles and doubles amplitude spaces is introduced beyond firstorder amplitudes and how excitations of increasingly higher
excitation levels enter the perturbative expansion of Rμi . We
also note that the first-order amplitudes, R(1)
μi , only contain
connected contributions, while the second-order amplitudes,
R(2)
μi , contain connected contributions only for i < 6. Disconnected contributions arise from the last term in Eq. (3.6) and
will start to contribute for i ≥ 6. Similarly, the connected-only
contributions to the third-order amplitudes, R(3)
μi , are limited
to i < 4 due to the second term in Eq. (3.7).
In order to derive a perturbation series of corrections to
the CCSD energy that formally converges to the FCI energy,
we rewrite the last term in Eq. (2.12) such that only the fluctuation potential is referenced. First, Eq. (3.1) is inserted into
the second term of Eq. (2.12), giving
EFCI = ECCSD −

∗

ˆ T̂ , R̂k ]|HF−
∗ L|[

2 


∗

Lνj νj Rνj .

j =1 νj

(3.8)
With the further use of the expression for νj Rνj from
Eq. (3.2) (for j = 1, 2), the FCI energy becomes
2

ˆ ∗ T̂ , R̂k ]|HF
EFCI = ECCSD −
∗ L|[
k=1

+

4


∗

ˆ T̂ , R̂k ]|HF
∗ L|[

k=1

−

2 


∗

Lνj Rνj

j =1 νj

(3.4)

To understand which excitation levels contribute to a given
order in the perturbation, we note that the CCSD similaritytransformed Hamiltonian can have an excitation rank of at
most six (hextuple excitations), originating from the termina∗
tion of the Baker-Campbell-Hausdorff expansion of Ĥ T̂ after

2

k=1

(3.3)

where, from Eq. (3.2), we note that
R(0)
μi = 0.

(i = 4, . . . , 18).

k=1

ˆ the fluctuation potential,
where fˆ is the Fock operator, 
and μi denotes the difference in orbital energies between
∗
the virtual and occupied spin orbitals of excitation μi . fˆ T̂ is
∗
ˆ T̂ as the perconsidered as the zeroth-order operator and 
turbation. By introducing the partitioning scheme in Eq. (3.1)
into Eq. (2.17), we arrive at an expression for the wave function correction


ˆ ∗ T̂ |HF 1 − δi1 − δi2
μi Rμi = −μi |
i+2


(i = 1, . . . , 16)

k=1

i=1 μi

−

(i = 6, . . . , 12),

k=3

T̂

2 


(i = 3, . . . , 6),

= ECCSD +

2

ˆ ∗ T̂ , R̂k ]|HF
HF|[
k=1

4

ˆ ∗ T̂ , R̂k ]|HF
∗ L|[
k=3

−

2 

j =1 νj

∗

2

ˆ ∗ T̂ , R̂k ]|HF.
Lνj Rνj
HF|[
k=1

(3.9)
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Note that the first and third term of Eq. (3.2) do not contribute
to Eq. (3.9) due to the restricted summation over single and
double excitations. From the first- and second-order amplitudes in Eqs. (3.5) and (3.6), we furthermore recognize that
only the second term in Eq. (3.9) will contribute to energy corrections up to fourth order, as the third term involves a product
of doubles amplitudes and therefore first enters at fifth order.
In the following, we will consider only energy corrections up to fourth order. The energy corrections obtained from
Eq. (3.9) lead to a perturbation series that obeys an n + 1 rule
for the right-hand state amplitudes. The first-order correction
vanishes
E (1) = 0

(3.10)

and the second-order energy correction becomes
E (2) =

4

ˆ ∗ T̂ , R̂(1)
∗ L|[
k ]|HF,

(3.11)

k=3

where only triple and quadruple excitations contribute. In a
similar way, we may write the third- and fourth-order energy
corrections as
E

(3)

