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INTRODUCTION 

Recently, the interpretation and inversion of TDIP data has 

changed from only inverting for the integral changeability to 

consider also the spectral information contained in the IP 

response curves (Fiandaca et al., 2012, 2013). Several 

examples of spectral TDIP applications have been presented, 

for landfill delineation (Gazoty et al., 2012b, 2013; Wemegah 

et al., 2016), lithotype characterization (Chongo et al., 2015; 

Gazoty et al., 2012a; Johansson et al., 2015, 2016; Maurya et 

al., 2016), time-lapse monitoring of CO2 injection (Doetsch et 

al., 2015a) and freezing of active layer in permafrost (Doetsch 

et al., 2015b). Furthermore, efforts have been made to achieve 

a wider time-range in TDIP acquisition, up to four decades in 

time (Olsson et al., 2016), for enhanced spectral content. In 

this work a review of the recent advances in spectral inversion 

of TDIP data is presented, in terms of: supported IP 

parameterizations; modelling of transmitter waveform; support 

for buried electrodes; model regularization; computation of the 

depth of investigation. 

ADVANCES IN SPECTRAL TDIP INVERSION 

In the spectral inversion of TDIP data, the data space is 

composed by the apparent resistivity and the full voltage 

decays, while the model space is constituted by a 

parameterization of IP. The Cole-Cole model (Cole-Cole, 

1941; Pelton et al., 1978) and the Constant Phase Angle 

(CPA) model (Van Voorhis et al., 1973) are the two 

parameterizations currently implemented in AarhusInv (Auken 

et al., 2015), the software in which the inversion algorithms 

described in Fiandaca et al. (2012,2013) are implemented. The 

complex resistivity ζCole-Cole of the Cole-Cole model takes the 

form: 

𝜁𝐶𝑜𝑙𝑒−𝐶𝑜𝑙𝑒 = 𝜌 (1 − 𝑚0 (1 −
1

1 + (𝑖𝜔𝜏)𝐶
)) 

(1) 

where ρ is the direct current resistivity, m0 is the intrinsic 

chargeability, τ is the time constant, C is the frequency 

exponent and i is the imaginary unit. The complex resistivity 

𝜁𝐶𝑃𝐴 of CPA model is expressed as: 

𝜁𝐶𝑃𝐴 = 𝐾(𝑖𝜔)−𝑏 (2) 

where b is a positive fraction, 𝜑 = −
𝜋

2
𝑏 represents the phase 

shift and defines completely the IP response, K is a constant 

and i is the imaginary unit. In the CPA model, the DC 

resistivity cannot be defined, because the complex resistivity 

increases indefinitely at low frequencies. For this reason, Van 

Voorhis et al. (1973) introduced the Drake model: 

𝜁𝐷𝑟𝑎𝑘𝑒 = 𝐾(𝑖𝜔 + 𝜔𝐿)−𝑏 (3) 

where in comparison with the CPA model a low frequency 

pole 𝜔𝐿 is introduced and the DC resistivity can be defined as 

𝜌 = 𝐾𝜔𝐿
−𝑏. In the AarhusInv implementation of the time-

domain CPA forward response the Drake model of equation 

(3) is actually used, with a fixed value for the low frequency 

pole 𝜔𝐿 = 10−5 Hz. In this way, the CPA inversion is set up 

in terms of the model parameters 𝜌 and 𝜑, while the Cole-

Cole inversion is set up in terms of ρ, m0, τ and C. Considering 

that the CPA and the Cole-Cole models are easily 

distinguishable in time-domain when more than 2 orders of 

magnitudes are acquired in the time-range (Lajaunie et al., 

2016), the choice between the different supported IP 

parameterizations can be driven by the actual spectral content 

of the data. For both models it is also possible to invert 

directly for the normalized chargeability parameters 𝜑/𝜌 or 

𝑚0/𝜌, instead of 𝜑 or 𝑚0. 

