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Summary 
This dissertation within macroeconomics consists of three independent chapters in which we 

estimate the welfare costs of business cycle fluctuations for economic agents with a finite planning 

horizon. 

 The estimation of business cycle costs was started by Lucas (1987). The basic idea is that 

business cycle fluctuations are problematic for an economy as they create uncertainty about future 

consumption possibilities. A stabilization of the economy which either reduces or completely 

eliminates the business cycle fluctuations, is therefore beneficial for the risk averse individuals in 

the economy. Lucas (1987) attempts to estimate the magnitude of the welfare improvement these 

individuals could gain if the business cycle fluctuations were completely eliminated from the 

economy. He finds that an elimination of business cycle fluctuations in the US in the post war 

period gives a welfare improvement comparable to a 0.025% increase in total consumption. At most 

0.1% if the consumers are extremely risk averse. Lucas (1987) concludes that the potential gain 

from a deeper understanding of business cycle fluctuations which can be used to further reduce 

business cycle fluctuations is negligible. 

 In this dissertation we find that Lucas (1987) seriously underestimates the costs of business cycle 

fluctuations. He does not take into account that the effects of business cycle fluctuations are not 

equally distributed across the population in the economy. There are certain groups in society which 

are particularly exposed to the unemployment and income risk associated with business cycle 

fluctuations. Additionally, we find that the business cycle costs can be significantly reduced by 

reforming the unemployment insurance system without having to stabilize the economy further. 

 In  the first chapter ”Business Cycle Costs for Finitely Living Individuals”, we find that the 

welfare costs of business cycle fluctuations constitute more than 1% of total consumption when you 

take the following three important observations into account. Firstly, the young individuals that 

have just entered the labor market have few savings. Secondly, the young individuals’ wages 

increase significantly in their first years on the labor market. Thirdly, the unemployment rate is 

higher and more business cycle dependent for the young individuals than for the old individuals. 

Thus, young individuals are particularly exposed to business cycle fluctuations as their employment 

probability is very business cycle dependent. On top of that, the young individuals are not able to 

effectively insure themselves against unemployment risk as their savings are inadequate. It takes 

time to build up effective precautionary savings for the young individuals, and it is costly in a life-

cycle perspective. Individuals have an increasing expected income over their working careers as the 

wage and employment rate are higher for old individuals than for young. Thus, young individuals 

move consumption from a period with a low expected income to a period with a high expected 

income when they build up precautionary savings. In terms of smoothing consumption over life this 
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is counter-productive. Hence, the young individuals in the economy are particularly exposed to 

business cycle risk and are not able to effectively self-insure against the risk through precautionary 

savings. This implies that the costs of business cycle fluctuations become significant. 

 In chapter 2 ”Business Cycle Costs in an Economy with Two Assets”, we extend the model by 

adding a risky asset. This asset has a higher expected return than the risk-free asset the individuals 

in our model thus far have been able to invest in. Thus, the individuals now have the option to get a 

higher expected return on their savings in exchange for a risky return. The young individuals in 

particular cannot fully exploit this new option as they fear the worst case scenario. They risk 

becoming unemployed in the middle of recession, and the already depleted precautionary savings 

they should live off are significantly reduced as the return on their risky assets are negative. If the 

business cycle fluctuations are eliminated, this risk is significantly smaller, and the young 

individuals can much better exploit the risky asset. We find that the share of investments in the 

risky asset increases by 9.86% when the business cycle fluctuations are removed. This increases the 

expected return significantly, but it also increases the risk on the return. Thus, the effect of the 

change in portfolio composition has a limited effect on the welfare level. Hence, we find that it does 

not affect the magnitude of the business cycle costs to take the composition of the individuals’ 

saving portfolio into account. 

 In chapter 3 “Business Cycle Costs and Endogenous Job Search”, the model from chapter 1 is 

extended by letting the job finding probability depend upon the individuals’ endogenous search 

effort. This allows us to analyze reforms of the unemployment insurance system which can reduce 

the business cycle costs. Including endogenous search is necessary as the optimal unemployment 

benefit level is an effective tradeoff between the moral hazard that unemployment benefits 

constitute as they distort search effort from its socially optimal level and the insurance that 

unemployment benefits provide. We find that the optimal replacement rate is between 74% and 

92%. Increasing the US unemployment benefit replacement rate from its current level of about 30% 

considerably increase welfare, and it eliminates the costs of business cycle fluctuations completely. 

An alternative reform of the unemployment benefit system could be to move unemployment benefit 

funds from the old individuals to the young as it is the young individuals who lack the ability to 

self-insure through precautionary savings. If the cost of the unemployment benefits is restricted to 

remain at its current level, we find that it is optimal to give the young individuals (younger than 30 

years) an unemployment replacement rate between 74% and 92%, and the old individuals (older 

than 30 years) a replacement rate between 3-9%. This reform also heavily reduces the costs of 

business cycle fluctuations.  

 Hence, we find in this dissertation that there is a potentially substantial gain to be won from 

reducing the risk of business cycle fluctuations and one way to achieve that is to reform the US 

unemployment benefit system. 
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Dansk resumé (Danish Summary) 

Denne afhandling består af tre selvstændige kapitler, der hver især estimerer 

velfærdsomkostningerne ved konjunktursvingninger for økonomiske agenter med en endelig 

tidshorisont.  

 Estimationen af velfærdsomkostningerne ved konjunktursvingninger blev startet af Lucas 

(1989). Den grundlæggende ide er: Konjunktursvingninger udgør et problem for et lands økonomi, 

da de skaber usikkerhed om de fremtidige forbrugsmuligheder. Forudsat at landets borgere er 

risikoaverse, vil det derfor være fordelagtigt for dem at stabilisere økonomien enten ved at mindske 

eller helt fjerne konjunktursvingningerne. Lucas (1989) forsøger at kvantificere den potentielle 

velfærdsforbedring disse borgere ville opnå, hvis man kunne fjerne konjunktursvingningerne 

fuldstændigt. Han når frem til, at velfærdforbedringen ved at fjerne konjunktursvingninger i USA i 

efterkrigstiden svarer til at øge det samlede forbrug med 0,025%, og højst 0,1%, hvis forbrugerne er 

meget risikoaverse. Lucas (1987) konkluderer herudfra, at den potentielle gevinst ved at opnå en 

dybere forståelse af konjunktursvingninger, for derved at kunne fjerne den resterende 

konjunkturusikkerhed, er minimal. 

 I denne afhandling viser vi, at Lucas’ (1987) estimat af konjunktursvingningsomkostningerne er 

alt for lavt. Han tager nemlig ikke højde for, at konjunktursvingninger rammer skævt på tværs af 

befolkningen, og at nogle grupper i samfundet er særligt udsatte for den arbejdsløsheds- og 

indkomstrisiko, der følger med konjunktursvingninger. Derudover viser vi, at omkostningerne ved 

konjunktursvingninger kan reduceres kraftigt uden at stabilisere økonomien, men ved at reformere 

arbejdsløshedsunderstøttelsessystemet.   

 I kapitel 1 ”Business Cycle Costs for Finitely Living Individuals” viser vi, at 

velfærdsomkostningen ved konjunktursvingninger er over 1% af det samlede forbrug, når man tager 

højde for tre væsentlige observationer. Unge, der lige er trådt ind på arbejdsmarkedet, har en 

begrænset opsparing. Unge ansattes løn stiger kraftigt i løbet af deres første år på arbejdsmarkedet. 

Arbejdsløshedsraten blandt unge er højere og mere konjunkturafhængig end for ældre arbejdere. 

Unge mennesker er derfor specielt udsatte for risikoen forbundet med konjunktursvingninger, da 

deres ansættelsesmuligheder er meget konjunkturafhængige. Dertil kommer, at de har meget dårlige 

muligheder for at forsikre sig mod udsving i deres indkomst, da de har en meget begrænset 

opsparing at tære på, hvis de skulle blive arbejdsløse. De unge må derfor opbygge en buffer-

opsparing i deres første år på arbejdsmarkedet, men dette tager sin tid og er ineffektivt i forhold til 

at fordele deres forbrugsmuligheder henover deres liv. For ved at spare op flytter de forbrug til 

senere i livet, hvor deres forventede indkomst er højere, da både lønnen og beskæftigelsesraten er 

højere for ældre arbejdere. Da den marginale nytte af forbrug er aftagende, er dette uattraktivt for de 

unge forbrugere. Dvs. de unge i en økonomi er særligt udsatte for risikoen forbundet ved 
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konjunktursvingninger og har ringe mulighed for at beskytte sig mod risikoen gennem opsparinger. 

Dette medfører, at velfærdsomkostningerne ved konjunktursvingninger bliver signifikante.  

 I kapitel 2 ”Business Cycle Costs in an Economy with Two Assets” udvider vi modellen ved at 

give agenterne muligheden for at investere i et aktiv med et stokastisk afkast, der har en højere 

forventet værdi end det risikofrie afkast agenterne i modellen indtil nu har kunnet få på deres 

opsparing. Specielt de unge har svært ved at udnytte det risikobetonede aktiv til at øge deres 

forventede afkast. De risikerer nemlig at stå arbejdsløse midt i en recession, og den i forvejen 

knappe opsparing, de skulle tære på, er blevet kraftigt udhulet af et negativt afkast på deres 

risikobetonede aktiver. Uden konjunktursvingninger er denne risiko langt mindre, og de unge kan 

langt bedre udnytte det risikobetonede aktiv. Vi finder, at andelen af investeringer i det 

risikobetonede aktiv vokser med 9,86%, når konjunktursvingningerne fjernes fra modellen. Dette 

øger det gennemsnitlige afkast betragteligt men også risikoen på investeringerne, så 

velfærdseffekten er ikke særlig stor. Vi finder derfor at der ikke er nogen signifikant effekt på 

velfærdsomkostningerne ved konjunktursvingninger ved at tage højde for investeringsporteføljens 

sammensætning. 

 I kapitel 3 ”Business Cycle Costs and Endogenous Job Search” udvides modellen fra kapitel 1 

ved at mulighederne for ansættelse kommer til at afhænge af en endogent bestemt søgeindsats. 

Herved kan vi analysere reformer af arbejdsløshedsunderstøttelsessystemet, der kan mindske 

omkostningerne ved konjunktursvingninger. Den negative effekt ved arbejdsløshedsunderstøttelse 

er nemlig bl.a. at reducere jobsøgningsindsatsen i forhold til det socialt optimale niveau, da den 

enkelte arbejdsløse ikke tager højde for statens udgifter til understøttelse, når han vælger sin 

søgeindsats. Denne negative effekt skal holdes over for den positive effekt, 

arbejdsløshedsunderstøttelse har ved at mindske indkomstrisikoen forbundet med arbejdsløshed. 

Vi finder, at den optimale kompensationsgrad til arbejdsløse er 74-92% af den løn, de ville have 

fået, hvis de havde et job. Dette giver en markant velfærdsforbedring i forhold til det nuværende 

niveau i USA, som ligger omkring 30%. Alternativt kan velfærden forbedres ved at flytte 

arbejdsløshedsunderstøttelse fra de gamle til de unge, da de unge har væsentlig sværere ved at 

forsikre sig selv gennem opsparing. Hvis finansieringsrammen for understøttelsen fastholdes, er det 

optimalt at give de unge, som er under 30, en kompensationsgrad mellem 79-93% og de gamle, som 

er over 30, 3-9%. Begge reformer reducerer velfærdsomkostningerne ved konjunktursvingninger 

kraftigt. 

Samlet finder vi i denne afhandling, at der er en betragtelig potentiel gevinst ved at fjerne risikoen 

forbundet med konjunktursvingninger, og en måde at gøre det på er at reformere det amerikanske 

arbejdsløshedsunderstøttelsessystem. 
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1 Business Cycle Costs for Finitely Living Individuals

Max Weiss Dohrn, Aarhus University

Abstract

We show that even though business cycle costs might not be that large for the average

individual, the costs for young people and future generations are still considerable. Young

individuals have not had the time to build up e�ective precautionary savings against the risk

from business cycles. In utility terms, it is also more expensive for young people to save up

as it implies moving resources from a low income period to an expected high income period

later in life. Lastly, young individuals have the most business cycle dependent employment

opportunities. Thus, the young is the age cohort that bears the bulk of the business cycle risk

and have the worst prerequisites for protecting themselves against it.
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1.1 Introduction

In Models of Business Cycles from 1987, Lucas shows that the welfare costs of business cycle

�uctuations in the post war period in the US have been of a negligible magnitude, and there is

therefore no need for further stabilization of the economy. As Lucas puts it himself: There is no

reason to devise ever more subtle policies to remove the residual amount of business cycle risk.

The objective of this chapter is to examine the truth of this statement: Are business cycle costs

negligible?

Lucas measures the costs of business cycle �uctuations as the relative increase in consumption

needed for a risk averse consumer to be fully compensated for the consumption risk he is facing due

to business cycle �uctuations. The consumption risk is estimated as the business cycle �uctuations

in aggregate consumption for the US in the post war period. However, this representative agent

approach using aggregate consumption �uctuations as a measure for individual consumption risk

implicitly assumes a complete set of markets. In realty, however, it is very di�cult to purchase

insurance for one's wage income. Hence, the US economy contains a lot of uninsurable idiosyncratic

labor market risk that Lucas' model does not take into account.

Even though business cycle costs are the costs of aggregate risk, it is important also to take

into account the idiosyncratic risk in the economy since it a�ects the costs of the aggregate risk.

De Santis (2007) �nds that the welfare cost function is substantially convex in the level of overall

consumption risk in the economy. Thus, the uninsurable idiosyncratic risk increases the overall

consumption risk, which in turn increases the costs of the aggregate business cycle risk. Therefore,

it is relevant to measure the magnitude of business cycle costs in a disaggregated framework, which

allows for idiosyncratic risk and gives a realistic description of the extent to which it is possible to

insure against this risk.

The baseline model for analyzing the business cycle costs in a disaggregated setting where

individuals face uninsurable idiosyncratic risk is Imrohoroglu (1989). In Imrohoroglu (1989) the

in�nitely living households' employment status follows a �rst order Markov process where the

transition probabilities depend on the state of the business cycle. When employed, the households

earn a wage which is strictly higher than the unemployment bene�ts they receive as unemployed.

Faced by this fairly risky income stream, the risk averse households want to smooth consumption

over time, but are limited by a liquidity constraint and only have access to a storing technology.

Thus, the households are unable to fully smooth consumption and are restricted to imperfect

smoothing through precautionary savings. However, these precautionary savings turn out to be

extremely e�ective in enabling smooth consumption. This implies that the welfare gain won by

2



reducing the income risk by removing business cycle �uctuations from the model is very limited.

Hence, it does not change much that the unemployment risk is uninsurable since self-insurance

through precautionary savings works so well. Perhaps too well. De Santis (2007) points out that

the resulting consumption stream in Imrohoroglu's (1989) model is less volatile than the aggregate

consumption data Lucas (1987) uses. Therefore, this chapter introduces three central changes in

Imrohoroglu's (1989) setup to reduce the extreme e�ectiveness of precautionary savings.

Firstly, a realistic �nite lifespan for the consumers in the model is implemented. In�nitely

living agents have all the time in the world to build up e�ective precautionary savings. This is,

however, not realistic. Especially young individuals have not worked long enough to build up

e�ective precautionary savings and are therefore more exposed to income risk. Secondly, the wage

income is made age dependent. In general, wage increases with age especially in the �rst years

of one's career. This implies that rational individuals want to move resources up earlier in life

due to decreasing marginal returns to consumption. This reduces savings, which also increases the

individuals' exposure to income risk. Thirdly, the labor market attachment is weaker and more

volatile for young workers. Their average unemployment rate is higher and depends more on the

state of the business cycle than for those who have been on the labor market longer. The higher

average unemployment rate for young workers has the same e�ect as the lower wage. It implies

an increasing income by age, which decreases the incentive to save. The higher volatility of the

unemployment rate implies that young individuals have a larger income risk due to business cycle

�uctuations. A stabilization of the economy would therefore bene�t the young more than the old.

In combination, the three innovations in the model increase the business cycle dependent income

risk for the young individuals and severely limit their ability to self-insure through precautionary

savings. Thus, the bene�t from a risk reducing stabilization of the economy is considerable for the

young individuals.

In our baseline model, the business cycle costs for the young individuals are 1.57% which is an

order of magnitude larger than Lucas' (1987) estimate, which for all realistic calibrations is less

than 0.1%. A welfare gain of 1.57%, is generally considered to be quite substantial. This means

that there might still be incentive for �nding more subtle policies to reduce the residual business

cycle risk. However, these business cycle costs are concentrated in the early years of the individuals'

working careers, when the unemployment risk is high and very business cycle dependent and the

precautionary savings are insu�cient. Thus, a stabilization of the economy is mainly interesting for

young individuals and future generations. For older individuals with relatively low unemployment

risk and su�cient precautionary savings, a stabilization is not that important. For an average
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adult (in our model between 23 and 100 years of age), the costs of business cycle �uctuations are

only 0.16%. Thus, it would be interesting to reduce the business cycle risk for the young individuals

by lowering either the level or the volatility of their unemployment risk.

This study follows a long line of papers on the welfare costs of business cycles within disag-

gregated model frameworks. Most closely related are Krusell et al. (2009) and Storesletten et

al. (2001), which both focus on the interaction between business cycles, heterogeneous agents and

uninsurable labor market risk. The agents in Krusell et al. (2009) are heterogeneous with respect

to their discounting of their future consumption. This implies that almost all the wealth in the

economy ends in the hands of the households with the highest discount factor, while the households

with the lowest discount factor only hold very few assets. This means that the poor households

have very limited precautionary savings and are very exposed to the labor market risk. Hence,

these households would bene�t greatly from a risk reducing stabilization of the economy. Similar

to our study, Krusell et al. (2009) examines the idea that the costs of business cycle �uctuations

are carried by certain groups of agents in the economy, who do not have the possibility or the

incentive to e�ectively protect themselves against income risk through precautionary savings.

The agents in Storesletten et al.'s (2001) economy are as in our study heterogeneous with

respect to age. Storesletten et al.'s (2001) agents are also �nite living with an age dependent

income. However, the business cycle dependence is modeled very di�erently. Storesletten et al.

(2001) focuses on the e�ect of the business cycles on intra-age-cohort income dispersion. They

�nd that the income process is very persistent and wage dispersion is increased by recessions.

Thus, the more recessions an age-cohort has worked through, the larger is the income dispersion

within the age-cohort. Hence, the business cycle related risk of wage dispersion increases through

the individuals' working careers. This implies that the business cycle risk in Storesletten et al.'s

(2001) model is largest for individuals in their early sixties when they have had su�cient time

to build up e�ective precautionary savings. Our study takes quite a di�erent approach by solely

letting income depend on employment status. As the employment rate of young individuals is

the most business cycle dependent, this implies that the business cycle risk is highest for the

young individuals who are without e�ective precautionary savings. In contrast to Storesletten et

al. (2001) and the main contribution of this study is that we focus on the young individuals in a

business cycle costs context and we show that being young, new on the labor market and with few

savings are enough to make individuals vulnerable to business cycle �uctuations.

The remainder of the chapter is organized as follows. Section 1.2 sets up the model with

business cycle �uctuations. Section 1.3 explains how the business cycle costs are calculated, which
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is not as straightforward for a disaggregated framework as it is in Lucas' (1987) model. Section

1.4 calibrates the model, and section 1.5 presents the results. Finally, section 1.6 o�ers some

concluding remarks.

1.2 Model Setup for the Economy with Business Cycle Fluctuations

The model consists of many �nitely living individuals. They enter the model as 23-year-old in-

dependent individuals, and exit when they die. The probability of death is age dependent with

no one being older than a 100 years. Thus, each individual has an exogenously given survival

probability, ρa, for still being alive at a given age, a. For the �rst 42 years, the individuals are

either employed (e = 1) or unemployed (e = 0), hereafter they all retire at the age of 65. The

probability of employment depends upon the individuals age a and the state of the business cycle

n.

Prob(e = 0) = f(a, n) (1.1)

Thus, the probability of employment in the next period is independent of the individuals' current

employment status, so there is no persistence in employment or unemployment spells. The reason

for this simplifying assumption is the fact that our chosen period length of one year is far longer than

the average unemployment spell in the US. This means that there is already su�cient persistence

in unemployment without including more.1

The business cycle process, n, is a two-state Markov process. The economy is either in a boom

G or a recession B, and the transition matrix for this process is given by

T =

[
πGG πGB

πBG πBB

]
. (1.2)

The e�ect on the individuals of this business cycle process is here solely on the unemployment risk,

f(a, n). The unemployment probability is higher in recessions than in booms, f(a,B) > f(a,G),

for any given age.

Employed individuals are paid an age dependent wage, wa, by their employer. Unemployed

1On the other hand, according to the World Bank about 12 % of the unemployed in the US over the last 25
years have been long term unemployed. Long-term unemployment is here de�ned as being unemployed for more
than a year. Therefore, it might be suitable for the model to have an unemployment period of one year to take the
conditions of the long-term unemployed into account.
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individuals, on the other hand, receive unemployment bene�ts paid by the government. These

unemployment bene�ts pay a constant share, b, of the wage the individuals would have received if

they had been employed. When retired the individuals receive a constant yearly pension, p, from

the government to supplement their own retirement savings. To �nance the unemployment and

pension payments, the government collects a constant proportional tax, τ , on all three types of

income. Thus, the individuals state-dependent disposable income is

I(a, e) =


(1− τ)wa if a < 65 and e = 1

(1− τ)bwa if a < 65 and e = 0

(1− τ)p if a ≥ 65.

(1.3)

The individuals can use this disposable income either for consumption, c, right away or save it for

future consumption on a transaction account, which pays a constant interest rate, r. The individ-

uals are liquidity constrained, such that the balance on the transaction account must be positive

at all times. Thus, they cannot borrow at all. Individuals decide between consumption and saving

by maximizing their lifetime utility, U , subject to their budget and liquidity constraint.

max
{ca}100

a=23

U = E

[
100∑
a=23

β(a−23)ρa
c1−γ
a − 1

1− γ

]
where γ, β > 0. (1.4)

s.t.

Sa+1 = (1 + r)Sa + I(a, ea)− ca for a ∈ {23; ...; 99} (1.5)

Sa ≥ 0 for a ∈ {23; ...; 100} (1.6)

S23 = S̄ (1.7)

As in Lucas (1987), the individuals have time-separable CRRA preferences, with the discount

factor β and a constant relative risk aversion coe�cient γ. The lifetime utility of mortal agents is

handled in the same way as in Yaari (1965). Here it is assumed that the utility of the deceased is

zero, which is why the instantaneous utility is multiplied with the individuals' probability, ρa, of

being alive in the given period.2 In addition to their budget (1.5) and liquidity constraint (1.6),

the individuals have to take their exogenously given initial asset holding, S̄, into account.