=

4


∗

ˆ
 L|[

∗

T̂

, R̂(2)
k ]|HF,

(3.12)

k=3

E (4) =

4 
6

ˆ ∗ T̂,τ̂μk ]|HFμ−1 μk |[
ˆ ∗ T̂,R̂(1)
∗ L|[
E (3) =−
l ]|HF.
k
k=3 μk l=3

(3.14)
Note that the second term of Eq. (3.6) does not contribute
to Eq. (3.14), as this term only contributes to second-order
amplitudes of excitation levels six through twelve.
Unlike the lower-order corrections, the fourth-order
correction does contain, in addition to contributions from all
excitation levels ranging from triples to hextuples, contributions that arise from relaxation effects in the singles and doubles spaces. Noteworthily, the fourth-order correction is also
the first level at which disconnected contributions start to appear. This may be realized by expanding Eq. (3.13), using the
third-order amplitudes of Eq. (3.7)
4 
6

ˆ ∗ T̂,τ̂μk ]|HFμ−1 μk |[
ˆ ∗ T̂,R̂(2)
∗ L|[
E (4) =−
l ]|HF
k
k=3 μk l=1

ˆ ∗ T̂ , τ̂μ4 ]|HFμ−1 μ4 |R̂(2) 
ˆ ∗ T̂ |HF.
−∗ L|[
1
4

4


ˆ ∗ T̂ , R̂(3)
∗ L|[
k ]|HF.

(3.13)

k=3

E (4) =

Whereas the third-order energy correction does not contain any singles and doubles contributions, it does include
contributions from quintuples and hextuples in addition to
triples and quadruples, as may be recognized from expanding
Eq. (3.12), using the second-order amplitudes of Eq. (3.6)

(3.15)

From the last term in Eq. (3.15), we recognize that disconnected contributions to E(4) arise from R̂(3)
4 . Further
expanding Eq. (3.15) by using Eq. (3.6) gives

4 
6 
6

ˆ ∗ T̂ , τ̂μk ]|HFμ−1 μk |[
ˆ ∗ T̂ , τ̂νl ]|HFν−1 νl |[
ˆ ∗ T̂ , R̂(1)
∗ L|[
i ]|HF
k
l
k=3 μk l=1

+


μ4

+

i=3

ˆ ∗ T̂ , τ̂μ4 ]|HFμ−1 μ4 |[
ˆ ∗ T̂ , τ̂ν6 ]|HFν−1 ν6 |R̂(1) 
ˆ ∗ T̂ |HF
∗ L|[
3
4
6

ν6


μ4

νl

ˆ ∗ T̂ , τ̂μ4 ]|HFμ−1 μ4 |τ̂ν1 
ˆ ∗ T̂ , R̂(1) ]|HF.
ˆ ∗ T̂ |HFν−1 ν1 |[
∗ L|[
3
4
1

(3.16)

ν1

Obviously, the last two terms in Eq. (3.16) contain disconnected contributions. Similar terms will continue to appear
when moving to higher orders in the perturbation series.
The energy corrections in Eqs. (3.11) through (3.13) constitute the lowest-order corrections to the CCSD energy of
a perturbation series based on EOM-CC theory, which we
will denote as the EOM(2)PT(n) series. As the EOM(2)PT(n)
series is formulated in terms of an additively separable zerothorder Hamiltonian — the similarity-transformed Fock operator (cf. Eq. (3.1)) — the series is size extensive through all
orders in the perturbation. This size extensivity is not termwise, though, since the EOM-CC framework does not provide a formulation in which all contributions are connected,
and the statement about size extensivity therefore only holds
in the limit where all terms through a given order are retained. In particular, this implies that if the excitations levels
in the series are pragmatically restricted to the level of, e.g.,

quadruples, the size extensivity is in general lost. However,
for E(3) in Eq. (3.14), such a truncation does not pose a problem with respect to size extensivity as the correction is expressed in a closed commutator form — thereby ensuring
term-wise size extensivity15 — both prior to and after the restriction is made to the level of quadruple excitations. For E(4)
in its form in Eq. (3.16), on the other hand, more careful considerations are called for; for example, we may obtain a sizeextensive energy correction if the last two terms are neglected
as the first term is expressed solely in terms of commutators of
connected quantities. As continually more disconnected terms
will appear at higher orders, it will become exceedingly more
difficult to ensure size extensivity upon a limitation of the involved excitation levels in the series as certain terms will have
to be cherry-picked from the resulting energy corrections. In
addition, for such series it is unclear what the target energy becomes. In Sec. V, we will compare the EOM(2)PT(n) series to
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the related CC(2)PT(n) series of Ref. 8 and the CCSD(TQ–n)
series of Ref. 11.