The forward modelling in AarhusInv, whatever 

parameterization is used for IP, takes into account the 

transmitter waveform and the receiver transfer function 

(Figure 1), for an accurate modelling of the IP response 

(Fiandaca et al., 2012,2013). The inversion is performed 

iteratively, by using the first term of the Taylor expansion of 

the nonlinear forward mapping of the model to the data space, 

as described in details in Auken et al. (2015). Figure 2 shows 

two typical forward responses for Cole-Cole and CPA 

homogeneous half spaces. The shape of the decays contains 

the spectral information of the IP phenomenon, which can be 

properly retrieved when the transmitter/receiver characteristics 

are properly modelled (Fiandaca et al., 2012; Fiandaca et al., 

2013; Lajaunie et al., 2016; Madsen et al., 2016). Recently, 

the modelling of the IP response during the current on-time 

with a 100% duty cycle transmitter waveform has been 

implemented in AarhusInv (Figure 3). With the 100% duty 

cycle the current switches directly from positive to negative 

values, allowing for shorter acquisition times (because the off-

time is skipped) and better signal-to-noise ratio (because the 

measured voltages are higher for the 100% duty cycle), but 

keeping equivalent spectral content when compared to the 
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50% duty cycle waveform (Olsson et al., 2015; Madsen et al., 

2016). 

 

Figure 1 (after Fiandaca et al, 2013). (a) Construction of 

the actual response by superimposing step responses; (b) 

IP percentage difference between decays with different 

number of stacks (a decay stacked six times is used as a 

reference) for the homogeneous half-space described by 

the Cole–Cole parameters (m0 = 100 mV/V, τ =2 s, C=0.5). 

(c) IRIS Syscal Pro filter effect (circles) measured in the 

time domain on a non-chargeable resistor. (d) Example of 

forward response with the filter implementation (black 

line) and without the filter implementation (grey line). 

 

Figure 2. Examples of Cole-Cole decay (red curve) and 

CPA decay (blue curve) for homogeneous half spaces and 

50% duty cycle waveform (Ton= Toff =10 s, 4 stacked 

pulses). 

In addition to the 1-D and 2-D implementations described in 

Fiandaca et al. (2012,2013), the IP forward modelling in 

AarhusInv has been recently enriched by the possibility of 

computing the response for buried electrodes, for inversion of 

1-D borehole and 2-D cross-borehole data. The 1-D 

implementation computes the kernel following Sato (2000), 

with recursion formulas over the layers. Considering that in 

borehole data often hundreds of layers are modelled (Auken et 

al., 2016), the lateral-constrained approach has been 

implemented for speeding-up computations. The full 1-D 

model containing hundreds of layers is split into several sub-

models containing only a few tens of layers and the data are 

subdivided in subsets grouped by pseudodepth. 

 

Figure 3. 50% duty cycle decays (circles) and 100% duty 

cycle decays (triangles) for Cole-Cole homogeneous 

halfspace (ρ=100 Ωm, m0=40 mV/V, τ=0.01 s, C=0.3, 

Ton/Toff =10 s, 4 stacked pulses). Black lines represent the 

normalized decays in mV/V, while red lines represent the 

actual voltages (see Olsson et al. (2015) for details). 

 

Figure 4. Split of a 32-layers 1D model (grey model) in six 

13-layers laterally-constrained sub-models for 

computational efficiency. The red arrows represent the 

lateral constraints. 
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The inversion is then carried out in parallel on the split sub-

models/datasets and the full model is reconstructed stitching 

together the sub-models after inversion (Figure 4). This 

approach allows for gaining more than two order of 

magnitudes in run-time. The 2-D cross-hole computation has 

been implemented simply allowing the electrodes to be 

positioned at any node (on the surface or buried) of the finite-

element mesh (Bording et al., 2016). 

Compared to the implementations presented in Fiandaca et al. 

(2012,2013), new regularization schemes have been 

implemented for the spectral inversion of TDIP data, for 

vertical/horizontal constraints that favour sharp models 

(Vignoli et al., 2015) and for time-lapse constraints that 

promote compact time-lapse changes (Fiandaca et al., 2015a). 

In particular, two generalizations of the minimum support 

norm, namely 𝜑𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 and 𝜑𝑎𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, have been 

developed for time-lapse inversion: 

𝜑𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐(𝑥) = 𝛼−1
(𝑥2 𝜎2⁄ )𝑝

(𝑥2 𝜎2⁄ )𝑝 + 1
 

(4) 

𝜑𝑎𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 = 𝛼−1 [(1 − 𝛽) ∙
(𝑥2 𝜎2⁄ )𝑝1

(𝑥2 𝜎2⁄ )𝑝1 + 1

+ 𝛽 ∙
(𝑥2 𝜎2⁄ )𝑝2

(𝑥2 𝜎2⁄ )𝑝2 + 1
] 

(5a) 