2Note that we do not introduce actuarial notes as in Yaari (1965). The saving technology here is a straightforward
bank account with a constant interest rate.
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As mentioned above, the government �nances unemployment bene�ts and pensions through

a proportional income tax. The expected current value of the revenue from the income tax and

the expected current value of the expenditures to unemployment bene�ts and pensions for one

individual are given by

IT e(τ) = τE

[
64∑

a=23

(1 + r)−(a−23)ρa ((1− f(a, n))wa + f(a, n)bwa) +
100∑
a=65

(1 + r)−(a−23)ρap

]

and

PBe = E

[
64∑

a=23

(1 + r)−(a−23)ρaf(a, n)bwa +
100∑
a=65

(1 + r)−(a−23)ρap

]
,

respectively. In addition to these conventional entries in the public budget, the imbursement

and reimbursement of bequests are also included. There is no inter-generational link between

individuals in the model. Thus, the individuals have no incentive to leave bequests. Even so,

some individuals might die while they are still holding assets. To ensure that these savings do not

vanish, it is assumed that the government has a 100% taxation on bequests. The expected current

value of the revenue from this bequest taxation on one individual is

BT e =
100∑
a=23

(1 + r)−(a−23) (ρa − ρa+1)E [Sa+1] .

On the other hand, the government also pays out the initial savings, S̄, to the 23-year-old individ-

uals that are entering the model.

As in Krebs and Sche�el (2014) we want to allow the government to have a constant tax

rate, τ , and unemployment bene�t replacement rate, b, over the business cycle. In this way, the

government is not forced to have a counter-cyclical tax rate or a pro-cyclical unemployment bene�t

rate in order to balance the public budget every period and thereby unrealistically increase the

adverse e�ects of business cycle �uctuations. Therefore, the government sets the tax rate such that

the ex ante expected current value of an individual's tax payments equal the expected current value

of unemployment bene�ts, pension payments and the initial saving donation from the government

IT e(τ) +BT e = PBe + S̄. (1.8)
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3

However, condition (1.8) does not ensure a sustainable public budget in an economy with

business cycles. The ex ante expected debt level is zero, but realized de�cits (surpluses) in bad

(good) states of the business cycle are not expected ever to be paid back (cashed in). To solve this

problem, we implement government consumption, Gn, which the individuals do not care about, and

which therefore does not a�ect their utility.4 The government �nances its consumption through a

land tax, T , which is constant over time. The land tax eats up all the surplus from the land, such

that the individuals have no extra income from the land. The government sets its consumption

such that on average it is equal to the land tax, E [Gn] = T , but let it increase and decrease with

the business cycle, such that the public budget always balances. Thus,

∆Gn = ∆ITn + ∆BTn −∆PBn − S̄

where ∆Gn ≡ Gn − E [Gn],

∆ITn ≡ τ

[
64∑

a=23

ρa ((1− f(a, n))wa + f(a, n)bwa)

]
− τE

[
64∑

a=23

ρa ((1− f(a, n))wa + f(a, n)bwa)

]
,

∆BTn =
100∑
a=23

(ρa − ρa+1) {Sa+1 − E [Sa+1]} ,

∆BTn =

[
64∑

a=23

ρaf(a, n)bwa

]
− E

[
64∑

a=23

ρaf(a, n)bwa

]
.

These rather arti�cial additions (Gn and T ) to ensure a balanced public budget are in quantitative

terms a small adjustment to the model. For the baseline calibration of the model presented below,

the absolute value of ∆Gn in good and bad states is only 0.36% of the GDP in the model (excluding

land taxes).
5

3Condition (1.8) equal expected the taxes and bene�ts for an individual entering the model, not for individuals
already in the model. Therefore we assume that when the bene�t, pension and tax system initial was started, it
was only applying for the individuals entering the model. Thus, the individuals in retirement when the system
was introduced, who therefore had paid no taxes to the system were not eligible for pension payments. Thus, the
government does not have a social debt.

4Alternatively, the government consumption could be added to the individuals utility as a separate term without
a�ecting the results.

5An alternative approach could have been to keep track of the public debt and constrain the government's debt
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1.3 How to Calculate the Business Cycle Costs

We wish to �nd the welfare costs of the business cycle �uctuation in the economy described in

section 1.2. Fundamentally, we use the same measure for business cycle costs as Lucas (1987).

However, we take into account that the measure must be generalized when the model no longer

has a representative agent. As in Lucas (1987), the business cycle costs are calculated as the relative

consumption increase, λ, which is necessary to compensate the individuals in the economy for the

existence of business cycles. In other words, λ is the relative consumption compensation that

ensures that the individuals in the economy with business cycles are as well o� as the individuals

in the economy without business cycles. Hence, λ is found by

E

[
100∑
a=23

β(a−23)ρa
((1 + λ)cwa ) 1−γ − 1

1− γ

]
= E

 100∑
a=23

β(a−23)ρa

(
c
w/o
a

)
1−γ − 1

1− γ

 (1.9)

or

λ =

∑100
a=23 β

(a−23)ρaE
[(
c
w/o
a

)
1−γ
]

∑100
a=23 β

(a−23)ρaE [((cwa ) 1−γ]


1

1−γ

− 1, (1.10)

where {cwa } 100
a=23 is the optimal consumption stream in the economy with business cycles, and{

c
w/o
a

}
100
a=23 is the optimal consumption stream in the economy without business cycles. {cwa } 100

a=23

can be found by solving the individuals' optimization problem described in section 1.2.6 To �nd{
c
w/o
a

}
100
a=23, the economy without business cycles must �rst be characterized. That is the aggregate

�uctuations must be removed. In a representative agent framework, this is theoretically easy as

all the risk is aggregate risk. However, in a disaggregated setup like this, the risk is a mixture

of aggregate and idiosyncratic risk. It is not unambiguous how this idiosyncratic risk is a�ected

by the elimination of the aggregate business cycle risk. One extreme is advocated by Atkeson

and Phelan (1994). They argue that the elimination of business cycle �uctuations leaves the

individual workers' employment probabilities unchanged and only removes the correlation between

workers' employment chances. In a simple setup like this where prices (wage and interest rate)

are exogenous, Atkeson and Phelan's (1994) strategy implies that the consumers' optimization

problem is unchanged by the elimination of business cycle �uctuations, and the business cycle

level over time. However, this would add another state variable to the model and complicate it considerably without
signi�cantly changing the results or furthering the message of the chapter.

6Note that the solution is a stochastic vector depending on the employment history and mortality of the indi-
vidual.
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costs are therefore zero. The other extreme is presented by Baudry and Pages (2001). They argue

that all the idiosyncratic risk is removed along with the business cycle �uctuations. Krusell et. al

(2009) are positioned between these two extremes. They present the integration principle which

generalizes Lucas' (1987) idea for business cycle measurement into a disaggregated framework with

idiosyncratic risk.

We will here apply Krusell et al.'s (2009) integration principle. This is done by �rstly isolating

each individual's idiosyncratic employment risk in a single �luck� variable, i. i is an uniformly dis-

tributed variable, i ∼ u(0, 1). The higher i is, the better is the individual's chance of employment.

i remains unchanged when the business cycles are eliminated from the economy. In the economy

with business cycles, the employment status for an individual with a given age and state of the

business cycle is given by

ew(a, n, i) =

1 if i ≥ f(a, n)

0 if i < f(a, n)
. (1.11)

7 The employment process for the economy without business cycles is then found by integrating

ew(a, n, i) over the states of the CDF of the business cycles, Qn(n). Hence,

ew/o(a, i) =

ˆ

n

ew(a, n, i)dQn(n) =


1 if i ≥ f(a,B)

πG if f(a,G) ≤ i < f(a,B)

0 if i < f(a,G)

. (1.12)

Here πG is the unconditional probability for the business cycle to be in the good state. Thus, for

low values of i the individual is unemployed in both states of the business cycle. Therefore, the

individual is also unemployed in the economy without business cycles. The opposite is true for

high values of i. It is the intermediate values of i that are interesting. That is i ∈ [f(a,G); f(a,B)[.

For these values of i the individual would have been unemployed in a recession, but would have

found employment in a boom. Therefore, in the economy without business cycles, the individual's

employment status is the probability that he would have found a job in the economy with business

cycles. That is the probability of a boom, πG.

The elimination of the business cycles also directly a�ects the income function which for the

economy with business cycles is given by

7This is the same as described in section 1.2.
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Iw(a, i, nt) =


(1− τ)wa if a < 65 and i ≥ f(a, n)

(1− τ)bwa if a < 65 and i < f(a, n)

(1− τ)p if a ≥ 65

. (1.13)

Applying the integration principle again yields

Iw/o(a, i) =



(1− τ)wa if a < 65 and i ≥ f(a,B)

(1− τ)(πGwa + (1− πG)bwa) if a < 65 and f(a,G) ≤ i < f(a,B)

(1− τ)bwa if a < 65 and i < f(a, nt)

(1− τ)p if a ≥ 65

(1.14)

Now the optimal consumption stream for the stabilized economy,
{
c
w/o
a

}
100
a=23, can be found by

using the employment process and income function in equations (1.12) and (1.14) in the model

setup described in section 1.2 and solve the individuals' utility maximization problem. Finally,

the business cycle costs, λ, are given by inserting {cwa } 100
a=23 and

{
c
w/o
a

}
100
a=23 in equation (1.10).

However, it is necessary to calibrate the model before the individuals' optimization problem can

be solved.

1.4 Calibration of the Model

Individuals enter the model at the age of 23 and do not reach an age higher than 100 years. The

period length is set to one year to keep the model computationally attractive. The age dependent

death rate is set to match the mortality rates for the US reported by the National Vital Statistic

System.

The two states of the business cycle are assumed to be equally likely, and the expected duration

of a business cycle is assumed to be 4 years. With a period length of one year, this implies that

πG = πB = πGG = πGB = πBG = πBB = 1
2
. The unemployment bene�t compensation rate, b,

is set to 30%, and the pension compensation rate is set to 47.6% of the average wage over the

individuals' lifespan. The discount factor, β, is set to 0.92 and the interest rate, r, is set at 1%. The

interest rate is set low because it is the return on a highly liquid transaction account. According

to Ibbotson and Sinque�eld (1979), this type of asset has historically had a real return close to

zero.
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The age and business cycle dependent employment process is calibrated using aggregate data

from the Bureau of Labor Statistics (BLS) on age speci�c unemployment rates from 1982-2013. For

each age cohort, the employment probability is set such that the model's aggregate unemployment

rate has the same mean and variance as those observed for the age cohort by BLS. However,

we modify the BLS measure for the unemployment rate a little. BLS de�nes the unemployment

rate as the ratio between unemployed workers and workers in the labor force, but our model

does not have an out of the labor force state. Additionally, Imrohoroglu (1989) points out that

business cycles also create �uctuations in the work force participation rate. E.g. some workers are

discouraged during recessions and fall out of the labor force. This should be taken into account

in the estimation of the business cycle costs, but is not included in the BLS's unemployment rate

measure. Therefore, we hp-�lter the workforce participation rate and add the cyclical element to

the BLS's unemployment rate measure. This increases the volatility of the unemployment rate

and takes business cycle caused variations in workforce participation into account. The resulting

age and business cycle dependent unemployment rate for the model is graphed in �gure 1.1 and

�gure 1.2.

Figure 1.1:
The mean and standard deviation of the unemployment rate for each cohort
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Figure 1.2:

As can be seen in �gure 1.1 both the mean and the variance of the unemployment rates are

signi�cantly higher for young individuals than older individuals. Additionally, both the mean and

the variance decrease sharply during the individuals' twenties and early thirties hereafter they

level. This means that the high and volatile unemployment levels are limited to the beginning

of the individuals' careers. As their positions in the labor market become more established, their

unemployment rate decreases and becomes less sensitive to business cycle �uctuations.

The wage-age pro�le is calibrated to match the average wage pro�le for age-cohorts in the Panel

Study of Income Dynamics (PSID). We here use the same smoothing of the wage-age pro�le as

Rupert and Zanella (2012). See �gure 1.3.
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Figure 1.3:
Wage-age pro�le

The wage increases rapidly in the beginning of the individuals' working careers. This taken

together with a steeply decreasing average unemployment rate implies that the expected earnings

of the individuals increase signi�cantly during their �rst years on the labor market.

Figure 1.4:
Expected disposable income age pro�le

This increasing income age pro�le makes it quite costly in terms of utility for the individuals

to build up e�ective precautionary savings. Income risk aside, the young individuals would not

have any savings. Retirement is too far in the future to start worrying about, their discount rate is

higher than the interest rate, and they are expected to earn considerably more in the future than
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they do now. So if possible they would borrow money instead of saving. Thus, the precautionary

saving are expensive to build up since the savings must be created in a low income period of life.

Therefore, a risk reducing stabilization of the economy will substantially increase welfare as it

decreases the need for precautionary savings. As we shall see below, the increasing income pro�le

signi�cantly increases the business cycle costs.8

The two last parameters to calibrate are the initial asset holding, S̄, and the relative risk

aversion coe�cient γ. These are set such that the model's asset-age pro�le mimics the empirically

observed asset accumulation through lifespan. The model's asset-age pro�le is found by solving the

individuals' utility maximization problem for given values of S̄ and γ. This is done by rewriting

the problem to a Bellman equation:

Va(Sa) = max
ca

{
c1−γ
a − 1

1− γ
+ βρaE [Va+1 (Sa + I(a, ea)− ca)]

}
(1.15)

The problem can be solved by backwards induction, because it has a last period. The Bellman

equation for each period is solved by a grid search over the relevant positive values of Sa.

The empirical asset accumulation data is drawn from the National Longitudinal Survey of

Youth 1997 (NLSY97) and the Survey of Consumer Finances (SCF). The NLSY97 has data on the

asset accumulation of individuals in their twenties and early thirties. As the sample population has

only reached an age of 30-35 years today, there is naturally no data for older individuals. Therefore,

data from the SCF is used for individuals aged 35 years older.9 An important issue here is which

empirical measure for wealth our model's asset holdings are comparable to. The model's asset

holdings are highly liquid savings with low interest. These savings are intended for retirement and

as precautionary savings in case of unemployment. Thus, the best empirical measure for this in the

NLSY97 is the �nancial assets of the households. In the SCF, the �nancial asset types are put into

multiple categories. The asset types held by most households are transaction account savings and

8Even though we focus on the young individuals' income development it is also worth noting that the expected
income keeps increasing throughout the individuals' working careers. This is a controversial assumption as some
studies (e.g. Rupert and Zanella (2012)) �nd that average income decreases in the last years before retirement.
The reason this is not the case for our data is that we do not take into account that individuals often scale down
working hours before retirement. As we have not endogenously modelled the retirement decision endogenously we
do not include this easing into retirement. The reason for this simplistic treatment of retirement is that it does not
matter for the magnitude of the business cycle costs, as the individuals in this part of life have the necessary bu�er
savings to protect themselves. E.g. if we alter the wage-age pro�le such that the wage decreaes by 1 % each year
after the individual turned 50 and until the business cycle costs only change by 5 basispoints.

9The reason we does not use the SCF data for the �rst years is that the SCF place all below 35 years of age in
one group.
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retirement account savings. The model's asset measure should de�nitely account for the transac-

tion account, but also to some extent for the retirement savings since some of the savings done by

the individuals in the model are earmarked for retirement. In real life, however, there are many tax

advantages to be utilized in connection with saving up for retirement, which are not included in our

model. Thus, it is unrealistic to think that the model's savings can account for all the retirement

savings that are made in the real economy. Therefore, in the calibration we aim to have model

savings higher than the empirically observed transaction account holdings, to take into account

the incentive to save for retirement, but lower than the sum of the empirically observed transaction

account holdings and retirement savings, to take into account the lack of tax advantages in the

model. The empirical and model measures for capital accumulation are summarized in table 1.1

and table 1.2. The ratio between savings and income, SR = S
I
, is used to get a comparable measure.

Age 23 25 30

Financial Assets NLSY97 0.11 0.18 0.30

Model Savings 0.11 0.21 0.28

Table 1.1: Saving income ratio at given ages. The empirical measure is the ratio between �-

nancial asset holding and income in the NLSY97.

Age <35 35-44 45-54 55-64 65-74 >75

Transaction Account 0.19 0.26 0.27 0.46 0.54 0.98

Retirement Account 0.13 0.61 0.96 1.55 2.18 1.36

Sum of Accounts 0.42 0.87 1.23 2.01 2.72 2.34

Model Savings 0.24 0.30 0.32 0.83 2.10 0.07

Table 1.2: Average saving income ratio over given age intervals. The empirical measures are

the ratio between transaction account holdings and income, retirement account holdings and income

in the SCF, respectively.

The initial savings, S̄, are calibrated to 0.10 to match the saving income ratio in the NLSY97 at

the age of 23. The relative risk aversion coe�cient, γ, is set to 3.0 to �t the saving accumulation to

the empirical observations. The focus has been on calibrating γ such that the asset accumulation

has the best possible �t for the early years for a realistic level of risk aversion. Less focus has been

given to the later years' �t. The better �t for the early years is prioritized because as we shall

see below, it is in the early years of the individuals' careers that the costs of the business cycles
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are located. Thus, the development of asset accumulation in the later years does not in�uence the

magnitude of the business cycle costs.

The model does an acceptable job of �tting the asset accumulation of the individual except

for individuals older than 75 years. This is probably because the model completely ignores the

incentive to leave bequests and does not take into account that there is a positive correlation

between wealth and survival probability.

1.5 Results

To �nd the business cycle costs, λ, for the given parametrization of the model, we need to calculate

E [(cwa ) 1−γ] and E
[(
c
w/o
a

)
1−γ
]
for a = {23, ...100} according to equation (1.10). This is achieved

by solving the individuals' problem as described in section 1.4 and run 100,000 simulations of the

model. Then the averages of (cwa ) 1−γ and
(
c
w/o
a

)
1−γ for a = {23, ...100} are used as estimates of the

expected values. The resulting estimate of the business cycle costs is 1.57%, which is non-negligible

level of welfare costs. It is at least one order of magnitude larger than Lucas' estimate.

The inclusion of (1) a �nite lifetime, (2) increasing expected earnings during the working ca-

reer, and (3) decreasing business cycle dependent unemployment risk during the working career,

increases the business cycle costs signi�cantly. Table 1.3 presents the business cycle costs if one or

more of these three elements are not included in the model.

Business Cycle Costs

Baseline Model with Elements (1), (2), and (3) 1.57%

Model 2 with Elements (1) and (3) 1.32%

Model 3 with Elements (1) and (2) 1.13%

Model 4 with Element (1) 0.98%

Model 5 none of the Three Elements 0.16%

Table 1.3: Business cycle costs for di�erent model frameworks

Model 5 is the in�nite horizon model with in�nitely living households, but otherwise it is

comparable to our baseline model.10 The business cycle costs are relatively small in model 5

as the households have all the time they need to build up precautionary savings. The in�nitely

living households have an average saving income ratio of 0.50. This is 5 times as large as the

10Model 5 is comparable to Imrohoroglu's (1989) model. However, as the calibration and the stabilization method
are di�erent in Imrohoroglu's paper so are the estimated business cycle costs.
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savings for a 23-year-old in the baseline model and almost double that of a 30-year-old. The

�nitely living individuals do not reach this level of precautionary savings, until they really start

saving for retirement in their forties and �fties. Thus, the in�nitely living households have a very

e�ective bu�er against unemployment, and the business cycle costs are therefore limited. Hence,

introducing a �nite time horizon as done in model 4, in itself increases the business cycle costs by

one order of magnitude.

Model 3 adds an increasing expected income age pro�le until retirement. As argued above this

decreases the incentive to save, which is con�rmed by the numbers in table 1.4. The individuals

are willing to save signi�cantly more in model 4 than in model 3, which provides better bu�er

savings.

Age 23 25 30

Model 3 (increasing expected income age pro�le) 0.10 0.21 0.28

Model 4 (�at expected income age pro�le) 0.07 0.24 0.34

Table 1.4: Saving income ratios for models 3 and 4 for the young individuals

In model 2 it is taken into account that young individuals have more business cycle dependent

employment chances than others, which was observed in �gure 1.1. This implies that they will

also have the greatest gain from a stabilization of the economy. This is also due to the fact that

they are the most exposed to �uctuations due to their low savings. Hence, the business cycle costs

increase markedly when we go from model 4 to 2.

Putting all three elements together in our baseline model, they complement each other in

increasing the business cycle costs. To sum up, element (1) creates a young generation in the

model with limited initial wealth. Element (2) decreases their incentive to expand that initial

wealth which leaves them more exposed to business cycle risk. Finally, element (3) places the bulk

of the business cycle related income risk with the young. Thus, all three elements increase the

business cycle costs by targeting the young. Note here that the presented business cycle costs are

the welfare decrease by living your whole life in an economy with business cycles compared to living

your whole life in an economy without business cycles. Thus, the welfare gain of a stabilization of

the economy is here presented from the perspective of a 23-year-old or a younger individual, who

yet has to enter the model. It might also be interesting to consider the business cycle costs from

the perspective of an individual who is strictly older than 23 years and has lived with business

cycle costs until now. How large a welfare gain would he achieve from a stabilization today and
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henceforth? A measure for this can be gained by altering equation (1.10) a little.

λq =

∑100
a=23 β

(a−23)ρaE
[(
c
w/o
a,q

)
1−γ
]

∑100
a=23 β

(a−23)ρaE [((cwa ) 1−γ]
− 1, (1.16)

where
{
c
w/o
a,q

}
100
a=23 is the optimal consumption stream for an individual who lives in an economy

with business cycles until he is (q− 1) years old, and then unexpectedly the economy is stabilized

in his q'th year such that he can live in an economy without business cycles for the rest of his life.

Thus, λq is the welfare costs of business cycle �uctuations for living the remainder of your life in

an economy with business cycles, seen from the perspective of a q year-old. Figure 1.5 shows the

business cycle costs for a given age of the individual.

Figure 1.5:
Business cycle costs for each age cohort

Figure 1.5 con�rms our expectation. The business cycle costs are largest for the young indi-

viduals in their twenties, whereas individuals from their forties and up have su�cient savings and

a relatively shorter time left working to reap the bene�ts of a stabilization of the economy. This

means that their business cycle costs are of a negligible magnitude.11 The average business cycle

11The business cycle costs for individuals close to or in retirement are actually marginally negative. This is due
to the fact that these individuals have only a few or no years left working. The possible positives they could gain
from a business cycle elimination are few, and the negative of such an elimination is a higher income tax rate, τ .
The income tax rate, τ , is 13.96% in the economy with business cycles and 13.98% in the economy without business
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costs for an individual in the model economy are 0.14%. This is approximately the same level of

business cycle costs as in model 5 with in�nitely living households. Thus, our modi�cations to

this model do not change the business cycle costs on average for the currently living adults, but it

shows that these business cycle costs are very unequally distributed over the age cohorts.

Therefore, if we should �nd a new subtle policy to stabilize the economy further, it would on

average have a small welfare e�ect for the people implementing it. However, for the young and

future generations, it would potentially have a substantial welfare e�ect.