thus simplifies as
EFCI ≡ L(L, R)
= HF|Ĥ

IV. THE LAGRANGIAN EOM-CC ANSATZ

In the present section, we show that the EOM(2)PT(n)
series may equivalently be derived from the EOM-CC variational energy expression. In particular, we show how the
EOM-CC energy expression can be expressed in a form where
the left-hand EOM-CC state per construction is biorthonormal
to the right-hand EOM-CC state and use this to obtain a Lagrangian for the EOM-CC energy and amplitude equations of
Sec. II.
To obtain a variational energy expression in the conventional EOM-CC
 picture, Eq. (2.1) is multiplied from the left
by HF|(1 + j =1 L̂j ) exp (−∗ T̂ ), giving


∗
HF|(1 + j =1 L̂j )Ĥ T̂ (1 + i=1 R̂i )|HF
. (4.1)
EFCI =


HF|(1 + j =1 L̂j )(1 + i=1 R̂i )|HF
For convenience, we have assumed that an intermediate normalization is also invoked for the left-hand EOM-CC state. In
the same way as for R̂k in Eq. (2.3), the operator L̂j is a linear operator that contains all deexcitations within a manifold
at excitation level j

Lνj τ̂ν†j .
(4.2)
L̂j =
νj

The left and right-hand states in
Eq. (4.1), LEOM | =
HF|(1 + j =1 L̂j ) and |R = (1 + i=1 R̂i )|HF, respectively, satisfy the relation

Lνj Rνj .
(4.3)
LEOM |R = 1 +
j

νj

The left-hand state, LEOM |, describes an intermediate normalized state expanded in the basis
μEOM = {HF|, μ1 |, μ2 |, . . .}.


1+




R̂k |HF

k

+


i



Lμi (μi | − Rμi HF|)Ĥ

∗

T̂

1+

μi




R̂k |HF.

k

(4.8)
Equation (4.8) is the Lagrangian for the FCI energy in
Eq. (2.10), hence the L(L, R) notation, where the amplitude equations in Eq. (2.14) are added via a set of undetermined multipliers, {Lμi }. Determining energy corrections
from the Lagrangian in Eq. (4.8) is therefore equivalent to
determining energy corrections from the energy and amplitude equations of Sec. II. However, by using the Lagrangian
form, left-hand state parameters (i.e., the Lagrange multipliers) are introduced, allowing for the energy corrections of the
EOM(2)PT(n) series to be derived by means of a 2n + 1 rule
for the right-hand state amplitudes and a 2n + 2 rule for the
left-hand state parameters. As the EOM(2)PT(n) series may
be derived from the Lagrangian in Eq. (4.8), we note that the
energy corrections of the series can be viewed as obtained
from a perturbative solution to the EOM-CC variational
problem subjected to biorthonormality as a constraint.
V. PERTURBATIVE CORRECTIONS TO THE
CCSD ENERGY

To understand the similarities and differences between
the present EOM(2)PT(n) series and the CC(2)PT(n)8, 9 and
CCSD(TQ–n)11 series, we briefly summarize the derivations
leading to the latter two series. In Secs. V A and V B, the basic equations of the CC(2)PT(n) and CCSD(TQ–n) series are
summarized, respectively, followed by the comparison of all
three series in Sec. V C.
A. Short summary of the CC(2)PT(n) series

In Ref. 8, Hirata et al. used the EOM-CC framework to
derive the CC(2)PT(n) perturbation series. In deriving this series, Eq. (2.1) is multiplied by exp (−∗ T̂ ) from the left, giving

Ĥ

νi

∗

T̂

1+







R̂k |HF = EFCI 1 +

k=1

which has the required unit overlap with |R
L|R = 1.