𝛽 =
(𝑥2 𝜎2⁄ )𝑚𝑎𝑥(𝑝1,𝑝2)

(𝑥2 𝜎2⁄ )𝑚𝑎𝑥(𝑝1,𝑝2) + 1
 

(5b) 

where: 𝑥 = 𝑚 − 𝑚0 represents the difference between the 

reference value and the updated value in the time-lapse 

inversion for a given model parameter, i.e. the time-lapse 

change; 𝜎 represents the transition point of the minimum 

functional 𝜑 and controls the sharpness of time-lapse changes; 

𝛼 controls the relative weight of data and model measures in 

the objective function and affects the size of time-lapse 

changes; 𝑝 (or 𝑝1 and 𝑝2) controls the transition sharpness of 

𝜑 (Figure 5) and determines the way in which the overall 

focusing depends on 𝜎 and 𝛼 (Fiandaca et al., 2015a). 

 

Figure 5. Comparison of L2 norm, symmetric minimum 

support (equation 4) and asymmetric minimum support 

(equation 5) with varying norm settings. 

With the classic L2 norm 𝜑𝐿2
(𝑥) = 𝑥2 𝜎2⁄ , the penalty in the 

objective function for a time-lapse change 𝑥 = 𝑚 − 𝑚0 

increases with the square of 𝑥. With the norms of equation 4 

and equation 5 the penalty does not increase indefinitely with 

𝑥, but reaches a maximum when 𝑥 ≫ 𝜎 (Figure 5). This 

favours compact time-lapse changes, and the compactness can 

be easily and predictably controlled through the 𝜎, 𝛼 and 𝑝 

settings. In many time-lapse experiments diffusive processes 

are monitored, and compact time-lapse changes do not 

necessarily represent the underlying physics/geochemistry. 

However, robust and easy-to-tune regularizations that favour 

the smallest model variation compatible with the data can be a 

very helpful tool for data interpretation, when used together 

with model measures that promote smooth variations. 

Finally, a new robust concept for the calculation of the depth 

of investigation (DOI) for inversion problems described by 

several intrinsic parameters, like the spectral inversion of 

time-domain induced polarization data, has been developed 

(Fiandaca et al., 2015b). A calculation of the DOI is crucial 

for interpreting the geophysical models, as the validity of the 

model varies considerably with data noise and parameter 

distribution. Without the DOI estimate, it is difficult to judge 

when the information in the model is data-driven or is strongly 

dependent on the constraints and/or on the starting value. The 

proposed method is based on an approximated covariance 

analysis applied to the model output from the inversion while 

considering the data standard deviations. Furthermore, the 

cross-correlations between intrinsic parameters are taken into 

account in the computations, which is crucial when strong 

cross-correlations are expected. Our new DOI implementation 

starts by subdividing the 2-D section in [𝑁𝐿𝑎𝑦𝑒𝑟𝑠 × 𝑁𝑐𝑜𝑙𝑢𝑚𝑛𝑠] 

cells, and summing the Jacobian elements of the 𝑁𝑐𝑜𝑙𝑢𝑚𝑛𝑠 

model columns downwards. For each layer 𝑛 and each model 

column 𝑙 a cumulated [𝑁𝐷𝑎𝑡𝑎 × 𝑁𝑃𝑎𝑟] quasi-Jacobian matrix 

is defined (cumulated downward from the 𝑛𝑡ℎ layer to the last 

layer): 

𝐺𝐶𝑢𝑚
𝑛,𝑙 (𝑖, 𝑘) ∶= ∑ 𝐺(𝑖, 𝑗)

𝑗𝑘,𝑙

𝑗=𝑗𝑘,𝑙−𝑛+1

 

∀𝑖 ∈ [1, 𝑁𝐷𝑎𝑡𝑎], ∀𝑘 ∈ [1, 𝑁𝑃𝑎𝑟],  

∀𝑛 ∈ [1, 𝑁𝐿𝑎𝑦𝑒𝑟𝑠], ∀𝑙 ∈ [1, 𝑁𝐶𝑜𝑙𝑢𝑚𝑛𝑠] 