1.6 Concluding Remarks

Our study highlights the same issues as Krusell et al. (2009) and Storesletten et. al. (2001); there

are large welfare costs associated with business cycle �uctuations, but these costs are very unequally

distributed. Thus, the most e�ective policy to limit the costs of business cycle �uctuations might

not be a stabilization of the whole economy. Rather a policy that reduces the business cycles'

e�ect on the exposed groups in the economy might be the right solution. In our model such a

policy should aim at decreasing young individuals' income risk in connection with unemployment

either by decreasing youth unemployment through better education and retraining or by increasing

the unemployment bene�ts for young individuals. Our model framework in its current form is,

however, not equipped to analyze such policies as the employment process is completely exogenous,

and therefore does not take either skills from education nor the distorting e�ects of unemployment

bene�ts into account. An interesting subject for further research could therefore be to implement

an endogenous employment process which would enable the model to analyze subtle policies that

might limit the welfare costs of business cycle �uctuations.

cycles. This is because individuals save less in the economy without business cycles which implies a lower revenue
from bequest taxation. Therefore, the government has to charge a higher income tax in order to balance the public
budget.
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2 Business Cycle Costs in an Economy with Two Assets

Max Weiss Dohrn, Aarhus University

Abstract

In this paper we setup a model framework with �nitely living and liquidity constrained

individuals, who build up precautionary savings to protect themselves against unemployment

and business cycle risk. The individuals can invest their savings in both a risk-free asset and

a risky asset with a high expected return. We examine how the individuals' choices of asset

composition a�ect the welfare costs of business cycle �uctuations. We �nd that the presence

of a risky asset does not signi�cantly change the magnitude of the business cycle costs.
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2.1 Introduction

Lucas (1987) started the estimation of the welfare costs of business cycle �uctuations. He �nds

that the business cycle costs in the post war period in the US have been of a negligible magnitude,

and a further stabilization of the economy therefore at best is a waste of time. This result is based

on a representative agent model, with a risk averse agent, who has CRRA preferences. Lucas then

calculates the utility for the agent given a consumption stream with �uctuations, comparable to

the �uctuations in the US economy in the post war period, and compares this utility to the utility

the agent has if there are no �uctuations in the consumption stream. A series of papers have since

then examined the costs of business cycle �uctuations by extending Lucas' simple model in various

ways. There seems to be three general approaches to extend the model. Our study extends this

literature by combining two of these approaches.

The �rst approach analyzes how business cycle �uctuations a�ect the optimal saving and invest-

ment decisions, and how this a�ects the long-run growth in the economy. Epaulard and Pommeret

(2003) �nds that a stabilization of the economy either increases or decreases the optimal saving

level in the economy depending on the agent's intertemporal preferences. In either case this changes

the long-run growth and welfare level. Epaulard and Pommeret (2003) then examines how much

the welfare increases if the agents are allowed to update their saving level to the new optimum

compared to if they have to keep the same saving level as before the economy was stabilized. They

�nd that the update of the saving level only has a limited e�ect on welfare. Barlevy (2004), on the

other hand, shows that a change in investment strategy can have a pronounced e�ect on welfare.

Business cycle �uctuations create �uctuations in investments. Given a very convex adjustment cost

function on investments, �uctuations are very costly, and the long-run growth can be increased

substantially by stabilizing the economy and the investment level.

The second approach is to depart from the representative agent framework. It requires an

e�ectively complete market for a representative agent to exist. However, it is in general di�cult

to purchase complete insurance against labor income risk due to moral hazard problems. Thus,

the �nancial market is assumed to be incomplete, and agents are endowed with a business cycle

dependent and idiosyncratic labor income risk which they cannot diversify away. Imrohoroglu

(1989) �nds that the inclusion of this idiosyncratic risk in addition to the aggregate business cycle

risk increases the welfare gain from a risk reducing stabilization of the economy. Krusell et al.

(2009) and Storesletten et al. (2001) extend Imrohoroglu's (1989) model by making the agents

heterogeneous with respect to wealth accumulation and age, respectively. They �nd that the poor

households and the young households are more exposed to business cycle risk and therefore have
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signi�cant welfare costs due to business cycle �uctuations.

The third approach to extend Lucas' (1987) model is to depart from the CRRA utility func-

tion, and instead use a more evolved possibly time-non-separable utility function which makes it

more plausible that the representative agent should have large welfare costs from business cycle

�uctuations.

In this chapter we combine the two �rst approaches. We analyze the e�ect of business cycle

�uctuations on the optimal investment strategy when the �nancial market is incomplete, including

how the investment strategy a�ects the size of business cycle costs.

More speci�cally, the individuals in our model have an idiosyncratic labor income risk due

to business cycle dependent unemployment risk. As the individuals cannot buy a labor income

insurance portfolio due to an incomplete �nancial market and are liquidity constrained, as they

are not allowed to borrow, they build up precautionary savings as a bu�er against unemployment.

As in Storesletten et. al (2001) we use an OLG model, where the individuals are heterogeneous

with respect to their age. The individuals only have a �nite lifetime and in the last part of it

they are retired, which gives the individuals another incentive to save. The precautionary savings

and savings for retirement have to be invested in some assets. Here the individuals can choose

between two types of assets. A risk-free asset with a constant return and a risky asset which has

a stochastic return with a higher expected return than the risk free asset. Thus, the individuals'

optimal investment strategy is an e�cient tradeo� between risk and a high return. This risk-return

tradeo� depends on the individuals' labor income dynamics, which again depends on the state of

the business cycle. Thus, in the same way as Epaulard and Pommeret (2003) �nds a welfare

increase when the individuals' update their investment level in response to a stabilization of the

economy, we �nd a welfare increase when the individuals update their portfolio composition in

response to a stabilization of the economy.

The reason we analyze the investment strategy for individuals in an OLG model with an incom-

plete �nancial market is that these individuals' investment decisions are more a�ected by business

cycle �uctuations than a representative in�nitely living agent's investment decisions are. The young

individuals in the OLG framework do not have e�ective precautionary savings. Furthermore, the

expected income increases over their working careers, and in a life-time perspective it is therefore

counter-productive for the young individuals to save up as they wish to smooth consumption over

their life-span.12 Without e�ective precautionary savings and with an incomplete �nancial market

that does not allow for unemployment insurance the young individuals risk to �nd the liquidity

12Retirement is too far in the future to matter for these young individuals.
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constraint binding when they are unemployed. This deceases their incentive to invest in the risky

asset. A binding liquidity constraint implies that the individuals have to decrease current con-

sumption if the return on the risky asset is negative. If the constraint is not binding, individuals

can just reduce their savings when the return on the risky asset is negative and thereby spread the

loss in terms of consumption over several periods, which is preferable. Business cycle �uctuations

increase the income risk in connection with unemployment, and therefore also increase the risk of

becoming liquidity constrained, especially for the young individuals. Business cycle �uctuations

hereby decrease the incentive of the young to invest in the risky asset and earn a higher return

on their assets. A representative in�nitely living agent, on the other hand, has the time and in-

centives to build up e�ective precautionary savings. He is therefore unlikely to become liquidity

constrained, and his investment decision is therefore less a�ected by business cycle �uctuations.

Given our calibration, a removal of the business cycle �uctuations in the economy indeed induces

the individuals to increase the risk in their investment portfolio. In total, the risky assets' share

of asset holdings increases by 9.86% on average, and 11.43% for the individuals still in the labor

force, whose incomes are directly a�ected when the economy is stabilized. However, even though

the distribution between the two assets changes substantially, it does not a�ect the magnitude of

the business cycle costs.

The welfare costs of business cycle �uctuations are 2.65% of total consumption in our model. As

concerns welfare costs this is relatively high. This is due to young individuals lack of precautionary

savings, which leaves them very exposed to unemployment risk. With a high risk level, they

therefore bene�t greatly from a risk reducing stabilization of the economy, as found by De Santis

(2007). However, only an insigni�cant part of the welfare gain from an elimination of the business

cycles is due to the individuals updating their portfolio composition in response to the stabilization

of the economy. The business cycle costs are 2.61% if the individuals do not update their portfolio

composition to the new optimum in the stable economy. Furthermore, if only the risk-free asset is

available in the model, the business cycle costs are 2.72%.

Hence, as Epaulard and Pommeret (2003) we �nd that the individuals' re-optimization of their

investment strategy in response to the stabilization of the economy has a very small e�ect on

their welfare. It means that even though the individuals increase the risk level in their asset

portfolio substantially when the business cycles are eliminated, the costs of business cycles are

hardly a�ected. The utility function must therefore be very �at about optimum with respect to

the portfolio composition choice. Thus, the business cycle costs can be well estimated without

taking the portfolio composition choice into account.
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The remainder of the chapter is organized as follows. Section 2.2 describes the model setup for

an economy with business cycle �uctuations. Section 2.3 explains how the business cycle costs are

calculated, and in this connection presents the model setup for an economy without business cycle

�uctuations. Section 2.4 calibrates the model, and section 2.5 explains how the model is solved.

Section 2.6 analyzes the results, and �nally section 2.7 o�ers some concluding remarks.

2.2 Model Setup

Before we go into details with the model setup, let us �rst take a quick overview of the most

important features in the model.

The economy consists of many �nitely living individuals, who �nance their consumption by

working for and investing in �rms. The individuals are heterogeneous with respect to their working

abilities, and it might therefore take a while before a worker �nds a �rm to match up with. The

job-�nding probability, the probability of holding on to a job and the productivity of a job are all

age-dependent. Generally, the older workers have to look longer for a job, but they are better at

holding on to it and are more productive than their younger colleagues. In addition, both the job

�nding probability and job separation probability depend on the state of the business cycle. The

workers receive unemployment bene�ts and pensions from the government, but these are lower

than their wage income. Thus, both the risk of unemployment and the prospect of retirement

give the individuals a strong incentive to save and invest some of their earnings. They can here

choose between two types of assets: A risk-less asset with a constant return and a risky asset with

a stochastic return. The individuals are liquidity constrained in their investment strategy such

that the sum of their position in the two assets must be weakly positive at the end of each period.

Thus, they may borrow in the risk-less asset as long as they hold security in the risky asset. It is,

however, still limited how much they can borrow this way as the liquidity constraint must hold in

all states of nature, including the one where the worker loses his job and his risky investment goes

the wrong way.
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2.2.1 Firms

The consumer goods are produced by �rms using the following production technology:

Y =
ā∑

a=a

WaLa + η1K1 + η2,NK2 + L̄ (2.1)

The consumer products, Y , are produced using three separate inputs: Labor, L, risk-less capital,

K1, and risky capital, K2. The available labor is grouped according to the age, a, of the workers

as the productivity, Wa, of the workers depends upon their age. The productivity of the risk-

less capital, η1, is constant whereas the productivity of the risky capital, η2,N , is stochastic and

depends on the state of the business cycle, N . 13 L̄ is the production surplus from farm land, which

is constant over time and completely owned or taxed by the government to �nance government

consumption.14

The �rms hire and �re workers according to an exogenous process described below. The two

types of capital are rented from investors at the rates r1 and r2,N , respectively. There are in�nitely

many �rms and they compete under perfect competition. Thus, each input in the production is

paid its marginal product minus depreciation δ. A worker of age a receives a wage of Wa, and

risk-free and risky capital investments have a gross return of, respectively

1 + r1 = η1 − δ1 = 1 + rf

and

1 + r2,N = η2,N − δ2 =

1 + r̂N with prob. pN

1− r̂N with prob. 1− pN
.

rf , r̂ ∈ (0, 1), thus, the gross returns on both assets are positive, but the net return on the risky

asset might be negative. For the risky asset to be relevant to the risk averse investors, its expected

return must be higher than the risk-free return for all states of the business cycle. Thus,

E [1 + r2,N ] > 1 + rf .

13We apply a linear production function to avoid general equilibrium e�ects on the factor prices, Wa, η1 and η2,
in order to keep the model simple.

14We will return to why we implement the land tax in the model later in the chapter, when we describe the public
budget.
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The individuals work for the �rms and receive a wage, Wa, depending on their age, and if un-

employed, they receive unemployment bene�ts from the government, bWa. Should the individuals

want to save some of this labor income for later consumption, they can invest in either the risk-free

or risky asset depending on their preferences towards the tradeo� between a high expected return

and risk.

2.2.2 The Bank

We implement a bank in the model to enable short selling. As we shall see later, the individuals in

the model are very fond of investing in the risky asset. Therefore, without the option to short sell

the individuals will most of the time just invest all their savings in the risky asset. This boundary

solution does not leave much room to analyze interesting changes in portfolio composition in

response to changes in the business cycle structure. Therefore, we allow short selling. This moves

the boundary for the portfolio choice, and thereby gives us an internal solution which is far more

interesting to analyze.

The individuals can borrow money in the bank. However, the bank demands a one to one

security in capital for all loans, and demands the loan paid back immediately if the capital held as

security should fall to a value below the value of the loan. We assume that the bank is not willing

to take any default risk on its loans. Therefore, the bank does not lend more than its customers

can pay it all back in the next period for all states of nature. Without any default risk the bank

can lend its money at the risk free interest rate rf . 15 Thus, the bank enables the individuals to

short the risk free asset to purchase the risky asset such that they can get a more risky portfolio.

As the bank demands security for its loans, the individuals cannot use the loan for consumption

today and pay the loan back later. The individuals are still liquidity constrained

K1,a +K2,a ≥ 0 ∀a.

It is also limited how much individuals can short the risk free asset as they must be able to balance

15We assume that the bank receives capital from the government to �nance its lending activity. Alternatively, we
could have assumed that the bank o�ered deposit accounts matching the risk free asset with an interest rate equal
to the risk free rate in order to �nance its lending activities. However, with the interest rates exogenously �xed
there is no guarantee that the bank can get su�cient funding this way since the risk hungry investors might very
well want to have a negative position in the risk free asset in total. Therefore, to avoid these complications we just
let the government provide the funding. This does not give the government any long term expenditures as there are
no defaults, and the interest rate on the loans is the same as the interest rate on the assets the government would
otherwise have invested in.
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their account in all states of nature. Thus, the bank loan limit is such that the individuals always

have a positive amount of available resources even when the labor income, I, is at its minimum

and the risky asset has a negative net return.

0 ≤ min Ia +
(
1 + rf

)
K1,a + (1− r̂N)K2,a

or

−K1,a ≤
min Ia + (1− r̂N)K2,a

1 + rf

2.2.3 The Employment and Business Cycle Processes

The individual workers in the economy are heterogeneous with respect to their working abilities

and quali�cations, which implies that there is some matching rigidity to get the workers matched

up with the right �rm. This again implies that some of the workers are unemployed even though

all workers strictly prefer employment. The job-�nding probability, F , for an unemployed worker

depends both on the workers age, a, and the state of the business cycle, N . Thus, F = F (a,N).

When employed the worker does not stay at the �rm for the rest of his life. Due to exogenous

shocks the worker and the �rm might become separated. The separation probability, S, for an

employed worker also depends upon his age and the state of the business cycle. Thus, S = S(a,N).

Hence, the employment process is a �rst order Markov process, with an age and business cycle

dependent transition matrix,

TRemp(a,N) =

(
1− S(a,N) S(a,N)

F (a,N) 1− F (a,N)

)
.

The business cycle �uctuations are modeled as a two-state �rst-order Markov process. The

business cycle can either be in a good, G or a bad B, state. It is both easier to �nd and hold on

to a job in the good state than it is in the bad state.

F (a,G) > F (a,B) ∀a

and

S(a,G) < S(a,B) ∀a.
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The transition matrix for the business cycle process is

TRBus =

(
πGG πBG

πGB πBB

)
,

where πGG (πBB) is the probability of remaining in the good (bad) state of the business cycle, and

πBG (πGB) is the probability of transitioning from the good (bad) state to the bad (good) state of

the business cycle.

Thus, the combined employment and business cycle process is a four state �rst order Markov

process. The four states are: Employed in the good state, EG, unemployed in the good state, uG,

employed in the bad state, EB, and unemployed in the bad state, uB. The transition probabilities

between the four states are given by the transition probability matrix

TR =


πGG (1− S(a,G)) πGGS(a,G) πBG (1− S(a,B)) πBGS(a,B)

πGGF (a,G) πGG (1− F (a,G)) πBGF (a,B) πBG (1− F (a,B))

πGB (1− S(a,G)) πGBS(a,G) πBB (1− S(a,B)) πBBS(a,B)

πGBF (a,G) πGB (1− F (a,G)) πBBF (a,B) πBB (1− F (a,B))

 . (2.2)

Note, it is next period's business cycle state that a�ects next period's employment chances.

The individuals entering the model in their �rst period do not have any employment history.

Their employment state therefore just depends on the state of the business cycle. The probability

of being employed in the �rst period is QN , and QG > QB.

2.2.4 The Individual's Life Cycle, Income and Optimization Problem

The model has an OLG structure. Each period one unit of individuals enters the model. These

individuals have a �nite lifetime such that they each period have a strictly positive probability, da,

of dying and falling out of the model. This death probability, da, is age dependent, with no-one

getting older than the age ā. Hence, dā = 1. Thus, the individuals' probability of being around in

a given period is ρa =
∏a−1

i=1 (1 − di). With this exogenous life cycle structure the distribution of

individuals across the age cohorts is constant over time.

From the individuals enter the model in the �rst period, a = 1, until they retire in period a = â,

the individuals are part of the labor force, and are either employed, e = E, or unemployed, e = u, in

accordance with the employment process described above. When employed the individuals receive

a wage from their employer equal to the marginal product of their work,Wa. When unemployed the

30



individuals are always eligible for unemployment bene�t from the government. The unemployment

bene�t is a constant share, b ∈ (0, 1), of the wage the individuals would have received had they

been employed. Retired individuals receive a constant pension, p, from the government each period

for the rest of their lives. To �nance unemployment bene�ts and pensions, the government collects

a proportional income tax, τ , on all the three types of income. The individuals' after tax income

is

I(a, e) =


(1− τ)Wa for e = E and a < â

(1− τ)bWa for e = u and a < â

(1− τ)p for a ≥ â

The endogenous decision for the individuals is then how much of this income to save and whether

to invest the savings in the risky or risk-free asset in order to maximize their expected life-time

utility.

max
{K1,a,K2,a}āa=1

U = E

[
ā∑
a=0

ρaβ
a c

1−γ
a − 1

1− γ

]
(2.3)

S.t.

ca = Ia +
(
1 + rf

)
K1,a + (1 + r2,N,a)K2,a −K1,a+1 −K2,a+1 ∀a ∈ {0, ..., ā} (2.4)

K1,a +K2,a ≥ 0 ∀a ∈ {0, ..., ā} (2.5)

−K1,a ≤
min Ia + (1− r̂N)K2,a

1 + rf
∀a ∈ {0, ..., ā} (2.6)(

1 + rf
)
K1,0 + (1 + r2,N,0)K2,0 = K̄0 (2.7)

The individuals' utility optimization is subject to a budget constraint (2.4), liquidity constraint

(2.5), and a short selling constraint (2.6). The initial condition (2.7) simply states that the indi-

viduals have a �xed amount available in the beginning of the �rst period. Note that in addition to

the discount factor, β, the utility is scaled by the probability of the individual being alive in the

given period, ρa. Thus, it is implicitly assumed that the utility of the departed is zero.

The individuals' optimization problem has 4 state variables: The employment status, e, the

state of the business cycle, N , the individual's age, a, and the combined asset holding at the begin-

ning of the period K̄a ≡
(
1 + rf

)
K1,a + (1 + r2,N,a)K2,a. The current labor income is determined

by the age and employment status, which together with the business cycle state, also determines

the prospects for future labor income. It is only the total asset holding, K̄a, that is relevant in the

beginning of the period when the net return on the risky asset, r2,N,a, is realized. The distribution
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of the asset holdings between the risky and risk-free assets is only relevant in the end of the period

before the relevant net return on the risky asset is realized. This holds as there are no transaction

costs associated with trading either asset type for consumption or the opposite asset type.

The last piece of the model is to determine the level of income tax, τ , needed in order to �nance

the public expenditures.

2.2.5 The Public Budget

The government �nances unemployment bene�ts and pensions to the unemployed and retired

individuals, respectively. In addition, the government provides funding for the banks, but this

constitutes no long term expenditure as the bank loans are risk free and the funds are paid back to

the government with interest when the individuals pay back their debts. To pay for the unemploy-

ment bene�ts and pensions the government collects an income tax on wages, bene�ts and pensions.

In addition to this the government has another minor income source, which is implemented in the

model to solve a technical problem.

There is no link between generations in the model, and the time of death is a stochastic variable.

Thus, the deceased often leave assets behind without any relatives to pass them onto. To avoid a

black gap in the model economy, where these assets disappear, we assume the government collects

a 100% bequest taxation. Thus, the assets are inherited by the entire society. By the same

thinking the government also pays for the initial asset holdings, K̄0, the individuals receive when

they enter the model. Thus, the bequests go through the government and are distributed to all

new individuals in the model.16

The tax rate, τ , is set such that the ex ante expected current value of an individual's lifetime

taxes and bene�ts equal

τ
ā∑
a=0

(
1 + rf

)−a
(Ee

aWa + ueabWa + riteap) +
ā∑
a=0

(
1 + rf

)−a
(ρa − ρa+1)E [K1,a+1 +K2,a+1]

=
ā∑
a=1

(
1 + rf

)−a
(ueabWa + riteap) + K̄0 (2.8)

HereEe
a, u

e
a and rit

e
a are, respectively, the unconditional probability of being employed, unemployed

or retired at age a. The discount rate for the public budget is the risk free rate, rf . Thus, the

16Note here that the income from bequest taxation and expenditures to initial assets does not have to balance.
It is only the government's budget as a whole that must balance.
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government borrows and deposits its assets at the risk free rate, rf . Hence, it does not as the

individuals take any chances on the capital market.
17 Condition (2.8) allows the government to have a constant tax rate, such that the business cycle

costs are not increased by a counter-cyclical tax rate. Instead the government balances its budget

by regulating the size of government consumptions, G, which does not a�ect the business cycle

costs as individuals do not care about government consumption.18 On average the government

consumption is equal to the revenue the government gets from its land taxes, L̄, which is con-

stant over time. Thus, E [G] = L̄. In booms (recessions) government consumption is increased

(decreased) such that the public budget balances. Hence,

τ
ā∑
a=0

(#EaWa + #uabWa + #ritap) +
ā∑
a=0

(ρa − ρa+1)E [K1,a+1 +K2,a+1] + L̄

=
ā∑
a=1

(#uabWa + #ritap) + K̄0 +G

where #Ea, #ua and #rita are, respectively, the number of employed, unemployed and retired

individuals at age a.

The addition of the rather arti�cial terms Gn and T to ensure a balanced public budget is in

quantitative terms a small adjustment to the model. For the baseline calibration of the model,

presented below, the change in government consumption, G, between good and bad states of the

business cycle to ensure a balanced public budget is less than 0.78 % of GDP (excluding farm land

production).19

2.3 Calculation of Business Cycle Costs

The business cycle costs are fundamentally calculated the same way as in Lucas (1987). The

business cycle costs, λ, are measured as the relative increase in the individuals' consumption,

17Condition (2.8) equal expected taxes and bene�ts for an individual entering the model, not for individuals
already in the model. Therefore we assume that when the bene�t, pension and tax system was initial started,
it only applied to the individuals entering the model. Thus, the individuals in retirement when the system was
introduced, who therefore had paid no taxes to the system, were not eligible for pension payments. Thus, the
government does not have a social debt.

18Alternatively, the government consumption could be added to the individuals utility as a separate term without
a�ecting the size of the business cycle costs.

19An alternative approach could have been to keep track of the public debt and constrain the government's debt
level over time. However, this would add another state variable to the model and complicate it considerably without
signi�cantly changing the results or furthering the message of the chapter.
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which is necessary to compensate the individuals for having to live in an economy with business

cycle �uctuations. This means that with the compensation they are as well o� as they would have

been in an economy without business cycles.