T̂

(4.4)

To simplify the variational expression in Eq. (4.1), we may
choose to reparametrize the left-hand state such that it has a
unit overlap with the right-hand state. We thus introduce the
new left-hand state, L|

Lμi (μi | − Rμi HF|)
(4.5)
L| = HF| +
i

∗




R̂k |HF,

k=1

(5.1)
(4.6)

In order to replace LEOM | with L|, we recognize that L| is
expanded in the basis
μ̃EOM = {HF|, μ1 | − Rμ1 HF|, μ2 | − Rμ2 HF|, . . .}.
(4.7)
As the μEOM basis in Eq. (4.4) is connected to the μ̃EOM
basis in Eq. (4.7) via a non-singular transformation, the solution to the EOM-CC problem in Eq. (4.1) does not change
upon the reparametrization of the left-hand state. By replacing
LEOM | with L|, the EOM-CC variational energy expression

which contains the CCSD similarity-transformed Hamilto∗
nian, Ĥ T̂ , of Eq. (2.7). By partitioning the CCSD similaritytransformed Hamiltonian into a zeroth-order part, Ĥ (0) , and
a perturbation, Ĥ (1) , while treating the CCSD amplitudes
as zeroth-order parameters, a Rayleigh-Schrödinger perturbation expansion (RSPT) is derived. Expanding the energy
and the right state parameters in Eq. (2.2) in orders of the
perturbation then gives the nth order equation
Ĥ |R  + Ĥ |R
(0)

(n)

(1)

(n−1)

=

n

p=0

E (p) |R(n−p) .

(5.2)
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By requiring that Ĥ (0) |∗ R = ECCSD |∗ R and imposing an intermediate normalization of the right-hand state with respect
to the left-hand CCSD state in Eq. (2.8), we obtain
∗ L|R(p)  = 0

(5.3)

∗

for p ≥ 1. Multiplying Eq. (5.2) by  L| gives
E (n) = ∗ L|Ĥ (1) |R(n−1)  n ≥ 1,

(5.4)

where the wave function correction to the right-hand state is
obtained from the recursion relation
(ECCSD − Ĥ )|R  = Ĥ |R
(0)

(p)

(1)

(p−1)

−

p


E (j ) |R(p−j ) .

j =1

(5.5)
The RSPT-based corrections to the CCSD energy are thus obtained using an n + 1 rule for the right-hand state amplitudes,
as in the derivation of the EOM(2)PT(n) series in Sec. III.
In the context of deriving corrections to the EOM-CCSD
energy, the HF state and the space generated by all singly
and doubly excited determinants from the HF reference is
denoted the primary CCSD space, while the complementary
space, made up from all triply, quadruply, etc., excited determinants, is denoted the secondary CCSD space. The primary and secondary spaces may be generated by projection
operators P̂ and Q̂ = Iˆ − P̂ , respectively. When the zerothand first-order Hamiltonians entering Eqs. (5.4) and (5.5) are
defined as in Ref. 8


occ

∗
T̂
(0)
i Q̂, (5.6a)
Ĥ = P̂ Ĥ P̂ + Q̂ ECCSD + fˆ −
i

Ĥ

(1)

= Ĥ

∗

T̂

− Ĥ ,
(0)

(5.6b)

the CC(2)PT(n) series is obtained.
B. Short summary of the CCSD(TQ–n) series

The CCSD(TQ–n) series11 is formulated in terms of a
CCSDTQ energy Lagrangian,15 which is parametrized using
the CCSD energy as reference point
LTQ (∗ t, ∗ L, δt, δL)
= HF| exp (−δ T̂ )Ĥ
+