(6) 

where 𝑗𝑘,𝑙 represents the model index of the 𝑘𝑡ℎ parameter of 

the last layer of the 𝑙𝑡ℎ model column, 𝑁𝐷𝑎𝑡𝑎 is the number of 

data, 𝑁𝑃𝑎𝑟 is the number of intrinsic parameters (e.g. 4 for the 

Cole-Cole model), 𝑁𝐿𝑎𝑦𝑒𝑟𝑠 is the number of layers in the 2-D 

model and 𝑁𝐶𝑜𝑙𝑢𝑚𝑛𝑠 is the number of model columns in the 2-

D model. It is then possible to define a [𝑁𝑃𝑎𝑟 × 𝑁𝑃𝑎𝑟] 
cumulated approximate analysis for each model column 𝑙 and 

each layer 𝑛 of the 2D section: 

𝑪𝑨𝑨𝑛,𝑙 ∶= [(𝑮𝐶𝑢𝑚
𝑛,𝑙 )

𝑇
𝑪𝑑

−1(𝑮𝐶𝑢𝑚
𝑛,𝑙 )]

−1

 
(7) 

The cumulated approximate analysis 𝑪𝑨𝑨𝑛,𝑙 corresponding to 

the 𝑛𝑡ℎ layer does not contain information on the parameters 

of the 𝑛𝑡ℎ layer alone, but it cumulates the sensitivity from the 

𝑛𝑡ℎ layer down to the last layer. This means that the 

cumulated approximate analysis gives information on all the 

layers below the 𝑛𝑡ℎ layer at once, for each model column 𝑙. 
In equation 7 the correlation between model parameters 
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belonging to different model columns are neglected (lateral 

data correlation), but the correlation among the 𝑁𝑃𝑎𝑟 intrinsic 

parameters for each model column is considered. The 

inversion is carried out in logarithmic model space, and thus 

we use a standard deviation factor, 𝑆𝑇𝐷𝐹, for each parameter 

𝑘: 

𝑆𝑇𝐷𝐹𝑛,𝑙(𝑘) ∶= 𝑒𝑥𝑝 (√𝐶𝐴𝐴𝑛,𝑙(𝑘, 𝑘)) 
(8) 

The DOI-value is then defined for each parameter 𝑘 and each 

model column 𝑙 by imposing a threshold value for the 𝑆𝑇𝐷𝐹, 

bearing the implicit meaning that below this threshold the 

model structures are not data driven, but rather a result of the 

constraints and/or inversion properties. Figure 6 shows the 

𝑆𝑇𝐷𝐹 values and the corresponding DOI computations for a 

typical 3-layers Cole-Cole model for a Schlumberger sounding 

(red lines). Furthermore, the results when disregarding the off-

diagonal elements in (𝑮𝐶𝑢𝑚
𝑛,𝑙 )

𝑇
𝑪𝑑

−1(𝑮𝐶𝑢𝑚
𝑛,𝑙 ), i.e. the 

parameter correlations, are presented (blue lines): the DOI is 

significantly overestimated when neglecting the parameter 

correlations. 

 

Figure 6. Depth of investigation (DOI) for an exemplary 3-layers Cole-Cole model for a Schlumberger sounding. Black 

dashed lines: layer interfaces. Continuous grey lines: vertical model subdivision for the 𝑺𝑻𝑫𝑭 computation (equation 8) as a 

function of depth. Green dashed lines: threshold value for the 𝑺𝑻𝑫𝑭 computation. Red lines: 𝑺𝑻𝑫𝑭 values as a function of 

depth taking into account the parameter correlations (continuous lines) and corresponding DOI values (dashed lines). Blue 

lines: 𝑺𝑻𝑫𝑭 values as a function of depth disregarding the parameter correlations (continuous lines) and corresponding 

overestimated DOI values (dashed lines). 

CONCLUSIONS 

The spectral inversion of TDIP data has reached maturity. 

Different IP parameterizations can be modelled, i.e. the Cole-

Cole and the CPA models, and the choice between the models 

can be made in function of the actual spectral content of the 

data. The forward modelling takes into account the transmitter 

waveform and the receiver transfer function for accurate 

computations, and the 100% duty cycle is supported for 

shorted acquisition time and better signal-to-noise ratio. 

Computation with buried electrodes for 1-D and 2-D 

modelling has been implemented, and advanced model 

regularizations have been developed, for sharp 

vertical/horizontal model variations and compact changes in 

time-lapse inversion. Furthermore, a new robust concept for 

the calculation of the depth of investigation has been 

developed, enabling judging when the information in the 

model is data-driven or is strongly dependent on the 

constraints and/or on the starting value. We believe that the 

advances in spectral TDIP inversion significantly increase the 

potential of TDIP in (hydro)geophysical applications. 
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