E

[
ā∑
a=0

ρaβ
a ((1 + λ)ca)

1−γ − 1

1− γ

]
= E

[
ā∑
a=0

ρaβ
a c̄

1−γ
a − 1

1− γ

]

or

λ =

(
E
[∑ā

a=0 ρaβ
ac̄1−γ
a

]
E
[∑ā

a=0 ρaβ
ac1−γ
a

]) 1
1−γ

− 1

where {ca}ā0 is optimal consumption in the economy with business cycles, and {c̄a}ā0 is optimal con-

sumption in the economy without business cycles. E
[∑ā

a=0 ρaβ
ac1−γ
a

]
can be found by solving the

individuals' optimization problem in the model setup presented in section 2.2, then simulating the

model for many individuals, and then taking the average over the individuals of
∑ā

a=0 ρaβ
ac1−γ
a as

an estimate for the expected value E
[∑ā

a=0 ρaβ
ac1−γ
a

]
. To do the same for E

[∑ā
a=0 ρaβ

ac̄1−γ
a

]
, it

is necessary �rst to de�ne what is meant by an economy without business cycles. In Lucas' (1987)

model it is straightforward as he has one stochastic variable creating the aggregate business cycle

�uctuations. Business cycle elimination is then obtained by setting this variable to its expected

value. In models without a complete market structure, like ours, it is not as straightforward. The

lack of an labor-income insurance market implies that the unemployment risk is a combination

of aggregate and idiosyncratic risk.20 How the idiosyncratic risk is treated, when the aggregate

business cycle risk is removed from the model, varies a lot between papers. Atkeson and Phelan

(1994) argues that the elimination of business cycle �uctuations leaves the individual workers' em-

ployment probabilities unchanged and only removes the correlation between workers' employment

chances. Baudry and Pages (2001) argues, on the other hand, that all the idiosyncratic risk is

removed along with the business cycle �uctuations. Between these extremes Krusell et al. (2009)

presents the integration principle, which replaces the exogenous variables that change over the

business cycle with their probability weighted averages over the business cycle. The method we

will use in this chapter lies close to the integration principle, but is somewhat simpler and has

fewer states.

The details on how the economy is stabilized in our model can be seen in appendix 2.A. We

will here just outline the main idea and present the resulting employment dynamics. The business

20In a complete market economy the idiosyncratic risk is eliminated through insurances.

34



cycle risk is eliminated from the model by implementing an insurance portfolio against business

cycle risk. The insurance portfolio pays a fee to the individuals, who become unemployed due to

unfavorable business cycle �uctuations. On the other hand, the individuals, who are employed

due to favorable business cycle �uctuations, have to pay a fee to the insurance company. When

the risk averse individuals have this business cycle insurance portfolio, the individuals, who are

employed or unemployed independent of the business cycle still have labor incomes of W and

bW , respectively. The individuals who are employed or unemployed dependent on the business

cycle �uctuations receive the labor income ζ ≡ πGW + πBbW . πG and πB are, respectively, the

unconditional probability of a good and a bad state of the business cycle. As shown in appendix

2.A, the di�erence between being employed or unemployed due to the state of the business cycle

disappears. Thus, employment status dependent on the business cycle, mix, becomes a single

employment state. Furthermore, the state of the business cycle becomes irrelevant for the income

process. Thus, the employment process becomes a �rst order Markov process with the three states:

Employed independent of the business cycle, Ē, unemployed independent of the business cycle, ū,

and employment status dependent on the state of the business cycle, mix. The transition matrix

for the system is given in table 2.1.

t+1 \ t Ē mix ū

Ē 1− SB FB FB

mix SB − SG 1− FB − SG FG − FB
ū SG SG 1− FG
Table 2.1

In addition to changing the employment dynamics the stabilization of the economy also changes

the business cycle dependent return on the risky asset, r2,N . For the economy with business cycles

we have that

1 + r2,N =

1 + r̂N with prob. pN

1− r̂N with prob. 1− pN
.

For the economy without business cycles the gross return of the risky asset is

1 + r̃2 =

1 + r̃ with prob. p̃

1− r̃ with prob. 1− p̃
.
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r̃ and p̃ are set such that the expected value and variance of r̃2 are the same as for r2,N .

2.4 Calibration

We calibrate the model to simulate the US labor market and stock market dynamics. The indi-

viduals enter the model when they are 23 years old, and they retire when they become 65. The

survival probabilities, {ρa}ā0, for the �nitely living individuals are calibrated such that the mor-

tality rates match the US 2007 mortality rates reported by the National Vital Statistics System.

However, we cut o� at 90 years, such that none of the individuals in the model get older than 90.

As each period corresponds to a quarter the model has 269 periods for each individual.

2.4.1 Calibration of Business Cycle and Employment Dynamics

The business cycle dynamics are calibrated using monthly data for the US unemployment rate in

the period 1968(1)-2015(12) drawn from the Bureau of Labor Statistics (BLS). The good business

cycle states in the model are periods with low unemployment, and bad states are periods with high

unemployment. However, contrary to our model the US unemployment rate also changes over time

due to structural changes in the economy that are not business cycle dependent. To account for

this, we take a running average of the unemployment rate in the data with an interval of 20 years

symmetrically distributed around the relevant period.21 Periods, where the unemployment rate

is below the running average, are de�ned as good states of the business cycle, and periods with

unemployment rates above as bad states. 43.48% of the states in the sample are bad states. Thus,

this is the estimated unconditional probability of a bad state of the business cycle. To estimate

the transition probabilities between the two states, let trxy be the number of transitions from y to

x in the sample, and let try be the number of times state y occurs in the sample, except for the

last period.22 Then the transition probability between y and x is estimated as πxy = trxy
try

. With a

period length of one quarter this yields

TRBus =

(
πGG πBG

πGB πBB

)
=

(
0.9169 0.0831

0.1080 0.8920

)
.

21Of course, we do not have the unemployment rates for the next 10 years. Therefore, the intervals for the running
averages within the last 10 years of the data set are from 10 years before the relevant year to the end of the data
set. We do not have the same problem in the beginning of the data set since we have unemployment rates from
before 1968(1). Therefore, we can keep an interval of 20 years for the running average.

22Since there are no transitions from the last state in the sample
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Now, to calibrate the job-�nding probabilities, Fa,N , and the separation probabilities, Sa,N ,

for each age a ∈ {0, ..., â} and state of the business cycle N ∈ {G,B} we �rst calibrate the

unemployment rates una,N and durations of unemployment uDa,N . This is done using, respectively,

monthly US unemployment rates 1968(1)-2015(12) from BLS and yearly average US unemployment

duration periods 1968-2015 drawn from OECD's database both for various age cohorts. We wish

to calibrate una,N and uDa,N such that the means and variances for a given age cohort match

the corresponding means and business cycle related variances in the data. However, some of the

variations in the data are not due to business cycle �uctuations but structural changes. If we look

at the overall unemployment rate and unemployment duration shown in �gures 2.1 and 2.2, we see

that there is a tendency that both series increase overtime, especially the unemployment duration.

This is a general property for all the age cohorts.

Figure 2.1:
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Figure 2.2:

To take this structural increase in the unemployment rate and duration into account, we apply

the mean, m, over the last 20 years in our calibration. As a measure for the business cycle related

variance we �rst take running variances over the samples with a 20-year interval around the relevant

period, and then we take the average of these running variances and use this as our measure V .

We then have a measure for the mean, m, and variance, V , for both the unemployment rate and

the unemployment duration for each age cohort. Now for each age cohort we calibrate una,N and

uDa,N such that the mean and variance match m and V .23. To get una,N and uDa,N for all relevant

ages of the individual we apply linear interpolation between cohorts. Figures 2.3 and 2.4 show

the age and business cycle dependent unemployment rates, una,N , and unemployment duration,

uDa,N , in our model.

23See the calculation to achieve this in appendix 2.B
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Figure 2.3:

Figure 2.4:

Now the job-�nding probabilities, Fa,N , are calibrated such that the expected unemployment

duration equals uDa,N , and the separation rates are calibrated such that the steady state unem-
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ployment rates for each of the states of the business cycle and age cohort equal una,N .
24 Hence,

Fa,N =
1

uDa,N

and

Sa,N (1− una,N) = una,NFa,N

or

Sa,N =
una,NFa,N
1− una,N

.

Figure 2.5:

25

24It is no big concession to ignore the transition between steady states here as the unemployment rate converges
very fast to the steady state level.

25Remember here that the period length is a quarter when comparing �gures 2.4 and 2.5.
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Figure 2.6:

There is much more variation in the job-�nding probability than the separation probability

over the business cycle according to this calibration. This is in compliance with Shimer's (2012)

observations. He �nds that most of the variation in unemployment is due to variation in the

job-�nding rate rather than variation in the job-separation rate. Shimer �nds that 83 % of the

variation in unemployment is due to variation in job-�nding for the period 1967-2010, and in

our model calibration it is 92 % of the variation for the period 1968-2015. Further, the young

individuals are best at �nding employment, but have a hard time holding on to a job. Lastly, it is

worth noting that at all ages a person is more likely to have a job the next period if he has a job

in the current period.

The initial unemployment rates in our model, 1−QN , are calibrated to match the unemployment

rates for the 23-year-olds in the US economy. Thus, using the results from �gure 2.3 yields

(QG, QB) = (0.0780, 0.1221).

2.4.2 Calibration of Asset Return Parameters

The risky asset return is calibrated to simulate the aggregate stock return in the US economy. An

important issue in this connection is how the stock return correlates with the labor income process.

According to Heaton and Lucas (1997) the correlation between labor income and stock returns is for
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most households close to zero. Cocco et al. (2005) estimates the correlation between stock returns

and persistent shocks to households' labor income and �nds a low and insigni�cant correlation.

Campbell et. al. (2001) conducts a similar estimation, but lags the stock returns by one year.

Their rationale for this is that the labor income takes some time to adjust. Campbell et al. (2001)

then �nds a signi�cant positive correlation between stock returns and the persistent shocks to the

households' labor income. As one of the main functions of holding assets in our model is to enable

the individuals to smooth consumption when their income decreases due to unemployment, timing

of the risky assets return is essential. Thus, Campbell et al.'s (2001) decision to lag stock returns

is not innocent in our framework. Thus, Cocco et al.'s (2005) estimate is more applicable for our

purposes. To supplement we also conduct a simple estimation of the correlation between stock

returns and the unemployment rate. Using the real returns on the Russell3000 index in the period

1979(1)-2016(1) as the proxy for the risky asset, we �nd that the average quarterly return in high

unemployment periods is 2.45% and 0.84% in low unemployment periods. However, due to the

high volatility on the stock returns, this di�erence is insigni�cant as the P-value is 12.9% in an

one-tailed t-test. Thus, there does not seem to be a statistical signi�cant correlation between stock

returns and the unemployment and income dynamics.

Hence, we calibrate the return of the risky asset to be independent of the business cycle �uc-

tuation, which is indicated by changes in unemployment risk in our model framework.

The stocks in the Russell3000 index had an average quarterly real return of 1.53% with a

standard deviation of 8.52% in the period 1979(1)-2016(1). To have the same mean and variance

of the risky return in the model, r̂ and p are set to 0.0866 and 0.5884, respectively, in our baseline

calibration. The risk-free rate, rf , is set such that the risk premium between the risky and risk-free

asset is 4% annually (instead of the historical 6%), which according to Gomes and Michaelides

(2005) is a popular and easy method in the literature to take transaction costs into account without

having to model them explicitly. Thus, rf = 0.56%.

2.4.3 Calibration of Remaining Parameters

To avoid that the individuals in the model just invest all their savings in the risky asset - since this

is neither realistic or interesting to analyze - the relative risk aversion coe�cient, γ, is set relatively

high at 5. Then to avoid that these fairly risk averse individuals save extremely much, the discount

rate is also set relatively high at 10% annually. Hence, β = 0.974. The age dependent wage is

calibrated in accordance with Rupert and Zanella's (2012) smoothed wage-age pro�le built upon

the PSID data-set. The unemployment bene�t compensation rate b is calibrated to 30%, and the
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pension compensation rate is set to 47.6% of the average wage through the individuals' working

career. Finally, the initial asset holding, K̄0, is set to 1.42 such that the wealth labor income ratio

matches the empirical measure for a 23-year-old individual in the US. The empirical wealth and

income measures for a 23-year-old are taken from the National Longitudinal Survey of Youth 1997

as, respectively, the total wealth of households and the gross income of the households.

2.5 Solution Method

The model is solved with focus on three central endogenous variables: The total asset holding

in the end of period, K̂a ≡ K1,a + K2,a, the share of these assets that is invested in the risky

asset, ηa ≡ K1,a

K1,a+K2,a
, and the tax rate τ . If we can solve for these three variables the remaining

endogenous variables follows easily. K̂a and ηa depend upon τ since the tax rate a�ects the

disposable labor income, and τ depends upon K̂a and ηa as the individuals' bequests are taxed by

the government which allows it to lower the tax on labor. Due to this mutual dependence, we solve

the individuals' optimization problem for a given tax rate, then �nd the current value of bequests

in the economy. Given this bequest level we update the labor income tax rate such that the public

budget in equation (2.8) balances, and then solve the individuals' optimization problem with the

new tax rate. This iteration continues until the tax rate converges.

The individuals' optimization problem, given by equations (2.3)-(2.7) plus the relevant employment-

income process for, respectively, the �uctuating and the stable economy, is solved by backwards

induction. The Bellman equation for the problem is

Va
(
K̄a, ea, Na

)
= max

K̂a,ηa

{
c1−γ
a − 1

1− γ
+
ρa+1

ρa
βEa

[
Va+1

(
K̄a+1, ea+1, Na+1

)]}
St.

K̄a =
[
(1 + r2,a) ηa−1 +

(
1 + rf

)
(1− ηa−1)

]
K̂a−1

ca = Ia + K̄a − K̂a

Vā+1 = 0.

The value function for each period is found by a two-dimensional grid search using spline

interpolation for the values between the grid points. After having found the policy function for the

individuals' asset investments for both the economy with and without business cycles, we simulate
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both economies for 100,000 individuals in order to analyze the model, and estimate the business

cycle costs.

2.6 Results

Subsections 2.6.1 and 2.6.2 will analyze the model for the baseline calibration with asset returns

independent of the business cycle. Subsection 2.6.3 will then analyze how the saving behavior

and business cycle costs changes when the return on the risky asset depends on the state of the

business cycle.

2.6.1 Investment behavior

Level of Asset Holdings

The individuals in our model have two incentives to save: Precautionary savings as a bu�er

against the labor income risk associated with unemployment, and savings for retirement to smooth

consumption over the life span. In the beginning of their working careers, the individuals build

up precautionary savings and therefore have a low consumption level. In the middle of their

working careers these precautionary savings have grown so large that the interests on them o�er

a substantial supplement to the individuals' labor income. The individuals can therefore a�ord a

high consumption level above their labor income level, which has also increased substantially due

to a higher wage and lower unemployment probability. Then, in the last part of the individuals'

working career, they start saving up for retirement, which implies that the consumption level

decreases. In retirement the individuals live o� their savings, and the consumption level steadily

decreases as the savings are used up.
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Figure 2.7:

Figure 2.8:
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Figure 2.9:

Comparative Analysis of the Portfolio Composition

How the individuals distribute their asset holdings between the risky and the risk-free assets

depends upon the future labor income distribution and how large the labor income is relative to

the asset holdings. Since both asset types each period can be traded for consumption or the other

asset without transaction costs, the share of risky assets, ηa, in the portfolio only a�ects available

assets next period, K̄a+1. Thus, for a given level of assets, K̂a, the optimal portfolio choice is found

by

max
ηa

Ea [u(ca+1)]

st.

ca+1 = Ia+1 +
[(

1 + rf
)

(1− ηa) + (1 + r2,a+1) ηa
]
K̂a − K̂opt

a+1.

K̂opt
a+1 is the optimal asset holdings for next period, which depend on the future labor income

distribution, current asset holdings, K̂a, and the share of risky assets, ηa. Therefore, to start with,

let us look at the second to last period, where K̂opt
a+1 = 0, which makes the analysis much simpler.

The �rst-order condition then becomes

∂Ea [u(ca+1)]

∂ηa
= Ea

[
u′ (ca+1)

(
r2,a+1 − rf

)
K̂a

]
= 0. (2.9)
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With a constant labor income this can be rewritten as

p
(
r̂ − rf

)
u′
(
c+
a+1

)
− (1− p)

(
r̂ + rf

)
u′
(
c−a+1

)
= 0

where

c+
a+1 ≡ Ia+1 +

[
1 + rf +

(
r̂ − rf

)
η∗a
]
K̂a and c−a+1 ≡ Ia+1 +

[
1 + rf −

(
r̂ + rf

)
η∗a
]
K̂a

Let us consider what happens with the optimal share of risky assets, η∗a, when the labor income

level, capital level or labor income risk changes. De�ne ψ ≡ Ea
[
u′ (ca+1)

(
r2,a+1 − rf

)]
.26 Then

given the �rst order condition (2.9)

dη∗a
dIa+1

= −
∂ψ

∂Ia+1

∂ψ
∂ηa

.

∂ψ

∂ηa
= Ea

[
u′′ (ca+1)

(
r2,a+1 − rf

)2
]
< 0

and

∂ψ

∂Ia+1

= Ea
[
u′′ (ca+1)

(
r2,a+1 − rf

)]
= p

(
r̂ − rf

)
u′′
(
c+
a+1

)
− (1− p)

(
r̂ + rf

)
u′′
(
c−a+1

)
> 0

To see that the last term is positive, insert the �rst order condition (2.9) and rearrange

−
u′′
(
c+
a+1

)
u′
(
c+
a+1

) < −u′′ (c−a+1

)
u′
(
c−a+1

) .
This inequality holds since c+

a+1 > c−a+1 and we assume that the absolute risk aversion is decreasing

wrt. the consumption level. Hence, dη∗a
dIa+1

> 0. The higher labor income increases the individuals'

wealth which makes them less risk averse in absolute terms, and they are therefore prepared to

increase the risk in their portfolio. Now, how does the individual react to an increase in the capital

level, K̂a?

dη∗a

dK̂a

= −
∂ψ

∂K̂a
∂ψ
∂ηa

26K̂a is a known variable and can be reduced out of the �rst-order condition (2.9).
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∂ψ

∂K̂a

= Ea

[
u′′ (ca+1)

{(
r2,a+1 − rf

)2
ηa +

(
1 + rf

) (
r2,a+1 − rf

)}]
The �rst term here is negative, Ea

[
u′′ (ca+1)

(
r2,a+1 − rf

)2
ηa

]
< 0, which draws in the direction of a

negative relation between η∗a and K̂a, but the second term is positive, Ea
[
u′′ (ca+1)

(
r2,a+1 − rf

) (
1 + rf

)]
>

0, by the same reasoning as above. Thus, the capital level has an ambiguous e�ect on the optimal

composition of the portfolio. On one hand, the increase in capital increases the capital income

relative to labor income. For a given asset composition of the portfolio, ηa, the combined income

then becomes more risky, which induces individuals to lower the share of risky assets in their

portfolio. On the other hand, the increase in capital makes the individuals wealthier and thereby

less risk averse in absolute terms which calls for a riskier portfolio. As we can see from �gure 2.10,

the �rst e�ect clearly dominates for our calibration of the model.

Figure 2.10:

Figure 2.10 shows the optimal share of the risky asset in the portfolio for a given asset level for

the second to last period in the model.

Now let us examine what happens to the portfolio composition when the labor income becomes
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more volatile. Assume that the labor income is given by

Ia+1 = Ī + ε

where Ī is a constant and ε is an i.i.d. stochastic variable with zero mean. To see how the inclusion

of ε a�ects ψ, we make a second order approximation of the change in ψ.

∆ψ ≡ Ea

[
u′
(
Ī + ε+

[(
1 + rf

)
(1− ηa) + (1 + r2,a+1) ηa

]
K̂a

) (
r2,a+1 − rf

)]
−Ea

[
u′
(
Ī +

[(
1 + rf

)
(1− ηa) + (1 + r2,a+1) ηa

]
K̂a

) (
r2,a+1 − rf

)]
≈ Ea

[
u′′ (ca+1)

(
r2,a+1 − rf

)
ε
]

+ Ea
[
u′′′ (ca+1)

(
r2,a+1 − rf

)
ε2
]

= Ea
[
u′′′ (ca+1)

(
r2,a+1 − rf

)
ε2
]

= Ea
[
u′′′ (ca+1)

(
r2,a+1 − rf

)]
V ar (ε)

=
[
p
(
r̂ − rf

)
u′′′
(
c+
a+1

)
− (1− p)

(
r̂ + rf

)
u′′′
(
c−a+1

)]
V ar (ε) < 0

The second and third equalities follow because ε is i.i.d. and has zero mean. To see if the last

inequality holds, we substitute from the �rst-order condition and rearrange.

u′′′
(
c+
a+1

)
u′
(
c+
a+1

) <
u′′′
(
c−a+1

)
u′
(
c−a+1

) (2.10)

Whether this last inequality holds depends upon the sign and magnitude of the fourth derivative

of the utility function, which we in general do not have strong opinions about. Therefore for

a general utility function we cannot say whether the individual should increase or decrease the

capital income risk when his labor income risk increases. However, if we insert the CRRA utility

function, inequality (2.10) becomes

γ(γ + 1)
(
c+
a+1

)−γ−2(
c+
a+1

)−γ <
γ(γ + 1)

(
c−a+1

)−γ−2(
c−a+1

)−γ
or

c+
a+1 > c−a+1.

Thus, with the given functional form of the utility function ∆ψ < 0. This implies that the optimal

share of risky assets in the portfolio, η∗a, decreases when the labor income risk increases.

So far we have analyzed the portfolio composition before the last period where K̂opt
a+1 = 0.
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The relations seem to be the same when we loosen this restriction, according to our numerical

calculations, with one interesting exception. The optimal portfolio composition pro�le wrt. the

asset level changes somewhat compared to �gure 2.10 when looking at the other periods.

Figure 2.11:

Figure 2.11 shows the risky asset share for a given asset level for each of the 4 states. This is

taken for the 120'th period when the individual is 53 years old.

The optimal share of risky assets in the portfolio is no longer monotonically decreasing wrt.

the asset holdings, but now has a hump on the curve, which is most pronounced for the unem-

ployed individuals. The reason we see this hump, is that the individuals fear to become liquidity

constrained in the future. The risky asset is far less attractive to liquidity constrained individuals

than un-constrained individuals. The liquidity constrained individuals have to take the full e�ect

of a negative return on their assets on current consumption, whereas un-constrained individuals

can scale back their saving level, and thereby spread the loss over several periods. This way the

un-constrained individuals can bet on a positive long term-return from their assets which is far less

risky than the short-term realizations the liquidity constrained individuals are stuck with. The

larger one's asset holdings are, the less likely it is to become liquidity constrained in the future.

Hence, this is why we see this intermediate increase in the optimal share of risky assets in �gure

2.11. As the risk of becoming liquidity constrained decreases, the advantage of buying risky assets
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increases.

The humps are more pronounced and peak at a higher asset level for the unemployed individuals

especially in the bad state of the business cycle. This is because the unemployed individuals have

a larger probability of being unemployed in the future than employed individuals which implies a

lower labor income and therefore a higher risk of becoming liquidity constrained. It therefore takes

a larger asset holding for the unemployed to reduce the risk of becoming liquidity constrained. The

same argument goes for the bad state vs. the good state of the business cycle.