2


∗

T̂

exp (δ T̂ )|HF

∗ Li + δLi | exp (−δ T̂ )Ĥ

∗

T̂

exp (δ T̂ )|HF

i=1

+

4


δLj | exp (−δ T̂ )Ĥ

∗

T̂

expansion point, resulting in energy corrections that converge
towards the CCSDTQ energy. In order to obtain these energy
corrections, the amplitudes, {δtμ }, and multipliers, {δLμ }, of
Eq. (5.7) are expanded in terms of the fluctuation potential.
By means of the CCSD amplitude and multiplier equations,
the CCSDTQ Lagrangian can be simplified and corrections
to the CCSD energy obtained in accordance with Wigner’s
2n + 1 and 2n + 2 rules for the amplitudes and multipliers,
respectively. All energy corrections of the CCSD(TQ–n) series are given in terms of closed commutator expressions and
are thus term-wise size extensive.

exp (δ T̂ )|HF,

(5.7)

j =3

where we again stress the equivalence between the
{∗ Lμ , δLμ } amplitudes of Eq. (5.7) and the Lagrange
multipliers, {∗ t¯μ , δ t¯μ }, of Ref. 11. The CCSD similaritytransformed Hamiltonian is partitioned using the MøllerPlesset partitioning scheme in Eq. (3.1), considering again the
fluctuation potential as the perturbation. Perturbative corrections to the CCSD energy, which define the CCSD(TQ–n) series, may then be determined by expanding the Lagrangian in
orders of the fluctuation potential with the CCSD energy as

C. Comparison of the EOM(2)PT(n), CC(2)PT(n),
and CCSD(TQ–n) series

The three series, EOM(2)PT(n), CC(2)PT(n), and
CCSD(TQ–n), all determine corrections to the CCSD energy by means of perturbation theory. In the EOM(2)PT(n)
and CC(2)PT(n) series, the EOM-CC formalism is used to
determine corrections that target the FCI energy. The linear
parametrizations of the wave functions in EOM-CC theory
imply that a truncation of the left- and right-hand states at
any given excitation level, e.g., quadruples, does not lead to a
target energy for the series that equals the CC energy of the
given excitation level. A perturbation series that converges
towards the CCSDTQ energy thus cannot be derived within
the EOM-CC framework. For the CCSD(TQ–n) series, however, the corrections to the CCSD energy do indeed target
the CCSDTQ energy, as the right-hand state is exponentially
parametrized while a linear parametrization is invoked only
for the left-hand state.
In order to obtain a size-extensive perturbation series,
the zeroth-order Hamiltonian must be additively separable.
For both the EOM(2)PT(n) and CCSD(TQ–n) series, this
is clearly satisfied from the use of the CCSD similarity∗
transformed Fock operator, fˆ T̂ , as Ĥ (0) . Thus, both series
are size extensive to any order. In fact, the CCSD(TQ–n) series is even term-wise size extensive as all terms in this series
are expressed in terms of commutators that contain only connected quantities. On the contrary, as stated in Ref. 11, the
CC(2)PT(n) zeroth-order Hamiltonian in Eq. (5.6a) does not
separate additively due to the presence of projection opera∗
tors in its P̂ Ĥ T̂ P̂ term.16 In the Appendix, we demonstrate
explicitly how the involved projection operators make Ĥ (0)
non-separable, and the energy corrections of the CC(2)PT(n)
∗
series, which reference this particular P̂ Ĥ T̂ P̂ term, are therefore not size extensive.
Inspecting the energy corrections of the EOM(2)PT(n),
CC(2)PT(n), and CCSD(TQ–n) series, we first note that
the second-order corrections of all three series are identical, containing only contributions from triple and quadruple excitations. At third order, the energy corrections of the
EOM(2)PT(n) and CC(2)PT(n) series are identical and differ
from the CCSD(TQ–3) corrections by containing also contributions from quintuple and hextuple excitations. However,
if the EOM(2)PT(n) and CC(2)PT(n) series are truncated at
the level of quadruple excitations, all three series give identical third-order energy corrections (see the discussion at the
end of Sec. III). At fourth order, contributions from singles
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and doubles relaxation enter any of the series, and by inspecting the three series it is observed how the energy corrections differ, irrespective of whether the CC(2)PT(n) and
EOM(2)PT(n) series are truncated at the level of quadruples or not. This difference has three distinct origins; first
and foremost, the elements of the CCSD(TQ–4) model differ
from the EOM(2)PT(4) and CC(2)PT(4) elements as a linear
parametrization is used for both the left- and right-hand states
in the EOM-CC theory-based series. Second, only excitation
levels up to quadruples are considered in the CCSD(TQ–4)
model. Finally, the EOM(2)PT(4) and CC(2)PT(4) models
differ because different zeroth-order Hamiltonians are used in
the singles and doubles spaces in the two models. In summary, while the fourth-order singles and doubles contributions in the CC(2)PT(n) series are not size extensive, those in
the EOM(2)PT(n) series are, however only sum-wise and not
term-wise as in the CCSD(TQ–n) series. At fifth and higher
order, the energy corrections of the three series will continue
to differ; while only the EOM(2)PT(n) and CCSD(TQ–n) series are size extensive, only the corrections of the CCSD(TQ–
n) series converge towards the CCSDTQ energy. Finally, it
should be noted that the corrections of a CCSD(TQ. . . − n)
model, where TQ. . . imply all possible excitations, are identical to those of the EOM(2)PT(n) model at any given order, as
both models target the FCI energy in this case. However, even
in this limit, the distinction between the corrections of the two
models in terms of sum-wise (EOM(2)PT(n)) and term-wise
(CCSD(TQ. . . − n)) size extensivity remains.