Portfolio Composition Over the Life-Cycle

Consider now how the individuals alter their portfolio composition throughout life.

Figure 2.12:

For a given asset level, the employed individuals increase their share of the risky asset in their

portfolio throughout their working careers, and then it sharply drops when they retire. (See �gure

2.12.) The reason for this initial increase is that the expected labor income level increases during

the working career, and the risk of getting �red decreases, which makes the labor income less

volatile. See �gures 2.6 and 2.7. These are both facts that induce the individuals to increase the

risk in their portfolios. When the individuals then retire the income level decreases sharply, and

therefore the individuals seek safer portfolio compositions. As we can see especially for the asset

level 5, this is a gradual process that commences as the individuals start saving up for retirement.
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Thereby the individuals' consumption level is lowered and their absolute risk aversion is therefore

increased.

When retired the individuals gradually decrease their share of the risky asset. This is because

they have a shorter horizon to invest in the risky asset. This makes it more risky because the losses

and gains from investments have to materialize into current or near future consumption, which is

not nearly as attractive as smoothing losses and gains over time.

Figure 2.13:

For the employed individuals, the risk in the portfolio decreases with the asset level, as we can

see from �gure 2.12. The risk of becoming liquidity constrained when employed is relatively small

as the risk of getting �red is not that high. For the unemployed, on the other hand, the risk of

remaining unemployed is fairly high, and therefore the probability of becoming liquidity constrained

is also fairly high. As we can see in �gure 2.13 this implies that the wealthier individuals with

asset level 5 have a riskier portfolio than the individuals with asset level 2 for most of the working

career, because the wealthy are less likely to become liquidity constrained. The poor, however,

still have the riskier portfolio in the beginning of their working career since young people are very

good at �nding a job (see �gure 2.5), and therefore the risk of becoming liquidity constrained is

lower for them.
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Figure 2.14:

The development in the average share of risky assets in the individuals portfolio in �gure

2.14 to a large degree resembles the development in �gure 2.12 for the employed individuals at a

given asset level. However, in two regions the asset level signi�cantly in�uences the development

in the composition of the portfolio. In their twenties where the individuals build up e�ective

precautionary savings, the risk of becoming liquidity constrained is signi�cantly reduced over

time. This gives rise to a sharp increase in the riskiness of the portfolios. On the other hand,

when retired the individuals start spending their savings. This gradual reduction in asset holdings

implies a gradual increase in the risky asset share.27

2.6.2 The E�ect of a Business Cycle Elimination

To assess the e�ect on business cycle costs of including two types of assets in the model, we

consider two types of economies without business cycles. In both the employment process is

changed to include a business cycle insurance as described in section 2.3 and appendix 2.A. In

the �rst economy, the individuals can optimize their lifetime utility by choosing next period's

asset level and the composition of those assets. In the second economy without business cycles,

the individuals can only choose the asset level freely but are stuck with the same share of the

27There is no risk of becoming liquidity constrained in retirement. The labor income is �at for the remaining
periods, and the discount rate is higher than the expected return on both assets.
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risky asset for a given asset level as was optimal in the model with business cycle �uctuations.

Thus, the individuals are not allowed to update their portfolio composition for a given asset level.

By comparing these two stable economies, we can �nd the welfare e�ect from re-optimizing the

portfolio composition in response to the stabilization of the economy.

Figure 2.15:

The elimination of business cycle risk implies that the individuals reduce their precautionary

savings, as can be seen in �gure 2.15. The lower labor income risk also decreases the volatility of

the combined labor and capital income, and decreases the risk of becoming liquidity constrained

ceteris paribus. The lower labor income risk, fewer savings and smaller risk of becoming liquidity

constrained all induce the individuals to increase the risky asset share in their portfolios. In total

the share of risky assets increases by 9.86%, and 11.43% for the individuals still working, when

we go from an economy with business cycles to the �rst economy without business cycles. Thus,

the elimination of business cycles induces the individuals to change their portfolio composition

quite signi�cantly. The higher risk in the updated portfolio also allows the average asset holdings

to increase faster in the �rst economy without business cycles compared to the second without

business cycles, as can be seen in �gure 2.15.
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Figure 2.16:

28

The welfare gain from going from the economy with business cycles to the economy without

business cycles, where the portfolio composition is updated, is 2.65%. The welfare gain from

going from the economy with business cycles to the economy without business cycles, where the

portfolio composition is not updated, is 2.61%. Thus, even though the portfolio composition

strategy changes quite signi�cantly when the business cycle �uctuations are eliminated, taking

this change into account only has a very limited e�ect on the business cycle costs. If we completely

exclude the risky asset from the model such that the individuals can only invest in the risk-free

asset, the business cycle costs are 2.72%. Hence, the business cycle related changes in the portfolio

composition do not have a signi�cant e�ect on the magnitude of the business cycle costs. This is

because the updating of the portfolio composition in response to a stabilization of the economy is

the result of an e�cient tradeo� between risk and return. Thus, even though the average expected

return on assets is increased so is the risk of the return.

28The share of the risky asset between the economy with business cycles and the second economy without business
cycles di�ers even though they have the same portfolio composition policy for a given asset level. However, the
asset level is lower, when there are no business cycles, which implies a riskier portfolio choice on average for the
second economy without business cycles.
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2.7 Concluding Remarks

We �nd considerable costs of business cycle �uctuations within our model framework, and we

�nd that business cycles have a pronounced e�ect on the optimal portfolio composition strategy.

The risk of becoming liquidity constrained due to a combination of negative stock returns and

recession decreases the individuals' incentive to invest in the risky asset. However, even though

the individuals would increase the risk in their portfolio composition if the economy was stabilized

the welfare e�ect is limited.
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Appendix 2.A

The business cycle risk is eliminated from the model by implementing an insurance portfolio that

covers the business cycle related risk in employment. This portfolio pays out ϑ to its owner if

he becomes unemployed due to unfavorable business cycle �uctuations.29 On the other hand, the

owner of the insurance portfolio has to pay a fee, φ, if he is employed due to favorable business

cycle �uctuations.

The optimal level for the fee, φ, and payment, ϑ, on the insurance portfolio to the risk averse

individuals are such that their combined income when employed due to favorable business cycle

states or unemployed due to unfavorable business cycle �uctuations are the same. Thus,

ζ ≡ W − φ = bW + ϑ. (2.11)

The size of this common income level, ζ, is set such that the pro�t for the insurance company

issuing the portfolio is zero.

With the insurance portfolio in the model we now have to distinguish between individuals being

(un)employed due to business cycle �uctuations and individuals being (un)employed independent

of business cycle �uctuations. This doubles the employment states in our model such that it now

has 8 employment states. These are listed in table 2.A.1.

Employed in the good state independent of the business cycle ĒG

Employed in the good state due to favorable business cycle �uctuations ÊG

Unemployed in the good state independent of the business cycle ūG

Unemployed in the good state due to unfavorable business cycle �uctuations ûG

Employed in the bad state independent of the business cycle ĒB

Employed in the bad state due to favorable business cycle �uctuations ÊB

Unemployed in the bad state independent of the business cycle ūB

Unemployed in the bad state due to unfavorable business cycle �uctuations ûB
Table 2.A.1

To distinguished between individuals being (un)employed due to business cycle �uctuations

and individuals being (un)employed independent of business cycle �uctuations, we describe the

employment process in section 2.2 a little di�erently. For a given age, business cycle state and

29We will in a moment return to what is meant by (un)employed due to (un)favorable business cycle �uctuations.
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employment status in the previous period the individuals have a given probability of employment.

Whether this gamble leads to employment is decided by the stochastic and uniformly distributed

variable i ∈ U(0, 1), such that for a currently employed individual next period's employment status

is given by

ea =

E if ia > Sa,N

Un if ia ≤ Sa,N
.

For a currently unemployed individual next period's employment status is given by

ea =

E if ia > 1− Fa,N
Un if ia ≤ 1− Fa,N

.

30 For the initial period

e1 =

E if i1 > 1−QN

Un if i1 ≤ 1−QN

.

Hence, each individual's employment history until age a is determined by his sequence {ia}aa=1

and the sequence of business cycle states {Na}aa=1. Thus, we have successfully separated the

idiosyncratic risk, {ia}aa=1, from the aggregate business cycle risk, {Na}aa=1.

An individual is regarded as (un)employed independently of the business cycle i� he, given

his sequence of idiosyncratic risk, {ia}aa=1, is (un)employed for all possible realizations of the

business cycle, {Na}aa=1. This is the case i� the individual given his sequence of idiosyncratic risk,

{ia}aa=1, is (un)employed for the (least) most favorable business cycle sequence, {Na}aa=1. The

(least) most favorable business cycle sequence is when all the states are (bad) good. An individual

is (un)employed due to (un)favorable business cycle �uctuations i� he is (un)employed but not

(un)employed independent of the business cycle.

In the initial period, the stabilization is straightforward as the individuals have no employment

history to account for. For low i values, i ∈ [0, 1−QG), the individuals are unemployed indepen-

dent of the business cycle, and for high i values, i ∈ [0, 1 − QB), the individuals are employed

independent of the business cycle. For the remaining i values, i ∈ [1−QG, 1−QB), the individuals

are either employed or unemployed dependent on the state of the business cycle. The employment

states for the �rst period are summarized in table 2.A.2.

30The stabilization of the economy only directly a�ects the individuals still in the labor force. Individuals with
a ≥ â are retired in both economies. Thus, for the employment dynamics in this appendix a < â.
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N \ i i ∈ [0, 1−QG) i ∈ [1−QG, 1−QB) i ∈ [1−QB, 1)

G ŪnG ÊG ĒG

B ŪnB ÛnB ĒB
Table 2.A.2

The transition dynamics for the later periods are somewhat more evolved as we have to account

for the employment history of the individuals. We will here explicitly go over the transitions from

ĒG and ÊG , then the rest of the transitions will follow by the same logic.

Transition Probability

ĒG → ĒG πGG (1− SB)

ĒG → ÊG πGG (1− SG)− πGG (1− SB) = πGG (SB − SG)

ĒG → ūG πGGSG

ĒG → ûG πGGSG − πGGSG = 0

ĒG → ĒB πBG (1− SB)

ĒG → ÊB πBG (1− SB)− πBG (1− SB) = 0

ĒG → ūB πBGSG

ĒG → ûB πBGSB − πBGSG = πBG (SB − SG)

Table 2.A.3 31

The π-term relates to the business cycle dynamics, which is unchanged, so we will focus on the

subsequent terms. In general the probability of being (un)employed next period independent of the

business cycle is the probability of being (un)employed given the least (most) favorable business

cycle sequence. The condition in table 2.A.3 is that the current state is ĒG. This means that the

individual is currently employed under all business cycle sequences including the least favorable.

1. The transition ĒG → ĒG. The transition probability is the probability of being employed

next period given the least favorable business cycle sequence, that is exclusively bad states.

The current employment status is employed, so the probability of remaining employed given

a bad business cycle state is 1− SB.

2. The transition ĒG → ÊG. This transition probability is found by exclusion. The individuals

31To simplify the expressions we have suppressed the age subscript on the job �nding and separations probabilities
for the remainder of this Appendix. However, they are both still age dependent.
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employed due to business cycle �uctuations are those, who are employed for the actual

business cycle realization, minus those, who are employed independent of business cycle

�uctuations. Thus, we �nd the probability of being employed next period given the actual

business cycle sequence, and then subtract the probability of being employed given the least

favorable business cycle sequence. As the actual state next period is good and the individual

is currently employed, the probability of continued employment is 1 − SG. The probability
of being employed under the least favorable business cycle sequence is 1 − SB, as we have

from above,. Hence, the transition probability is SB − SG.

3. The transition ĒG → ūG. This is opposite the �rst transition. The transition probability

is the probability of being unemployed next period under the most favorable business cy-

cle sequence. The current employment status is employed, so the probability of becoming

unemployed given a good business cycle state is SG.

4. The transition ĒG → ûG. This is opposite the second transition. The individuals unemployed

due to business cycle �uctuations are those who are unemployed for the actual business cy-

cle realization, minus those who are unemployed independent of business cycle �uctuations.

Thus, we �nd the probability of being unemployed next period given the actual business cycle

sequence, and then subtract the probability of being unemployed given the most favorable

business cycle sequence. Since the actual state next period is good and the individual is cur-

rently employed, the probability of getting �red is SG. The probability of being unemployed

under the most favorable business cycle sequence is SG, as we have from above. Hence, the

transition probability is SG − SG = 0.

5. The transition ĒG → ĒB. By the same argument as the �rst transition the transition proba-

bility is 1−SB. Note that nothing changes here when the actual business cycle state changes,
since we are here considering the employment state under the most favorable business cycle

sequence.

6. The transition ĒG → ÊB. The probability of remaining employed under the actual business

cycle sequence is 1 − SB, as it is the next period's business cycle state that in�uences next
period's employment chances. Thus, when subtracting the probability of being employed

independent of the business cycle we get that the transition probability here is (1− SB) −
(1− SB) = 0.
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7. The transition ĒG → ūB. By the same argument as the third transition the transition

probability is SG.

8. The transition ĒG → ûB. The probability of becoming unemployed under the actual busi-

ness cycle sequence is SB. Thus, when subtracting the probability of being unemployed

independent of the business cycle we get that the transition probability here is SB − SG.

Transition Probability

ÊG → ĒG πGGFB

ÊG → ÊG πGG (1− SG)− πGGFB = πGG (1− SG − FB)

ÊG → ūG πGGSG

ÊG → ûG πGGSG − πGGSG = 0

ÊG → ĒB πBGFB

ÊG → ÊB πBG (1− SB)− πBGFB = πBG (1− SB − FB)

ÊG → ūB πBGSG

ÊG → ûB πBGSB − πBGSG = πBG (SB − SG)

Table 2.A.4

As the current employment state in table 2.A.4 is employed due to favorable business cycle

�uctuations, Ê, the worker is employed for the realized and for the most favorable business cycle

sequence, but unemployed for the least favorable business cycle sequence.

1. The transition ÊG → ĒG. For the worker to be employed independent of business cycle

�uctuations next period, he must be employed under the least favorable business cycle state

sequence. Given the least favorable business cycle sequence, the individual is unemployed in

the current period. Thus, the probability of �nding a job next period is FB.

2. The transition ÊG → ÊG. Given the actual business cycle sequence the individual is employed

and the business cycle state next period is good. Thus, the probability of being employed

next period is 1− SG. Subtracting the probability of being employed for the least favorable

business cycle sequence yields the transition probability 1− SG − FB.

3. The transition ÊG → ūG. For the worker to be unemployed independent of business cycle

�uctuations next period, he must be unemployed given the most favorable business cycle

state sequence. Given the most favorable business cycle sequence the individual is employed

in the current period. Thus, the probability of getting �red is SG.
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4. The transition ÊG → ûG. As the individual is employed under the realized business cycle

sequence, the probability of being unemployed next period is SG. From this we subtract

the probability of being unemployed independent of the business cycle SG, and �nd that the

probability of being unemployed due to business cycle �uctuations in the coming period is 0.

5. The transition ÊG → ĒB. By the same reasoning as with transition 1, the transition proba-

bility is FB.

6. The transition ÊG → ÊB. Given the actual business cycle sequence the individual is employed

and the business cycle state next period is bad. Thus, the probability of being employed

next period is 1− SB. Subtracting the probability of being employed for the least favorable

business cycle sequence yields the transition probability 1− SB − FB.

7. The transition ÊG → ūB. By the same reasoning as with transition 3 the transition proba-

bility is SG.

8. The transition ÊG → ûB. Given the actual business cycle sequence the individual is em-

ployed and the business cycle state next period is bad. Thus, the probability of becoming

unemployed next period is SB. Subtracting the probability of becoming unemployed for the

most favorable business cycle sequence yields the transition probability SB − SG.

The complete transition matrix can be deduced by the same reasoning as above and is presented

in table 2.A.5.

t+1 \ t ĒG ÊG ūG ûG

ĒG πGG (1− SB) πGGFB πGGFB πGGFB

ÊG πGG (SB − SG) πGG (1− SG − FB) πGG (FG − FB) πGG (FG − FB)

ūG πGGSG πGGSG πGG (1− FG) πGGSG

ûG 0 0 0 πGG (1− FG − SG)

ĒB πBG (1− SB) πBGFB πBGFB πBGFB

ÊB 0 πBG (1− SB − FB) 0 0

ūB πBGSG πBGSG πBG (1− FG) πBGSG

ûB πBG (SB − SG) πBG (SB − SG) πBG (FG − FB) πBG (1− SG − FB)
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t+1 \ t ĒB ÊB ūB ûB

ĒG πGB (1− SB) πGBFB πGBFB πGBFB

ÊG πGB (SB − SG) πGB (1− SG − FB) πGB (FG − FB) πGB (FG − FB)

ūG πGBSG πGBSG πGB (1− FG) πGBSG

ûG 0 0 0 πGB (1− FG − SG)

ĒB πBB (1− SB) πBBFB πBBFB πBBFB

ÊB 0 πBB (1− SB − FB) 0 0

ūB πBBSG πBBSG πBB (1− FG) πBBSG

ûB πBB (SB − SG) πBB (SB − SG) πBB (FG − FB) πBB (1− SG − FB)

Table 2.A.5

The 8 states can be subdivided into 3 groups with similar income. Since the wage and unem-

ployment bene�ts are the same in the good and bad state, we have that the states ĒG and ĒB

have the income W , ūG and ūB have the income bW , and ÊG, ûG, ÊB and ûB all have the current

income ζ. In the model setup with business cycle �uctuations, the di�erence between employment

and unemployment in the two business cycle states lies in their transition probabilities. The ques-

tion is whether such a di�erence within the three income groups still exists when the insurance

portfolio against business cycle �uctuation is implemented in the model? To see this, we �nd for

each of the 8 states the transition probabilities to any state with income W , any state with income

ζ, and any state with income bW , respectively. These can be seen in table 2.A.6.

group 1, income W group 2, income ζ group 3, income bW

t \ t+1 ĒG or ĒB ÊG, ûG, ÊB or ûB ūG or ūB

ĒG 1− SB SB − SG SG

ÊG FB 1− SG − FB SG

ūG FB FG − FB 1− FG
ûG FB 1− SG − FB SG

ĒB 1− SB SB − SG SG

ÊB FB 1− SG − FB SG

ūB FB FG − FB 1− FG
ûB FB 1− SG − FB SG

Table 2.A.6

Table 2.A.6 shows that the transition probabilities within each group are the same. Thus, there
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are no real di�erences between the states within each group. The current income is the same for

all states within each group, and the possibilities for future income are also identical. Hence, the

system can be compressed to three states, which coin-cide with the three groups. This system has

the following transition probability matrix

t+1 \ t Ē mix ū

Ē 1− SB FB FB

mix SB − SG 1− FB − SG FG − FB
ū SG SG 1− FG

Table 2.A.7

Note, the implementation of the insurance portfolio against business cycle risk makes the em-

ployment dynamics in table 2.A.7 independent of the business cycle dynamics. We will therefore

henceforth call this the economy without business cycle �uctuations. Now that we have the em-

ployment dynamics, we can �nd ζ. ζ is set such that the unconditional expectation of the insurance

company's pro�t is zero. Hence,

φPr
[
Ê
]

= ϑPr [û] .

To �nd the unconditional probability of being (un)employed, Pr
[
Ê
]

(Pr [û]), due to (un)favorable

business cycle �uctuations, we �nd the unconditional probability of being (un)employed, Pr [E](Pr [u]),

and subtract the unconditional probability of being (un)employed independent of business cycle

�uctuations, Pr
[
Ē
]

(Pr [ū]). We �rst �nd Pr [E] and Pr [u] as the weighted average of steady state

employment in the good and the bad state of the business cycle. We have from the employment

transition that

Pr

(
EN

uN

)
=

(
1− SN FN

SN 1− FN

)
Pr

(
EN

uN

)
for N = G,B

and the identity condition

Pr (EN) + Pr (uN) = πN for N = G,B

Together this yields
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Pr

(
EN

uN

)
= πN

(
FN

FN+SN
SN

FN+SN

)
for N = G,B

We now �nd the probability of being (un)employed independent of the business cycle �uctua-

tions from the transition probabilities of the economy without business cycles

Pr

 Ē

mix

ū

 =

 1− SB FB FB

SB − SG 1− FB − SG FG − FB
SG SG 1− FG

Pr

 Ē

mix

ū

 ,

and the identity condition

Pr
(
Ē
)

+ Pr (mix) + Pr (ū) = 1.

Solving for the unconditional probabilities this yields

Pr

 Ē

mix

ū

 =


FB

FB+SB

1− FB
FB+SB

− SG
FG+SG

SG
FG+SG

 .

Thus, the probability of being (un)employed due to business cycle �uctuations is

Pr

(
Ê

û

)
= Pr

(
E

u

)
− Pr

(
Ē

ū

)

= πG

(
FG

FG+SG
SG

FG+SG

)
+ πB

(
FB

FB+SB
SB

FB+SB

)
−

(
FB

FB+SB
SG

FG+SG

)

=

(
πG

πB

)
·

(
FG

FG+SG
− FB

FB+SB
SB

FB+SB
− SG

FG+SG

)

=

(
πG

πB

)
·
(

SB
FB + SB

− SG
FG + SG

)

Therefore for the insurance company to have an expected pro�t of zero

φ

ϑ
=

Pr [û]

Pr
[
Ê
] =

πB
πG
,

and for the combined income ζ to be the same in the states where employment is business cycle
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dependent

W − φ = bW + ϑ.

Substituting for φ yields

W − πB
πG
ϑ = bW + ϑ

or

ϑ = πG (W − bW ) .

Hence,

ζ ≡ bW + ϑ = πGW + πBbW

Thus, when the business cycle �uctuations are eliminated the employment process changes as

follows. Instead of the four state Markov process with the transition matrix in equation (2.2) the

stable economy's employment process is a three state Markov with transition probabilities as in

table 2.A.7. The labor income for the business cycle independent employed and unemployed is

unchanged, but the income of the individuals, whose employment depends on the business cycle

�uctuations is now ζ.
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Appendix 2.B

To �nd the unemployment rates, un(G) and un(B), such that V ar(un) = ¯V arrun(un) ≡ σ2
u and

E(un) = m̄ �rst de�ne

un(N) =

m̄− σuk1 for N = G

m̄+ σuk2 for N = B
.

The problem is two equations with two unknowns k1 and k2. The �rst equation yields

E(un) = Pr(G) (m̄− σuk1) + Pr(B) (m̄+ σuk2) = m̄

or

σu (−Pr(G)k1 + Pr(B)k2) = 0

or

k1 =
Pr(B)k2

Pr(G)
.

The second equation gives

V ar(un) = Pr(G) (m̄− σuk1 − m̄)2 + Pr(B) (m̄+ σuk2 − m̄)2 = σ2
u

or

Pr(G)k2
1 + Pr(B)k2

2 = 1

Inserting for k1 from the �rst equation and isolating k2

k2 =
1√

Pr(B)2

Pr(G)
+ Pr(B)

Thus

k1 =
1√

Pr(G)2

Pr(B)
+ Pr(G)

If the good state and the bad state of the business cycle are equally likely k1 = k2 = 1.

However, since the unconditional probability of a bad state is calibrated to 43.48 % k1 = 0.8771

and k2 = 1.1402. Hence, the smaller probability of a recession implies that the recession must be

relatively deeper.

69



3 Business Cycle Costs and Endogenous Job Search

Max Weiss Dohrn, Aarhus University

Abstract

Using an OLG model with endogenous job search e�ort and saving decision, we �nd

considerable welfare costs from business cycle �uctuations especially for the young individuals

who have not had the time to build up e�ective precautionary savings. We then show that

the business cycle costs can be signi�cantly reduced either by increasing the unemployment

bene�ts to the welfare maximizing level or by an optimal re-distribution of unemployment

bene�t funds from the old individuals to the young individuals. We also �nd support for the

implementation of counter-cyclical unemployment bene�ts, which also decrease the business

cycle costs; however, not as e�ectively as the two other policy changes.
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3.1 Introduction

Dohrn (2016a) (the �rst chapter in this dissertation) �nds that the costs of business cycle �uctua-

tions are signi�cant for young individuals and future generations. In this chapter we then examine

if these large business cycle costs can be removed or signi�cantly reduced by changing the unem-

ployment bene�t system. However, unemployment bene�ts are not just insurance against business

cycle related unemployment but unemployment in general. Hence, adjusting the unemployment

bene�t system in order to minimize the business cycle costs may not be advisable. Therefore, we

optimize the unemployment bene�t system in order to maximize the general welfare level in our

model economy. We �nd that an optimization of the bene�t system signi�cantly reduces and for

some calibrations completely removes the costs of business cycle �uctuations. Thus, business cycle

costs are only a signi�cant problem because the unemployment bene�t system is suboptimal.

The basic model setup is very similar to the framework in Dohrn (2016a). We have an OLG

model with many �nitely living individuals. Until retirement the individuals are a part of the labor

force and are either employed or unemployed. The �nancial market is assumed to be incomplete.

Thus, the individuals are liquidity constrained as they are not allowed to borrow, and there are

no Arrow-Debreu assets available to directly insure them against income risk induced by unem-

ployment. Therefore, to protect themselves against unemployment risk the individuals establish

precautionary savings. However, the young individuals have not been long enough on the labor

market to have built up e�ective precautionary savings. On top of that wage is increasing by age

and the unemployment rate is decreasing as the individuals get established on the labor market.

This implies that in a lifetime perspective, it is counterproductive for the young individuals to

save as they thereby move resources from a low income period in life to a high income period.

This reduces the young individuals' precautionary savings further. Thus, the young individuals

are poorly protected from unemployment risk which is ampli�ed by business cycle �uctuations.

Thus, the young individuals have large business cycle costs. For the baseline calibration of the

model32 the business cycle costs for individuals entering the model are 1.20 % of total consumption

in the US. This is at least one order of magnitude larger than Lucas' (1987) original estimate of

business cycle costs. Hence, as Storesletten et. al. (2001) and Krusell et. al. (2009) we �nd that

certain groups in society (the young and the poor) are more exposed to business cycle risk, and

therefore drive the welfare costs of business cycle �uctuations up to a considerable level.

As mentioned above, the innovation in this chapter is to show how the large business cycle costs

32The model is calibrated to simulate the US labor market.
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can be reduced by optimizing the unemployment bene�t system.33 In order to analyze changes to

the unemployment bene�t system we must take into account its a�ect on labor market dynamics.

Speci�cally, we implement an endogenous job search e�ort, which is costly to the individuals

but increases their probability of employment. Hence, optimal unemployment bene�ts become

an e�cient tradeo� between, on the one hand, helping the liquidity constrained individuals to

smooth consumption during unemployment, and, on the other hand, limiting the moral hazard

unemployment bene�ts have on the individuals' job search e�ort. Depending on calibration the

optimal replacement rate is between 74% and 92%. In both cases the business cycle costs are

completely removed when the bene�t level is set at its welfare maximizing level. We calibrate in

our model that the current replacement rate is 30% in the US. Thus, the model advocates for a

huge increase in unemployment bene�ts.

As it is the young individuals that su�er the most from the business cycle �uctuations, another

way to remove business cycle costs could be to make the unemployment bene�ts age dependent.

More speci�cally, we here allow di�erent unemployment bene�t replacement rates for individuals

below 30 years and individuals above 30 years. The optimal re-distribution of the currently avail-

able bene�t funds between the two groups gives the young a replacement rate between 79% and

93% and the old between 3.31% and 9.24%. This re-distribution eliminates between a third and

all of the welfare costs of business cycle �uctuations.

The large di�erence in the optimal bene�t level between the young and the old individuals

illustrates the ability of the two groups to self-insure through precautionary savings. The young

individuals bene�t greatly from higher bene�ts as they cannot e�ectively self-insure. The old indi-

viduals, on the other hand, have known in advance that their unemployment bene�ts would be low

after 30 and have therefore used their twenties to build up e�ective precautionary savings. This

result is in line with Flemming's (1978) estimation of the optimal unemployment bene�t replace-

ment rate. He �nds that when the households can borrow and lend in a perfect capital market

the optimal replacement rate is 0-20%. This is comparable to the situation for the old individuals

in our model, as their e�ective precautionary savings enable them to smooth consumption over

employment states as if the capital market was perfect. If the capital market is imperfect such

that the households just have to consume their current income, Flemming (1978) �nds that the

optimal replacement rate is about 70%. This case is comparable to the young individuals in our

model as they cannot borrow and have low savings and therefore have a high correlation between

33The objective for the optimal unemployment bene�t system is to maximize the ex ante expected life-time utility
for the individuals entering the model.
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consumption and income.

It is also the young individuals' lacking ability to self-insure that drives up the optimal over-

all replacement rate to 74%-92% in our OLG framework. Lentz (2009) estimates the optimal

replacement rate in a similar search and saving framework but for in�nitely living households.

These households have time to build up precautionary savings and are therefore very good at

self-insuring. Lentz (2009) therefore �nds a considerably lower optimal replacement rate. He �nds

that the optimal replacement rate is between 58% and 82%.

As a last policy change we let the bene�t level be business cycle dependent. Our model supports

counter-cyclical bene�ts. This reduces the business cycle costs somewhat, but not nearly as well

as age dependent bene�ts or an increase in the overall generosity of the unemployment bene�t

system.

Krebs and Sche�el (2014) also analyze the e�ect of labor market reforms on the size of business

cycle costs in an endogenous job search framework. They examine the welfare e�ects to German

economy induced by the Hartz reforms in 2003-2005. They �nd that the Hartz reforms by lowering

the relatively high German unemployment bene�t level, and improving the job �nding process have

signi�cantly improved the welfare level in the German economy and also reduced the business cycle

costs . However, Krebs and Sche�el (2014) e�ectively prohibit saving in their model setup and

they do not have an OLG structure. Thus, they do not analyze the e�ect of self-insurance through

precautionary savings and the young individuals inability to e�ectively due this. Thus, the main

contribution of our study to the literature is to demonstrate young individuals vulnerability to

business cycle risk, and show how e�ective reforms to the unemployment bene�t system can reduce

that vulnerability and thereby reduce the costs of business cycle �uctuations signi�cantly.

The remainder of this chapter is organized as follows. Section 3.2 presents the model setup

for the economy with business cycle �uctuations, and section 3.3 explains how the same economy

is modelled without business cycles in order to �nd the business cycle costs. In section 3.4 the

model is calibrated. Section 3.5 describes and discusses the results. Finally, section 3.6 discusses

the model and o�ers some concluding remarks.

3.2 Model Setup

3.2.1 Employment and Business Cycle Dynamics

Focus in this model is on how the workers react to changing labor market conditions wrt. their job

search intensity and saving behavior. The �rms' and government's policy variables are therefore
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all assumed to be exogenously determined. With the tax rate as the only exception as this is set

to balance the public budget.

The model has an OLG structure with �nitely living individuals. Individuals enter the model

at age a = 1 as part of the labor force, which they continue to be a part of until they retire at

age a = â. The time of death is a stochastic age dependent variable, such that the probability of

departing at the end of period a is da. To get a last period for each individual, we assume that no

one lives past age ā, thus dā = 1. Hence, each period one unit of individuals enters the model, and

with a constant age dependent mortality the distribution of individuals across age-cohorts remains

constant over time.

Thus, all workers are part of the labor force before retirement. They can therefore in these

periods either be employed, E, or unemployed, Un. Each period the employed workers are at risk

of becoming separated from their current job and become unemployed. This separation probability,

δa,N , is exogenously given and depends on the workers age, a, and the state of the business cycle,

N . The unemployed workers' probability of �nding a job, on the other hand, is endogenously

determined since it depends on the workers search e�ort, s ≥ 0, which the workers set to optimize

their utility. The probability of �nding a job for the next period is

µa,N(s) = 1− exp (−ηa,Ns) . (3.1)

Besides the search e�ort the job �nding probability also depends upon the o�er arrival rate, ηa,N ,

which again depends on the worker's age and the state of the business cycle. Note µa,N(0) = 0,

lim
s→∞

µa,N(s) = 1 and µ′a,N(s) > 0. Thus, the worker can improve his job prospective by searching

more, but this comes at a cost. Job search is time consuming and unpleasant for the worker, and

gives him a dis-utility, ϕ, each period.

ϕ(s) = Asq (3.2)

where A > 0 and q > 1 such that the search costs, ϕ, are positive, increasing and convex wrt.

search e�ort. Thus, for a given search e�ort the employment process is a �rst order Markov process,

with the following transition probability matrix

TrE =

(
1− δa,N δa,N

µa,N(s) 1− µa,N(s)

)
.

The business cycle dynamics are also a two state �rst order Markov process. The business cycle
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can either be in a good, G, or bad, B, state. The employment process depends on the state of

the business cycle. The separation rates are higher and the o�er arrival rates are lower in the bad

state than in the good state of the business cycle.

δa,G < δa,B for ∀a < â

and

ηa,G > ηa,B for ∀a < â

The transition probability matrix for the business cycle is

TrB =

(
πGG πBG

πGB πBB

)
.

Thus, the combined business cycle employment process has four states: Employed in the good

state, EG, unemployed in the bad state, UnG, employed in the bad state, EB, and unemployed in

the bad state, UnB. The transition probability matrix for this �rst order Markov process is

TR =


πGG (1− δa,G) πGGδa,G πBG (1− δa,G) πBGδa,G

πGGµa,G(s) πGG (1− µa,G(s)) πBGµa,G(s) πBG (1− µa,G(s))

πGB (1− δa,B) πGBδa,B πBB (1− δa,B) πBBδa,B

πGBµa,B(s) πGB (1− µa,B(s)) πBBµa,B(s) πBB (1− µa,B(s))

 .

Note, the probability of losing or �nding a job next period depends on the current state of the

business cycle as the job separation and job hunt happen in the end of each period. The timing of

the individuals' decision is summarized in �gure 3.1.

Figure 3.1:

Hence, current employment, ea, probability depends on last period's business cycle state, Na−1,

employment status, ea−1, search e�ort, sa−1, and age. In the �rst period, however, the individuals

do not have an employment history. The �rst period is therefore organized a little di�erent. As
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the individuals enter their �rst period, they are all assumed to be unemployed. They therefore

start the period by searching for a job. The probability of �nding a job in period one is given by

µ0,N(s) = 1− exp (−η0,Ns) ,

and the dis-utility from search is, as in the other periods, given by eq. (3.2). The outcome of

the search e�ort is determined immediately after, and the individuals can then go on deciding on

saving level and search e�ort to �nd a job in the next period.

Thus, the individuals search twice in the �rst period. Once in the beginning to �nd a job in

period one, and once at the end to �nd a job in period two. Of course, if the individual �nds

employment in period one the optimal search e�ort in the end of the period will be 0.

3.2.2 The Individuals' Optimization Problem

The individuals' instantaneous utility function depends upon current consumption, ca, and search

e�ort, sa.

u(ca, sa) =
c1−γ
a − 1

1− γ
− Asqa (3.3)

The utility function is separable between the utility from consumption and the dis-utility from

search e�ort. The utility function for consumption has a CRRA, γ > 0. The individuals' expected

lifetime utility is then given by

U = E

[
ā∑
a=1

ρaβ
au (ca, sa)

]
, (3.4)

where β is the subjective discount factor, and ρa ≡
∏a−1

j=1(1−dj) the probability that the individual
is alive in period a.34 The individuals maximize their expected lifetime utility wrt. consumption

and search e�ort, and subject to the following constraints

ca ≤ Ia +Ka −
1

1 + r
Ka+1 ∀a (3.5)

Ka ≥ 0 ∀a (3.6)

K1 = K̄ ≥ 0. (3.7)

34Thus, we implicitly assume that the utility of the departed individuals is zero.
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The individuals are both budget constrained (3.5) and liquidity constrained (3.6). They can build

up savings, K, to smooth consumption if they get unemployed and when they retire, but they

cannot borrow. The individuals' labor incomes, Ia, depend upon their employment status, e,

and their age, a. An employed individual earns an age dependent wage, Wa. When unemployed

the individuals receive unemployment bene�ts from the government, which are a constant share,

b, of the wage the individuals would have received had they been employed. After retirement

the individuals receive a constant pension, p, from the government each period. To �nance the

unemployment bene�ts and the pension payments, the government collects a proportional tax, τ ,

on all three types of labor income. Thus, the individuals' disposable labor income is

I (a, e) ≡


(1− τ)Wa for e = E and a < â

(1− τ) bWa for e = Un and a < â

(1− τ) p for a ≥ â

.

Thus, the individuals maximize their lifetime utility with respect to the two control variables

consumption, ca, and search e�ort, sa, wrt. the four state variables age, a, employment status, ea,

the business cycle state, Na, and asset holding, Ka. The bellman equation for the problem is

Va (ea, Na, Ka) = max
ca,sa
{u(ca, sa) + (1− da) βEa [Va+1 (ea+1, Na+1, Ka+1)]} . (3.8)

Thus, for the unemployed, who has to �nd the optimal search e�ort, the Bellman equation is

V Un
a = max

ca,sa

{
u(ca, sa) + (1− da) βEa

[
µ(sa)V

E
a+1 + (1− µ(sa))V

Un
a+1

]}
,

where V E
a+1 ≡ Va+1 (Ea+1, Na+1, Ka+1) and V Un

a+1 ≡ Va+1 (Una+1, Na+1, Ka+1). Thus, the �rst order

condition wrt. search e�ort becomes

∂V Un
a

∂sa
=

∂u(ca, sa)

∂sa
+ µ′(sa) (1− da) βEa

[
V E
a+1 − V Un

a+1

]
= −Aqsq−1

a + ηa,N exp (−ηa,Nsa) (1− da) βEa
[
V E
a+1 − V Un

a+1

]
= 0. (3.9)

The marginal cost of search Aqsq−1
a is increasing with the search level, but does not depend on other

variables. The marginal gain from search is the marginal increase in the job �nding probability,

ηa,N exp (−ηa,Ns), times the expected gain from going from unemployment to employment next
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period (1− da) βEa
[
V E
a+1 − V Un

a+1

]
. Thus, the marginal gain depends on asset holdings, age and

the state of the business cycle. Thus, the optimal search e�ort depends on all four state variables,

s∗a = s(a, e,N,K).

3.2.3 The Tax Rate and Government's Budget

The government collects taxes on the individuals' labor income in order to �nance its expenditure

to unemployment bene�ts and pensions. In addition to �nancing these social requirements, the

government also works as intermediary between the generations of individuals in the model. There

are no inter-generational links between the individuals in the model. Thus, the individuals do not

have anyone to leave bequests to. However, since the time of death is stochastic, many individuals

end up leaving assets behind which they intended to live o� had they lived longer. To avoid that

these unintended bequests just vanish, we assume the government sets a 100% bequest taxation.

In the other end of life the individuals do not enter the model penniless. K̄ might be strictly

positive. This initial asset holding is paid by the government. Thus, the bequests go through the

public budget.35

The government sets the tax rate such that the ex ante expected current values of the bene�ts

to and taxes from individuals equal.36

τ
ā∑
a=0

ρa (1 + r)−a (Ee
aWa + UneabWa + riteap) +

ā∑
a=0

(1 + r)−a (ρa − ρa+1)E [Ka+1]

=
ā∑
a=0

ρa (1 + r)−a (UneabWa + riteap) + K̄ (3.10)

Ee
a, Un

e
a and rit

e
a are the unconditional probabilities of, respectively, being employed, unemployed

or retired at age a.37 Thus, the government is not restricted to set a counter-cyclical tax rate in

order to balance the public budget. We avoid this restriction as it would unrealistically increase

the business cycle costs. However, condition (3.10) does not ensure a stable public budget. The ex

35We do not make any condition that the income from the bequest taxation and the expenditure to initial asset
holdings balance. The public budget just has to balance as a whole.

36Condition (3.10) equals expected the taxes and bene�ts for an individual entering the model, not for individuals
already in the model. Therefore we assume that when the bene�t, pension and tax system initial was started, it
was only applying for the individuals entering the model. Thus, the individuals in retirement when the system
was introduced, who therefore had payed no taxes to the system were not eligible for pension payments. Thus, the
government does not have a social debt.

37Ee
a and uea for a < â are determined by the unemployment process described in section 3.2.1. For a ≥ â

Ee
a = Unea = 0. Furthermore, ritea = 0 for a < â and ritea = 1 for a ≥ â
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ante expected de�cit level is always zero, but realized de�cits (surpluses) in bad (good) states of

the business cycle are not expected ever to be payed back (cashed in). To solve this problem, we

implement government consumption, G, which the individuals do not care about and do therefore

not a�ect their utility or the resulting business cycle costs.38 The government �nances its con-

sumption though a land tax, T̄ , which is constant over time. The land tax eats up all the surplus

from the land, such that the individuals have no extra income from the land. The government sets

its consumption such that on average it is equal to the land tax, E [G] = T̄ , but let it increase and

decrease with the business cycle such that the public budget always balances. Thus,

τ

ā∑
a=0

(#EaWa + #uabWa + #ritap) +
ā∑
a=0

(ρa − ρa+1)E [K1,a+1 +K2,a+1] + T̄

=
ā∑
a=1

(#uabWa + #ritap) + K̄0 +G

Where #Ea, #ua and #rita are, respectively, the number of employed, unemployed and retired

individuals at age a.

These rather arti�cial additions (Gn and T ) to ensure a balanced public budget is in quantitative

terms a small adjustment to the model. For the baseline calibration of the model, presented below,

the change in government consumption, G, between good and bad states of the business cycle to

ensure a balanced public budget is less than 0.83 % of GDP (excluding land taxes).
39

3.2.4 Numerical Solution Method

To solve the model, we need to �nd the optimal policy function for consumption, c(a, e,N,K), and

search e�ort, s(a, e,N,K), which solves the individuals' optimization problem (eq. (3.3)-(3.7)),

and we need to �nd the tax rate, τ , which balances the public budget (eq. (3.10)). A challenge

here is that, on the one hand, the solution to the optimization problem depends on the tax rate as

the tax rate a�ects the level of disposable income. On the other hand, the tax rate depends upon

the saving level and search e�ort as these determine the employment rate and the bequest level.

38Alternatively, the government consumption could be added to the individuals utility as a separate term without
a�ecting the results.

39An alternative approach could have been to keep track of the public debt and constrain the government's debt
level over time. However, this would add another state variable to the model and complicates it considerably
without signi�cantly changing the results or furthering the message of the chapter.
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To cope with this co-dependence, we �rst solve the individuals' optimization problem for a given

tax rate. Then we simulate the model for 100,000 individuals and �nd the tax rate that balances

the public budget. Then we solve the individuals' optimization problem for the new tax rate. We

continue this iteration until the tax rate converges.

As the individuals' optimization problem has a last period, ā, the problem can be solved by

backward induction. Starting from the last period, we maximize the value function in equation

(3.8) with respect to consumption and search e�ort. The optimal consumption level for each set

of state variables, c(a, e,N,K), is found by grid search over the consumption range ful�lling the

budget constraint and liquidity constraint (eq. (3.5) and (3.6)). The optimal search e�ort that

ful�lls equation (3.9) is found numerically, as there exists no algebraic solution.

3.3 Calculation of Business Cycle Costs

The standard measure for the welfare costs of business cycle �uctuation introduced by Lucas

(1987) is the relative increase in consumption each period which is necessary for agents living in an

economy with business cycles to be as well o� as agents living in the same economy but without

business cycles. Hence, in our model the business cycle costs λ are given by

ā∑
a=1

ρaβ
aE

[
((1 + λ) ca)

1−γ − 1

1− γ
− Asqa

]
=

ā∑
a=1

ρaβ
aE

[
ĉ1−γ
a − 1

1− γ
− Aŝqa

]
or

λ =

(∑ā
a=1 ρaβ

aE [ĉ1−γ
a + (1− γ)A (sqa − ŝqa)]∑ā

a=1 ρaβ
aE
[
c1−γ
a

] ) 1
1−γ

− 1

where {ca, sa}āa=1 are the optimal consumption and search e�ort sequence in the economy with

business cycles, and{ĉa, ŝa}āa=1 is the optimal consumption and search e�ort sequence in the econ-

omy without business cycles. The �rst sequence, {ca, sa}āa=1, can be found by calibrating and

solving the model described in section 3.2, which we will do in the next two sections. The di�cult

and controversial part is how we �nd {ĉa, ŝa}āa=1.

Given an e�ectively complete market, all but aggregate risk is diversi�ed away by risk averse

agents. Thus, in a representative agent framework as in Lucas (1987), which implicitly assumes

an e�ective complete market, the only costly risk is the aggregate business cycle risk. Thus, to

simulate an economy without business cycle �uctuations, Lucas (1987) simply removes all risk from

his model. This is not as straightforward in our model, where we assume an incomplete market
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structure such that the idiosyncratic labor market risk cannot be diversi�ed. It is an open question

how to treat the idiosyncratic risk in a stabilized economy without business cycle �uctuations. The

choices in the literature range from removing all idiosyncratic risk as in Baudry and Page (2001),

to turning the aggregate risk into idiosyncratic by removing the correlation in the shocks between

individuals as in Atkeson and Phelan (1994). We here apply the same method as in Dohrn (2016b),

which is a more neutral approach that lies close to the integration principle introduced by Krusell

et. al. (2009). However, we have to re�ne the method a little here since the employment process

now is endogenous, and the search e�ort also a�ects utility.

The detailed derivation of the economy without business cycles can be seen in appendix 3.A. The

overall idea is to identify the probability of being (un)employed due to (un)favorable business cycle

�uctuations, and identify the probabilities of being either employed or unemployed independent of

business cycle �uctuations. Then, to eliminate the employment risk associated with business cycle

�uctuations the individuals whose employment depends on the business cycle �uctuations receive

the same intermediate labor income and dis-utility from search e�ort. Thus, the employed and

unemployed due to business cycle �uctuations receive their average labor income

ζ ≡ Pr(N = G)W + Pr(N = B)Wb,

and furthermore the employed and unemployed due to business cycle �uctuations share the unem-

ployed's dis-utility from search such that both groups have the dis-utility

ϕ̂(s) ≡ Pr(N = B)Asq.

The income and dis-utility from search are unchanged for the individuals employed or unemployed

independent of business cycle �uctuations.