J. Chem. Phys. 140, 174114 (2014)

in lowest order, i.e., second order, but affects all of the higherorder energy corrections.
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APPENDIX: A PROJECTION OPERATOR-BASED
ZEROTH-ORDER HAMILTONIAN

In the present appendix, we demonstrate explicitly that
the zeroth-order Hamiltonian, Ĥ (0) , in Eq. (5.6a) is not additively separable. To do so, we consider two non-interacting
systems, denoted subsystems A and B, and show how the sum
of the zeroth-order Hamiltonians, ĤA(0) + ĤB(0) , for the two
(0)
,
subsystems differs from the zeroth-order Hamiltonian, ĤAB
for the compound system AB. To simplify the proof, we re∗
strict Ĥ (0) to its primary space part, P̂ Ĥ T̂ P̂ , noting that the
total zeroth-order Hamiltonian will not separate additively if
its primary space part does not.
For subsystem A, we may write the CCSD similaritytransformed Hamiltonian in Eq. (2.7) as
∗

VI. SUMMARY AND CONCLUSION

The EOM-CC framework has previously been used to derive series of perturbative corrections to the CCSD energy that
converge towards the FCI energy limit. However, these series
have had fundamental flaws as they have not been size extensive at higher orders in the perturbation. In the present paper,
we have shown how it is possible to derive a size-extensive
perturbation theory scheme starting from the EOM-CC ansatz
and using a Møller-Plesset partitioning of the Hamiltonian. In
particular, we have derived the size-extensive EOM(2)PT(n)
perturbation series of corrections to the CCSD energy that
converges towards the FCI energy. We have also demonstrated
how the size extensivity problems that occur in previously
derived series arise due to a partitioning of the Hamiltonian
into a zeroth-order part that is non-separable, thereby violating a fundamental requirement for obtaining a size-extensive
perturbation series.
The EOM(2)PT(n) series has also been compared to our
recently developed CCSD(TQ–n) series. Both of these series
use a Møller-Plesset partitioning of the Hamiltonian which
guarantees size extensivity through all orders since an additively separable zeroth-order Hamiltonian is used. The major
drawback of the EOM(2)PT(n) series and all other schemes
based on EOM-CC theory is that they can only target the FCI
energy limit, and thus not the energies of any truncated CC
model. On the contrary, the coupled cluster Lagrangian-based
CCSD(T–n) and CCSD(TQ–n) series will target the CCSDT
and CCSDTQ energies, respectively. This is of no relevance

ĤAT̂A = exp (−∗ T̂A )ĤA exp (∗ T̂A ),

(A1)

where ∗ T̂A = ∗ T̂1,A + ∗ T̂2,A . The EOM-CCSD eigenvalue
equation for the ith state of subsystem A may be expressed
as
∗

∗ Li,A |ĤAT̂A |∗ Ri,A  = ∗ Ei,A ,

(A2)

where ∗ Ei, A is the ith eigenvalue and {∗ Li,A |, |∗ Ri,A } are
the corresponding ith left and right eigenvectors. For convenience, we assume that the left and right eigenvectors are
biorthonormal
∗ Li,A |∗ Rj,A  = δij .

(A3)

In a matrix notation, Eq. (A3) reads
∗ LA |∗ RA  = IA .

(A4)

The projector for the primary space of subsystem A can
be expressed as
NP̂A −1

P̂A =



|∗ Rk,A ∗ Lk,A |,

(A5)

k=0

where the dimension of P̂A is NP̂A = 1 + Nμ1 ,A + Nμ2 ,A in
terms of the number of single, Nμ1 ,A , and double, Nμ2 ,A , excitations from the HF reference state in subsystem A. The
primary space part (p) of the zeroth-order Hamiltonian for
subsystem A may thus be written as
p

∗

Ĥ (0),A = P̂A ĤAT̂A P̂A .

(A6)
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Similarly, for subsystem B we have
p

∗

Ĥ (0),B = P̂B ĤBT̂B P̂B ,

(A7)

where P̂B is defined in analogy with P̂A in Eq. (A5).
Considering a cluster operator for the compound system
that is equal to the sum of the cluster operators for the individual subsystems
∗

T̂AB = ∗ T̂A + ∗ T̂B ,

with the eigenvectors satisfying the biorthonormality condition
∗ LAB |∗ RAB  = IA ⊗ IB .

∗

T̂AB
is
The operator which projects onto the eigenvectors of ĤAB
given as

P̂AB = P̂A + P̂B

(A8)

NP̂A −1

the CCSD similarity-transformed Hamiltonian for the compound system may be expressed as
∗

T̂AB
ĤAB

∗

∗

∗

=

∗

NP̂B −1

∗

| Rk,A  Lk,A | +

k=0



|∗ Rl,B ∗ Ll,B |.

l=0

(A12)

= exp (−( T̂A + T̂B ))(ĤA + ĤB ) exp ( T̂A + T̂B )
∗

∗

(A9)

and is thus additively separable. Furthermore, the left and
∗
T̂AB
may in the direct product basis
right eigenvectors of ĤAB
be written as
|∗ RAB  = |∗ RA  ⊗ IB + IA ⊗ |∗ RB ,

(A10a)

∗ LAB | = ∗ LA | ⊗ IB + IA ⊗ ∗ LB |,

(A10b)

P̂A Ĥ

∗

NP̂A −1
T̂A

P̂B =



For the compound system, the primary space part of the
zeroth-order Hamiltonian may be written as
p

NP̂A −1

=



occ


T̂AB

P̂AB
∗

∗

∗

(A13)
since P̂A and P̂B are idempotent and since

N

−1

P̂B
 
 ∗ T̂A
| Rk,A  Lk,A | Ĥ
⊗ IB
|∗ Rl,B ∗ Ll,B |

∗

∗

l=0
N

∗

i .

−1

P̂B
 

Ek,A | Rk,A  Lk,A | IA ⊗ IB
|∗ Rl,B ∗ Ll,B | = 0,

∗

∗

(A14)

l=0

where Eq. (A11) has been used. Thus, for the primary part
(0)
and Ĥ (0) as a
of the excitation space, p ĤA(0) + p ĤB(0) = p ĤAB
whole is therefore non-separable.
In the energy corrections at second and third order, the
primary space does not enter. As only the secondary space
is referenced in the expressions for these corrections, the
following zeroth-order Hamiltonian is effectively used
Ĥ (0) = ECCSD + fˆ −

∗

∗

k=0

q

(0)
ĤAB
= P̂AB Ĥ

= P̂A ĤAT̂A P̂A + P̂B ĤBT̂B P̂B + ĤAT̂A P̂B + P̂A ĤBT̂B

k=0

(A15)

i


Since ECCSD , fˆ, and occ
i i are all additively separable quantities, the resulting second- and third-order energy corrections
are size extensive.
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