This elimination of business cycle risk implies that the current and future values of being

employed or unemployed due to business cycle �uctuations are identical. Hence, the stabilized

economy has three employment states, ẽ: Employed independent of the business cycles, Ē, business

cycle dependent employment, mix, and unemployed independent of the business cycle, Ūn. The
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initial probability of employment in the �rst period is

ẽ =


Ē with prob µ0,B

mix with prob µ0,G − µ0,B

Ūn with prob 1− µ0,G

(3.11)

where µ0,N ≡ 1 − exp (−η0,Ns) for N = G,B. The employment process for the remaining period

is a three state Markov process with the following transition probability matrix:

t +1\ t E mix Un

E 1− δa,B µa,B(s) µa,B(s)

mix δa,B − δa,G 1− µa,B(s)− δa,G µa,G(s)− µa,B(s)

Un δa,G δa,G 1− µa,G(s)

Table 3.1 shows the transition probabilities in the stabilized economy

The utility maximization problem for the individual in the stabilized economy then becomes

max
{ca,sa}aa=1

U = E

[
ā∑
a=1

ρaβ
a

(
c1−γ
a − 1

1− γ
− φ(s)

)]

where φ(s) ≡

Asq for ẽ = Ē, Un

Pr(N = B)Asq for ẽ = mix
. Subject to

ca ≤ Îa +Ka −
1

1 + r
Ka+1 ∀a (3.12)

Ka ≥ 0 ∀a (3.13)

K1 = K̄ ≥ 0 (3.14)

where

Îa ≡



Wa for ẽ = Ē and a < â

bWa for ẽ = Un and a < â

ζ for ẽ = mix and a < â

p for a ≥ â
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and the initial employment and employment dynamics follow from eq. (3.11) and table 3.1, re-

spectively. The problem can be solved by the same solution method as described in section 3.2.4.

3.4 Calibration

The individuals enter the model in period a = 1 when they are 23 years old, and they retire when

they become 65 in period a = â. The survival probabilities, {ρa}ā0, for the �nitely living individuals
are calibrated such that the mortality rates imitate the US 2007 mortality rates reported by the

National Vital Statistics System. However, we cut o� at 90 years, such that none of the individuals

in the model get older than 90. As each period corresponds to a quarter the model have 269 periods

for each individual.

3.4.1 Calibration of Business Cycle and Employment Dynamics

The business cycle dynamics are calibrated using monthly data for the US unemployment rate in

the period 1968(1)-2015(12) drawn from the Bureau of Labor Statistics (BLS).40 We use the same

method as in Dohrn (2016b). The good business cycle states in the model are periods with low

unemployment, and bad states are periods with high unemployment. However, contrary to our

model the US unemployment rate also changes over time due to structural changes in the economy

that are not business cycle dependent. To account for this, we take a running average of the

unemployment rate in the data with an interval of 20 years symmetrically distributed around the

relevant period.41 Periods where the unemployment rate is below the running average are de�ned

as good states of the business cycle, and periods with unemployment rates above are de�ned as

bad states. 43.48 % of the states in the sample are bad states, and this is thus the estimated

probability of a bad state of the business cycle. To estimate the transition probabilities between

the two states, let trxy be the number of transitions from y to x in the sample, and let try be the

number of times state y occurs in the sample, except for the last period.42 Then the transition

probability between y and x is estimated as πxy = trxy
try

. With a period length of one quarter, this

40The data is illustrated in �gure 3.2.
41Of course, we do not have the unemployment rates for the next 10 years. Therefore, the intervals for the running

averages within the last 10 years of the data set are from 10 years before the relevant year to the end of the data
set. We do not have the same problem in the beginning of the data set since we have unemployment rates from
before 1968(1). Therefore, we can keep an interval of 20 years for the running average.

42Since there is no transition from the last state in the sample
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yields

TRBus =

(
πGG πBG

πGB πBB

)
=

(
0.9169 0.0831

0.1080 0.8920

)
.

The employment dynamics are most directly a�ected by the following parameters: The o�er

arrival rates, ηa,N , the job separation rates, δa,N , the initial employment distribution, QN , and

the two parameters A and q in individuals' dis-utility function for search e�ort. Our job-�nding

function and dis-utility function for search e�ort in equation 3.1 and 3.2 are borrowed from Lentz

(2009). In the calibration we will therefore be guided by Lentz's (2009) estimation of the parame-

ters. According to Lentz (2009), the parameter A is not separately identi�ed from the level of the

o�er arrival rates, ηa,N . Therefore, A is set numerically convenient at 100. Lentz (2009) estimates

q to 13.361, which we will apply as our the baseline calibration. However, as the curvature of the

dis-utility function for search e�ort, determined by the parameter q, has a pronounced e�ect on the

optimal bene�t level, as we shall see below, we will also consider a quadratic dis-utility function

for search e�ort, q = 2, which Lentz (2009) also does.

We wish to calibrate the o�er arrival rates, ηa,N , the job separation rates, δa,N , the initial

employment distribution, QN such that the age and business cycle dependent unemployment rate

and unemployment duration in our model match the empiric data for the US economy. We here

apply age cohort speci�c unemployment rates for 1968(1)-2015(12) from the BLS and age cohort

speci�c average unemployment durations for 1968-2015 from OECD as our empiric data for the

US economy.
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Figure 3.2:

Figure 3.3:

The �rst step in order to match this data to our model is to use the data to determine for each

age cohort the unemployment rate and unemployment duration in the US for the two states in our

business cycle. We here apply the same method as in Dohrn (2016b). Because our model has two

aggregate states, we aim to match the two �rst central moments of the unemployment rate and the
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unemployment duration to the data. However, as mentioned above, not all the variation in the US

unemployment rate and duration is business cycle related. As we can see from �gures 3.2 and 3.3,

there is a structural increase in both series over time. Especially for the unemployment duration.

To take this structural increase in the unemployment rate and duration into account, we apply the

mean, m, over the last 20 years as the �rst moment in our calibration. Furthermore, to �lter the

structural variation from the business cycle related variation, which we are interested in, we take

running variances over the samples with a 20-year interval around the relevant period, and then

take the average of these running variances and use this as our measure for business cycle related

variance, V . We do this for both the unemployment rate and duration for all the age cohorts in

our data. The model unemployment rates, Una,N , and unemployment duration, uDa,N , are then

calibrated such that their means and variances match the similar moments in the data,43 again for

each age cohort.44The result is illustrated in �gure 3.4 and �gure 3.5.

Figure 3.4:

43How this is done for a two state variable is shown in appendix 3.B.
44There is a di�erence between the age cohorts in the model and the data. An age cohort in our model is one

period which is set to last one quarter. An age cohort in the data on the other hand stretches over several years.
To combine this the age cohorts in the data are assumed to represent the age right in the middle of the interval,
and the intermediary ages' characteristics are found by linear interpolation.
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Figure 3.5:

The average unemployment durations, uDa,N , indicate that the job �nding probability should

be

µ̃a,N =
1

uDa,N

. (3.15)

Then the job separation rates , δa,N , can be calibrated such that the steady state unemployment

rates for each of the states of the business cycle and age equal una,N .
45 Hence, the in�ow and

out�ow from unemployment must be the same,

δa,N (1− una,N) = una,N µ̃a,N

or

δa,N =
una,N µ̃a,N
1− una,N

.

Given that the period length in the model is one quarter, this yields the job �nding and job

separation probabilities as shown in �gure 3.6 and �gure 3.7, respectively.

45The unemployment rate converges very fast to its new steady state level as the business cycle states change. It
is therefore no big concession to focus on the steady state and ignore the transition between steady states.
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Figure 3.6:

Figure 3.7:

The �nal challenge is then to calibrate the o�er arrival rates, ηa,N , such that resulting job

�nding rates, µa,N(s) ≡ 1 − exp (−ηa,Ns), which depend on the endogenously determined search
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e�ort, match the intended job �nding probability, µ̃a,N , in equation (3.15). This is done by starting

with an initial guess for the optimal search e�ort, s
(∗)
a,N , for each age cohort and state of the business

cycle, and then calibrating the o�er arrival rates, ηa,N , such that

µa,N(s) ≡ 1− exp
(
−ηa,Ns(∗)

a,N

)
= µ̃a,N ∀a,N

or

ηa,N = − ln (1− µ̃a,N)

s
(∗)
a,N

∀a,N. (3.16)

For these o�er arrival rates, we then solve the individuals' optimization problem in section 3.2,

and simulate the model for 100,000 individuals. Thereafter we take the average search e�ort over

the individuals, E
[
s∗a,N

]
, for each age-cohort and business cycle state and re-calibrate the o�er

arrival rates such that

ηa,N = − ln (1− µ̃a,N)

E
[
s∗a,N

] ∀a,N.

Then we solve the optimization problem again and simulate the model with these new o�er arrival

rates. We continue this iteration until the average job �nding probabilities in our model are close

enough to the intended job �nding probabilities, µ̃a,N . For our baseline calibration, the result of

the iterative process is shown in �gure 3.8.

Figure 3.8:

The �nal calibration of the o�er arrival rates is shown in �gure 3.9.
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Figure 3.9:

As expected, the o�er arrival rates are higher in the good state of the business cycle than in

the bad, and the separation rates are lower. Furthermore, the o�er arrival rates decrease with age,

making it easier for the young individuals to �nd a job than for the old. On the other hand, the old

individuals are better at staying employed, which implies that they have a lower unemployment

rate.

Finally, the initial o�er arrival rates in the �rst period, η0,N , are calibrated such that the initial

unemployment rates in the model match the empirical unemployment rates for the 23-year-old.

This yields η0,G = 4.69 and η0,B = 3.57.

3.4.2 Calibration of the Remaining Parameters

The age dependent wage is calibrated in accordance with Rupert and Zanella's (2012) smoothed

wage-age pro�le built upon the PSID data-set (see �gure 3.10). The unemployment bene�t com-

pensation rate b is calibrated to 30%, and the pension compensation rate is set to 47.6% of the

average wage through the individuals' life.

90



Figure 3.10:

The initial asset holdings K̄ are set to 0.30, as the model then matches the �nancial asset

income ratio for the 23-year-olds in the National Longitudinal Survey of Youth 1997 (NLSY97).

The relative risk aversion coe�cient, γ, is calibrated to 3. Finally, the annual discount rate is set

to 7 %, and the annual interest rate to 2 %. With a period length of a quarter, this implies that

β = 0.9832 and r = 0.0050.

3.5 Results

3.5.1 Description of the Baseline Economy

The challenges the individuals in our model face when choosing their saving strategy are how to

smooth consumption over life and across states of employment. Over their life-cycle the individuals

have two low points in their expected income stream, namely in the beginning of their working

careers and in retirement (see �gure 3.11). Therefore, from a life-cycle perspective, the individuals

want to dis-save in the start and end of their life-time. The last is accomplished by building up

substantial savings for retirement in the last part of their working careers, as we can see from

�gure 3.12. Dis-saving in early life, however, is not possible since the individuals enter the model

with limited resources and it is impossible to borrow. Actually, the individuals �nd it optimal to

save in this part of life as well in order to overcome the other challenge. To smooth consumption

across states of employment, the individuals have to build up e�ective precautionary savings. In

utility terms it is costly to build up these precautionary savings as they pose a tradeo� in saving
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strategy between smoothing consumption over life or across states of employment. The need for

precautionary savings is ampli�ed by the presences of business cycle �uctuations as these increase

the income risk. Thus, the facts that it takes some time to build up e�ective precautionary savings

and that it is counter-productive in a life-cycle perspective imply that the business cycle costs are

substantial in our model, as we shall see below.

Figure 3.11:

Figure 3.12:

Another bene�t to the individuals from building up e�ective precautionary savings is that it

reduces the optimal search e�ort, and thereby the dis-utility from it. As we saw in section 3.2 (eq.
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(3.9)), the optimal search e�ort is given by

LHS ≡ −Aqsq−1
a + ηa,N exp (−ηa,Nsa) (1− da) βEa

[
V E
a+1 − V Un

a+1

]
= 0.

Hence,

dsa
dKa

= −
∂LHS
∂Ka
∂LHS
∂sa

< 0

as
∂LHS

∂sa
= −A (q − 1) qsq−2

a − η2
a,N exp (−ηa,Nsa) (1− da) βEa

[
V E
a+1 − V Un

a+1

]
< 0

∂LHS

∂Ka

= ηa,N exp (−ηa,Nsa) (1− da) βEa
[
∂V E

a+1

∂Ka

−
∂V Un

a+1

∂Ka

]
< 0

The last inequality holds i� the value function is concave with respect to wealth. Lentz and Tranæs

(2005) shows the su�cient conditions for this to hold. While these conditions are not met in our

model, 46 the numerical solutions to the model yield concave value functions, and consequently

optimal search is decreasing with wealth, as can be seen from �gure 3.13. Intuitively, search

decreases with wealth as wealth reduces the gain from going from unemployment to employment.

The gain is reduced as precautionary savings allow the individuals to increase their consumption

in unemployment above the bene�t level, and thereby decrease the gap between consumption in

employment and consumption in unemployment.

Figure 3.13:

46We miss a fair monetary lottery as in Lentz and Tranæs (2005), which ensures general concavity of the value
function wrt. wealth.
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Figure 3.14:

Surprisingly, the search e�ort in the bad state of the business cycle is larger than in the good,

as we can see from �gure 3.13 and �gure 3.14. The two di�erences between the good and the bad

state are that the job separation rates, δa,N , are higher in the bad state and the o�er arrival rates,

ηa,N , are higher in the good state. Isolated, the higher job separation rates decrease search as

the value from getting employed is smaller, since the probability of remaining employed is lower.

However, the di�erence in job separation rates between the two states is relatively small, see �gure

3.7. On the other hand, the di�erence in o�er arrival rates between the business cycle states is

quite large. From the �rst order condition for optimal search (eq. (3.9)), we get that

dsa
dηa,N

= −
∂LHS
∂ηa,N

∂LHS
∂sa

≶ 0

as
∂LHS

∂sa
< 0

as seen above and

∂LHS

∂ηa,N
= (1− ηa,Nsa) exp (−ηa,Nsa) (1− da) βEa

[
V E
a+1 − V Un

a+1

]
≶ 0

since

1 ≶ ηa,Nsa.
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Hence, for high o�er arrival rates the individuals decrease their search e�ort when the o�er arrival

rates increase, and vice versa.47 Given our calibration of the model the lower o�er arrival rates

in the bad state of the business cycle imply that the individuals compensate by searching more

intensively relative to the good state.

The individuals search intensively in the beginning of their working careers, and since they

have inadequate precautionary savings, the gain from �nding employment is large. This outweighs

that the young individuals have a lower chance of holding on to a job than the older individuals.

The search e�ort decreases sharply over time as the individuals build up precautionary savings.

When they have built up e�ective precautionary savings, when they are about 30 years old, the

curve �attens, as we can see in �gure 3.14. The search e�ort increases over time in the bad state of

the business cycle and keeps decreasing in the good state in the middle of the individuals' working

careers. This is due to the decrease in the o�er arrival rates over time. The o�er arrival rates

decrease for both states, but in the bad state ηa,Nsa < 1, hence the search e�ort increases, and

in the good state ηa,Nsa > 1, hence the search e�ort decreases. In the last part of their working

careers, the individuals start saving up for retirement and at the same time increase their search

e�ort. With retirement, and thereby a signi�cantly lower income around the corner, the marginal

utility from saving increases. Therefore, the individuals also increase their search e�ort since the

gain from �nding a job and thereby earning more is larger now, as these earnings can be saved for

retirement. It is only just before retirement that the search e�ort drops as possible employment

no longer has any long term perspectives.

3.5.2 Welfare Costs of Business Cycle Fluctuations

When the business cycle �uctuations are removed from the economy, as described in section 3.3, the

income risk is reduced. This induces the individuals to save less in the beginning of their working

careers as a lower level of precautionary savings is needed, as can be seen in �gure 3.15. Thus,

both the consumption smoothing across employment states and over the life-cycle are improved.

This increases the ex ante expected life-time utility of consumption from

ā∑
a=1

ρaβ
aE

[
c1−γ
a − 1

1− γ

]
= 2.6281

47This ambiguous e�ect of the o�er arrival rate is a property of our job �nding probability, µ(s) = 1− exp (−ηs).
The job �nding probability increases in η but also becomes more concave, which makes the e�ect on the marginal
gain from search ambiguous.
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to
ā∑
a=1

ρaβ
aE

[
ĉ1−γ
a − 1

1− γ

]
= 3.2290,

in itself giving business cycle costs of

λconsumption ≡

(∑ā
a=1 ρaβ

aE [ĉ1−γ
a ]∑ā

a=1 ρaβ
aE
[
c1−γ
a

]) 1
1−γ

− 1 = 1.18%.

Figure 3.15:

Figure 3.16:
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The increase in utility from consumption is largest for the young individuals with inadequate

precautionary savings, as we can see in �gure 3.16. In their last years the individuals in the

economy with business cycles reap the bene�ts of having built up savings, and this increases their

utility from consumption above that of the individuals in the economy without business cycles.

However, this gain is small and in the far future for the individuals entering the model.

The lower income risk also implies that the individuals search less on average as the risk of

a prolonged unemployment period in a recession is gone. This lowers the dis-utility from search

especially for the young individuals, as we can see in �gure 3.17.

Figure 3.17:

The ex ante expected lifetime dis-utility of search e�ort decreases from

ā∑
a=1

ρaβ
aE [ϕ(s)] = 0.2340

to
ā∑
a=1

ρaβ
aE [ϕ̄(ŝ)] = 0.1839

when the economy is stabilized. The total costs of business cycle �uctuations become

λ =

(∑ā
a=1 ρaβ

aE [ĉ1−γ
a + (1− γ)A (sqa − ŝqa)]∑ā

a=1 ρaβ
aE
[
c1−γ
a

] ) 1
1−γ

− 1 = 1.20%.
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Thus, the welfare costs of business cycle �uctuations are substantial in our model. They are at

least one order of magnitude larger than the business cycle costs estimated by Lucas (1987).

3.5.3 Reforming the Unemployment Bene�t System

Apart from stabilizing the economy completely, which might be di�cult, a way to reduce the

costs of business cycle �uctuation is to optimize the unemployment bene�t system. The setback

from business cycle �uctuations in our model is due to the income variation in connection with

unemployment. Therefore, an optimization of the unemployment bene�t system that reduces these

income variations can reduce the costs of business cycle �uctuations signi�cantly. In the following,

we will consider three lines of optimization of the unemployment bene�t system. Firstly, we will

�nd the optimal replacement rate, b, and re-estimate the business cycle costs. Secondly, we will

consider age dependent replacement rates, and thirdly business cycle dependent replacement rates

will be examined.

Optimal Replacement Rate

We de�ne the optimal replacement rate, b∗, as the replacement rate maximizing the ex ante

expected life-time utility for an individual entering the model. The changes in the bene�t level

are �nanced by adjusting the income tax rate, τ , such that the public budget eq. (3.10) is kept

balanced. We assume that the life-time utility is smooth wrt. the replacement rate, and �nd the

optimal level by a grid search.

Figure 3.18:
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The optimal replacement rate is 92%, which is surprisingly high (see �gure 3.18). This is

due to the OLG framework in our model as it increases the gain from unemployment bene�ts

compared to a framework with in�nitely living households. The young individuals have not had

the time to e�ectively self-insure against income risk through precautionary savings, and therefore

they bene�t greatly from a high replacement rate. Furthermore, a generous unemployment bene�t

system moves resources from the old workers to the young as the young workers have the highest

unemployment rate. From a life-cycle perspective, this is bene�cial since the young individuals

are the poorest and cannot borrow. However, the main reason for the high optimal replacement

rate is that the moral hazard on search is very small. The dis-utility function for search e�ort,

φ(s) = Asq, is extremely convex with q = 13.361. This means that the search e�ort decreases very

little as the replacement rate increases. The calibration of q is based on Lentz's (2009) estimation.

We therefore also follow his example and run our model with a quadratic dis-utility function for

search e�ort, q = 2.

Figure 3.19:

The optimal replacement rate when q = 2, is 74% (see �gure 3.19). The more elastic search

function implies that the search e�ort decreases sharply when the replacement rate increases.

This increases unemployment and thereby taxes, implying that the optimal replacement level is

somewhat lower than before. That said, there is still a large welfare improvement from increasing

the replacement rate above the 30% baseline level in our model.
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Figure 3.20:

One of the bene�ts of increasing the replacement rate is that it eliminates the costs of business

cycle �uctuations, as we can see from �gure 3.20. With q = 13.361 the business cycle costs decrease

from 1.20% to −0.07%, when the replacement rate is changed to the optimal level. With q = 2

the business cycle costs decrease from 1.01% to −0.19%. Hence, the business cycle costs can be

eliminated by setting the replacement optimally.

The size of the business cycle costs and the level for the optimal replacement rate of course

depend on our calibration of the model. Apart from q the most central parameters in our model

are the relative risk aversion coe�cient, γ, and the discount factor, β. The business cycle costs,

the optimal replacement rate and business cycle costs given the optimal replacement rate can be

seen in table 3.2.

λ when b = 0.30 optimal b λ when b is optimal

Baseline calibration (γ = 3, β = 0.9832) 1.20% 92% -0.07%

Calibration 2 (γ = 2, β = 0.9832) 0.65% 90% -0.06%

Calibration 3 (γ = 3, β = 0.9902) 0.72% 88% -0.06%

Table 3.2 q = 13.361 for all the calibrations in table 3.2.

Reducing the relative risk aversion coe�cient, γ, to 2 reduces the business cycle costs as the

business cycle risk becomes less problematic for the individuals. The optimal replacement rate

is also lower as the gain from smoothing consumption between employment states is smaller.

Decreasing the annual discount rate from 7% (β = 0.9832) to 4% (β = 0.9902) also reduces
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both the business cycle costs and the optimal replacement rate. This is because a lower discount

rate increases the individuals' incentive to self-insure through precautionary savings. In addition

we must remember that the business cycle costs and the optimal replacement rate are determined

from the perspective of individuals entering the model. A lower discount rate decreases the relative

weight these individuals put on the �rst periods in the model. Since it is in the �rst periods the

individual bears the bulk of the business cycle costs and therefore bene�ts most from unemployment

insurance, a lower weight on these periods in the individual's life-time utility decreases both the

business cycle costs and the optimal replacement rate.

For these alternative calibrations of the model in table 3.2, it still holds that the business

cycle costs are substantial and can be eliminated by increasing the replacement rate to its welfare

maximizing level.

An unexpected feature with the model is that the business cycle costs become negative for

the high replacement rates. This is due to the implementation of endogenous job search e�ort.

When individuals can a�ect their labor income business cycle �uctuations can be turned into an

advantage.

As explained in Cho et. al. (2014) the welfare e�ect of business cycle �uctuations can be

decomposed in two parts; the �uctuations e�ect and the mean e�ect. The �uctuations e�ect is the

classic e�ect Lucas (1987) estimated. Individuals are risk avers wrt. consumption and business

cycle �uctuations increases the uncertainty of future consumption and thereby decreases the welfare

level. Thus, the �uctuations e�ect increases the costs of business cycle �uctuations. On the other

hand, rational workers can take advantage of changing conditions. E.g. if the productivity level

�uctuates and the individuals can determine their own hours, as in Cho et. al (2014), individuals

can increase the mean production level by working harder when productivity is high and relaxing

when it is low. This is the mean e�ect, which decreases the costs of business cycle �uctuations.

The mean e�ect is also the dominating e�ect in Gomes et. al. (2001) business cycle estimate.

Individuals can here either accept or reject a job o�er each period. The wage in the job o�ers

�uctuate over time and the business cycle �uctuations increase the variability. Thus, the search

state is like a call option on job o�ers. Therefore, the more volatile the wage o�ers become the

more valuable is the search state. Hence, business cycle �uctuation increases welfare in Gomes et.

al. (2001) due to the mean e�ect.

In our study individuals take advantage of the business cycle �uctuations by decreasing search

when the o�er arrival is high in the good state and vice versa in the bad state. Thereby decreasing

the mean dis-utility from search e�ort and increasing welfare. For the current unemployment
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bene�t level this mean e�ect is dominated by the �uctuations e�ect. Thus, the business cycle

costs are positive. However, when the unemployment bene�ts are increased the income risk and

thereby the �uctuations e�ect is reduced, and the mean e�ect becomes dominating. Thus, the

business cycle costs becomes negative when the unemployment bene�t system is optimized.48

In this section we �nd that setting the replacement rate optimally eliminates the welfare costs

of business cycle �uctuations. The unemployment bene�t system can, however, be optimized

further. So far, we have restricted the optimization such that the replacement rate is the same

for all age cohorts and in both states of the business cycle. A full optimization �nds the optimal

replacement rate for each age cohort and business cycle state. This is too computationally heavy,

however. Therefore, in the next two sub-sections we consider two partial optimizations with

di�erent replacement rates for age cohorts and business cycle states, respectively.

Age Dependent Unemployment Bene�ts

In this section we allow the replacement rate for the young individuals (below 30 years) and the

old individuals (above 30) to di�er.49 For a given replacement rate for the young individuals, the

old individuals' replacement rate is set such that the total cost of the unemployment system is

�xed given unchanged unemployment rates. The dynamic changes in the unemployment rates due

to the change in the unemployment bene�t system are �nanced by adjusting the income tax rate.

Given these restrictions, we �nd the optimal bene�t level for the young and old individuals.

The reasons we restrict the optimization of the bene�t system to have the same budget as in

the original bene�t system50 are both that it takes a dimension out of the problem and simpli�es

it, and it is interesting to see how the system can be improved without increasing the tax rate.

The dynamic e�ects are allowed to change the budget due to the technical problem that when

balancing the budget wrt. the bene�t level to the old individuals, it takes too long to converge to

be computationally possible.

The optimal replacement rate for the young individuals is 79% when q = 13.361, as can be

seen from �gure 3.21. This implies that the unemployment bene�t replacement rate for the old

individuals is reduced to 9.24%. For q = 2 the optimum is at 93% to the young and 3.31% to the

old individuals. In both cases the optimal bene�t level is signi�cantly higher for the young than for

48In appendix 3.C we mathematically isolate the mean e�ect in our model.
49The 30 year limit is chosen as it is about this age that the individuals have build up e�ective precautionary

savings and therefore decreased their business cycle costs.
50The original bene�t system is our baseline calibration of the model with a 30% replacement rate to all unem-

ployed individuals.
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the old individuals in our model. Moving resources from the old to the young in the bene�t system

is bene�cial both wrt. smoothing consumption over life and employment states. The interest rate

is lower than the discount rate, and the expected income is increasing over life. The government

therefore improves welfare when it moves resources from the last years in the individuals' working

careers to the early years, by giving them larger unemployment bene�ts today and reducing them

later. Furthermore, as the young individuals have low asset holdings and the highest unemployment

rate, they are the most exposed to unemployment risk and would therefore bene�t greatly from

higher unemployment bene�ts. The setback from lower unemployment bene�ts later in life can be

overcome by building up e�ective precautionary savings in advance.

Prioritization of the young is especially bene�cial when the search function is elastic (q = 2).

The gain from employment becomes relatively small for the individuals before they turn 30 and

very large hereafter. With an elastic search function, the search e�ort changes accordingly, which

implies that the individuals preferentially are employed when the gain is large. With an inelastic

search function (q = 13.361), on the other hand, the search e�ort and thereby the employment

rate are relatively constant over the individuals' working careers. Thus, the individuals can better

reap the bene�ts of age dependent replacement rates with a more elastic search function. This is

why the optimal di�erence between the young and the old individuals' replacement rate is largest

when q = 2.

Figure 3.21:
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Figure 3.22:

For the inelastic search function (q = 13.361) the optimal re-distribution of employment bene�ts

cuts a third of the business cycle costs, as we can see in �gure 3.22. The business cycle costs are

actually lowest at a replacement rate of 60% to the young, but the optimum is at a higher rate

due to the life-cycle re-distribution it entails. An elastic search function implies on the other hand

that the business cycle costs can be eliminated by re-distributing bene�ts.

Business Cycle Dependent Bene�ts

In this sub-section we allow the unemployment bene�t replacement rate, b, to di�er between the

two states of the business cycle. In the same manner as in the last sub-section, the bene�t system

is restricted to the same budget as in the original unemployment bene�t system. As can be seen

from �gure 3.23, the optimal sets of replacement rates are, respectively, (b∗G, b
∗
B) = (0.2476, 0.34)

or (b∗G, b
∗
B) = (0.2607, 0.33) when q = 13.361 or q = 2. In both cases it is optimal to have a

counter-cyclical replacement rate. The individuals are under most pressure in the bad state of the

business cycle as it in the bad state is di�cult to both �nd a job and hold on to it. Therefore, the

individuals save more for precautionary savings in the bad state and search more than in the good

state. As the utility function on consumption is concave and the dis-utility function of search is

convex, the marginal utility losses on both activities are higher in the bad state than in the good.

This means that the welfare can be improved by increasing saving and search in the good state

and decreasing both in the bad state, which is achieved by making the unemployment bene�ts

counter-cyclical.
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Figure 3.23:

Figure 3.24:

Figure 3.24 shows that the business cycle costs are reduced by allowing for a counter-cyclical

bene�t system, but the reduction is, however, signi�cantly smaller than in the two previous sub-

sections.

3.6 Discussion and Concluding Remarks

In this chapter we �nd a series of separate results. We con�rm the result from Dohrn (2016a) that

young individuals have signi�cant welfare costs of business cycle �uctuations due to lacking ability

to self-insure through precautionary savings. Next we �nd that the US unemployment bene�t

system can signi�cantly improve welfare by increasing the overall bene�t level by shifting bene�t
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funds to the young on the labor market from the old, or by making the unemployment bene�t

replacement rate counter-cyclical. Lastly, we show that the business cycle costs will be signi�cantly

reduced if one of the two �rst reforms to the unemployment bene�t system is implemented. Thus,

the business cycle costs are only large because the unemployment bene�t system is sub-optimal.

The quantitative size of our result should be taken with some caution as the model is fairly

stylistic and does not take all e�ects of a unemployment bene�t reform into account. We have

chosen to apply a partial analysis in order to isolate and focus on the individuals' reaction on

changing business cycle and unemployment bene�t conditions. However, the employer side of the

labor market is also a�ected by the changes. Vejlin (2011) shows that when individuals decrease

their search e�ort due to higher unemployment bene�ts, �rms decrease their vacancy postings as

well. As it becomes more di�cult to �nd a suitable applicant for the position. This increases

the distortionary e�ect of unemployment bene�t which decreases the optimal bene�t level. On

the other hand, the decrease in employment decreases the return on capital and thereby the

interest rate. A lower interest rate decreases the individuals' ability and will to self-insure through

precautionary savings which increases the optimal bene�t level.

Another factor our model ignore is the family. As pointed out by Heathcote et. al. (2009) the

family is among other things a channel of income insurance. If one spouse becomes unemployed

the other spouse income can cover for some of the income loss, or if outliving children becomes

unemployed and have no savings the parents can help them out. The classic model framework with

in�nitely living households take the extreme assumption that there are no economic separations

between the members of the family at all. Our OLG framework takes the opposite extreme that

their are no economic connection between the family members. The truth probably lies somewhere

in between. Another interesting aspect of the family are children as they naturally increase the

need for a higher consumption. Thus, adding children to the equation might make the young

individuals in our model even more vulnerable to income variations and in particular business

cycle �uctuations.

Adding these equilibrium e�ects and family dynamics to the model we leave for future research.
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Appendix 3.A

The �rst step to create the model economy without business cycles is to isolate the idiosyncratic

employment risk. We therefore �rst alter the presentation of the employment process from subsec-

tion 3.2.1. 51 Each individual draws a stochastic variable i ∼ U(0, 1) from a uniform distribution

each period. This individual luck variable, i, represents the individual's idiosyncratic unemploy-

ment risk. For a given current employment status, e, business cycle state, N , age, a, and search

e�ort, s, the variable i determines whether the individual is employed or unemployed next period.

The higher i is, the more likely is employment. For a currently employed individual, next period's

employment status is given by

ea+1 =

E if ia > δa,N

Un if ia ≤ δa,N
.

For a currently unemployed individual next period's employment status is given by

ea+1 =

E if ia > 1− µa,N(s)

Un if ia ≤ 1− µa,N(s)
.

52 For the initial period

e1 =

E if i0 > 1− µ0,N(s)

Un if i0 ≤ 1− µ0,N(s)
.

The current employment status depends in the same way upon past draws of i. Thus, the

individual's employment history until age a is determined by the sequence of individual luck

{ia}a−1
a=0, the sequence of business cycle states {Na}a−1

a=0 and the sequence of search e�orts {sa}a−1
a=0.

The search e�ort is the endogenous solution to the individual's optimization problem. Thus, the

individual's employment history is determined by the idiosyncratic risk {ia}a−1
a=0 and the aggregate

business cycle risk {Na}a−1
a=0. This separation of the idiosyncratic and aggregate business cycle

labor market risk allows us to determine for a given idiosyncratic risk, {ia}a−1
a=0, when and how the

aggregate risk, {Na}a−1
a=0, a�ects the employment process.

To create an economy without business cycle �uctuation, the objective is to remove the e�ect

51The employment process is not changed, it is just another presentation.
52The stabilization of the economy only directly e�ects the individuals still in the labor force. Individuals with

a ≥ â is retired in both economies. Thus, for the employment dynamics here a+ 1 < â
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of the business cycle risk, {Na}a−1
a=0 , on the individuals' employment history. To do this, we �rst

identify when the business cycle �uctuations actually have an e�ect on employment status. For

su�ciently high (low) i's the individual is (un)employed regardless of the business cycle sequence.

For the intermediate i values, however, the employment status might depend on the business

cycle �uctuations. When this is the case we equalize the labor income level for the employed and

unemployed, and equalize the dis-utility from the search e�ort for the employed and unemployed

such that the in�uence of business cycle risk is removed.53

Thus, for the economy without business cycle �uctuations, we distinguish between (un)employed

independent and dependent on the business cycle states. Thus, the 4 employment states in section

3.2 split into the 8 states listed in table 3.A.1.

Employed in the good state independent of the business cycle ĒG

Employed in the good state due to favorable business cycle �uctuations ÊG

Unemployed in the good state independent of the business cycle ŪnG

Unemployed in the good state due to unfavorable business cycle �uctuations ÛnG

Employed in the bad state independent of the business cycle ĒB

Employed in the bad state due to favorable business cycle �uctuations ÊB

Unemployed in the bad state independent of the business cycle ŪnB

Unemployed in the bad state due to unfavorable business cycle �uctuations ÛnB
Table 3.A.1

For an individual to be (un)employed in period a independent of business cycle �uctuations

implies that, given his sequence of idiosyncratic employment risk, {ia}a−1
a=0, he will be (un)employed

for all possible sequences of aggregate business cycle risk, {Na}a−1
a=0. Fortunately, we do not need

to go over all possible sequences of aggregate risk. I� the individual is (un)employed for the

most (least) favorable sequence of aggregate risk, he will be (un)employed for all sequences of the

aggregate risk. The most (least) favorable sequence of business cycle shocks is naturally when the

business cycle states are good (bad) every period.

In the initial period all the individuals have to search for a job in the beginning of the pe-

riod. It is only the current business cycle state that matters as the individuals have no em-

ployment history. The probability of �nding employment in the N state of the business cycle is

53Note, the idiosyncratic risk, {ia}ā−1
a=0, for each individual is the same in the economy with and without business

cycle �uctuations. What changes is how it a�ects employment status.
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µ0,N(s) = 1− exp (−η0,Ns) . Thus, the individuals are initially distributed across the employment

states according to table 3.A.2.

N \ i i ∈ [0, 1− µ0,G) i ∈ [1− µ0,G, 1− µ0,B) i ∈ [1− µ0,B, 1)

G ŪnG ÊG ĒG

B ŪnB ÛnB ĒB
Table 3.A.2.

As we can see from table 3.A.2, for low i values, i ∈ [0, 1− µ0,G), the individual is unemployed

independent of the business cycle, and for high i values, i ∈ [0, 1−µ0,B), the individual is employed

independent of the business cycle. For the remaining i values, i ∈ [1−µ0,G, 1−µ0,B), the individual

is either employed or unemployed dependent on the state of the business cycle. We stabilize the

economy by averaging the income and dis-utility from search for this last group, such that the

individual is indi�erent between being employed, Ê, or unemployed, Ûn, due to the state of the

business cycle. Thus, the employed, Ê, and the unemployed, Ûn, due to the state of the business

cycle, redistribute their income and dis-utility from search equally between the two groups such

that their income becomes

ζ ≡ Pr(N = G)W + Pr(N = B)Wb,

and their dis-utility from search is

ϕ̂(s) ≡ Pr(N = B)Asq.

The dis-utility from search e�ort is scaled by the unconditional probability for a bad state, as

this corresponds to the share of unemployed due to the state of the business cycle, Ûn, among

the individuals, whose employment depends on the business cycle. This way the current bene�ts

from being employed, Ê, or unemployed, Ûn, due to the state of the business cycle are the same,

but are the future job probabilities the same as well? To examine this, we derive the employment

dynamics for the stabilized economy.

The employment dynamics are, as in the volatile economy, a �rst order Markov process. The

business cycle dynamics are the same as in section 3.2. The only change is that the employed

and unemployed are split up in two. Those whose employment status depends on the business

cycle and those whose employment status does not. To illustrate the process, we will go over the
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transitions for the individuals employed in the good state independent of the business cycle, ĒG,

and the individuals employed in the good state due to favorable business cycle �uctuations, ÊG.

The transition probabilities for each group can be seen in table 3.A.3 and table 3.A.4, respectively.

Transition Probability

ĒG → ĒG πGG (1− δa,B)

ĒG → ÊG πGG (1− δa,G)− πGG (1− δa,B) = πGG (δa,B − δa,G)

ĒG → ŪnG πGGδa,G

ĒG → ÛnG πGGδa,G − πGGδa,G = 0

ĒG → ĒB πBG (1− δa,B)

ĒG → ÊB πBG (1− δa,G)− πBG (1− δa,B) = πBG (δa,B − δa,G)

ĒG → ŪnB πBGδa,G

ĒG → ÛnB πBGδa,G − πBGδa,G = 0

Table 3.A.3

The π-term relates to the business cycle dynamics, which is unchanged. Thus, we will focus on

the subsequent terms. In general the probability of being (un)employed next period independent

of the business cycle is the probability of being (un)employed given the least (most) favorable

business cycle sequence. The condition in table 3.A.3 is that the current state is ĒG. This means

that the individual is currently employed under all possible business cycle sequences including the

least favorable.

1. The transition ĒG → ĒG. The transition probability is the probability of being employed

next period given the least favorable business cycle sequence; that consists exclusively of

bad states. The current employment status is employed. Thus, the probability of remaining

employed given a bad business cycle state is 1− δa,B

2. The transition ĒG → ÊG. This transition probability is found by exclusion. The individuals

employed due to business cycle �uctuations are those who are employed for the actual business

cycle realization, minus those who are employed independent of business cycle �uctuations.

Thus, we �nd the probability of being employed next period given the actual business cycle

sequence, and then subtract the probability of being employed given the least favorable

business cycle sequence. Since the actual current state is good and the individual is currently

employed, the probability of continued employment is 1− δa,G, and the probability of being
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employed given the least favorable business cycle sequence is 1−δa,B, as we have from above.

Hence, the transition probability is δa,B − δa,G.

3. The transition ĒG → ŪnG. This is opposite the �rst transition. The transition probability is

the probability of being unemployed next period under the most favorable business cycle se-

quence. The current employment status is employed. Therefore, the probability of becoming

unemployed given a good business cycle state is δa,G.

4. The transition ĒG → ÛnG. This is opposite the second transition. The individuals un-

employed due to business cycle �uctuations are those who are unemployed for the actual

business cycle realization, minus those who are unemployed independent of business cycle

�uctuations. Thus, we �nd the probability of being unemployed next period given the ac-

tual business cycle sequence, and then subtract the probability of being unemployed given

the most favorable business cycle sequence. Since the actual current state is good and the

individual is currently employed, the probability of getting �red is δa,G, and the probability

of being unemployed under the most favorable business cycle sequence is δa,G, as we have

from above. Hence, the transition probability is δa,G − δa,G = 0.

5. The transition ĒG → ĒB. By the same argument as the �rst transition, the transition

probability is 1− δa,B. Note that nothing changes here when the actual business cycle state

changes, since we are here considering the employment state given the least favorable business

cycle sequence.

6. The transition ĒG → ÊB. The probability of remaining employed under the actual business

cycle sequence is 1 − δa,G, since it is the current business cycle state that in�uences next

period's employment chances. Thus, when subtracting the probability of being employed

independent of the business cycle, we �nd that the transition probability here is δa,B − δa,G.

7. The transition ĒG → ŪnB. By the same argument as the third transition, the transition

probability is δa,G.

8. The transition ĒG → ÛnB. The probability of becoming unemployed under the actual

business cycle sequence is δa,G. Thus, when subtracting the probability of being unemployed

independent of the business cycle, we �nd that the transition probability here is δa,G−δa,G =

0.
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Transition Probability

ÊG → ĒG πGGµa,B(s)

ÊG → ÊG πGG (1− δa,G)− πGGµa,B(s) = πGG (1− δa,G − µa,B(s))

ÊG → ŪnG πGGδa,G

ÊG → ÛnG πGGδa,G − πGGδa,G = 0

ÊG → ĒB πBGµa,B(s)

ÊG → ÊB πBG (1− δa,G)− πBGµa,B(s) = πBG (1− δa,G − µa,B(s))

ÊG → ŪnB πBGδa,G

ÊG → ÛnB πBGδa,G − πBGδa,G = 0

Table 3.A.4

As the current employment state in table 3.A.4 is employed due to favorable business cycle

�uctuations, Ê, the worker is employed for the realized and for the most favorable business cycle

sequence, but unemployed for the least favorable business cycle sequence.

1. The transition ÊG → ĒG. For the worker to be employed independent of business cycle

�uctuations next period, he must be employed under the least favorable business cycle state

sequence. Given the least favorable business cycle state sequence, the individual is unem-

ployed in the current period. And the job arrival rate is that of the bad state, ηa,B. Thus,

the probability of �nding a job is µa,B(s) = 1− exp (−ηa,Bs).

2. The transition ÊG → ÊG. Given the actual business cycle sequence, the individual is em-

ployed and the current state is good. Thus, the probability of being employed next period is

1− δa,G. Subtracting the probability of being employed for the least favorable business cycle

sequence yields the transition probability 1− δa,G − µa,B(s).

3. The transition ÊG → ŪnG. For the worker to be unemployed independent of business cycle

�uctuations next period, he must be unemployed under the most favorable business cycle

state sequence. Given the most favorable business cycle state sequence, the individual is

employed in the current period. Thus, the probability of getting �red is δa,G.

4. The transition ÊG → ÛnG. As the individual is employed under the realized business cycle

sequence, the probability of being unemployed next period δa,G. From this we subtract the

probability of being unemployed independent of the business cycle δa,G, and �nd that the

probability of being unemployed due to business cycle �uctuations next period is 0.
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The employment transition probabilities for the last 4 is the same as for the �rst 4, and the

argumentation is the same as well. The only changes are the business cycle transition probabilities,

which are straightforward. Following the same method for the remaining 6 states yields the full

transition probability matrix shown in table 3.A.5.

t+1 \ t ĒG ÊG ŪnG ÛnG

ĒG πGG (1− δa,B) πGGµa,B πGGµa,B πGGµa,B

ÊG πGG (δa,B − δa,G) πGG (1− µa,B − δa,G) πGG (µa,G − µa,B) πGG (µa,G − µa,B)

ŪnG πGGδa,G πGGδa,G πGG (1− µa,G) πGGδa,G

ÛnG 0 0 0 πGG (1− µa,G − δa,G)

ĒB πBG (1− δa,B) πBGµa,B πBGµa,B πBGµa,B

ÊB πBG (δa,B − δa,G) πBG (1− µa,B − δa,B) πBG (µa,G − µa,B) πGG (µa,G − µa,B)

ŪnB πBGδa,G πBGδa,G πBG (1− µa,G) πBGδa,G

ÛnB 0 0 0 πBG (1− µa,G − δa,G)

t+1 \ t ĒB ÊB ŪnB ÛnB

ĒG πGB (1− δa,B) πGBµa,B πGBµa,B πGBµa,B

ÊG 0 πGB (1− µa,B − δa,B) 0 0

ŪnG πGBδa,G πGBδa,G πGB (1− µa,G) πGBδa,G

ÛnG πGB (δa,B − δa,G) πGB (δa,B − δa,G) πGB (µa,G − µa,B) πGB (1− µa,B − δa,G)

ĒB πBB (1− δa,B) πBBµa,B πBBµa,B πBBµa,B

ÊB 0 πBB (1− µa,B − δa,B) 0 0

ŪnB πBBδa,G πBBδa,G πBB (1− µa,G) πBBδa,G

ÛnB πBB (δa,B − δa,G) πBB (δa,B − δa,G) πBB (µa,G − µa,B) πBB (1− µa,B − δa,G)

Table 3.A.5. Here µa,N ≡ 1− exp (−ηa,Ns) for N = G,B.

Now, we divide the 8 employment states into three employment groups, ẽ. Employed inde-

pendent of the business cycles, Ē, business cycle dependent employment, mix, and unemployed

independent of the business cycle, Ūn.

Groups States in Group Income Dis-utility from Search

E EG,EB W 0

mix ÊG, ÊB, ÛnG,ÛnB ζ ϕ̂(s)

Un ŪnG, ŪnB bW ϕ(s)

Table 3.A.6
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The income and dis-utility from search are the same within the three groups. Therefore, if the

perspectives for future income and dis-utility from search also are the same for each employment

state within each group, the employment states within the groups are equivalent for the individuals.

Table 3.A.7 shows that this is actually the case since the probability of entering a certain group

next period is the same for each employment state within a group.

t \ t+1 E mix Un

ĒG 1− δa,B δa,B − δa,G δa,G

ÊG µa,B 1− µa,B − δa,G δa,G

ŪnG µa,B µa,G − µa,B 1− µa,G
ÛnG µa,B 1− µa,B − δa,G δa,G

ĒB 1− δa,B δa,B − δa,G δa,G

ÊB µa,B 1− µa,B − δa,G δa,G

ŪnB µa,B µa,G − µa,B 1− µa,G
ÛnB µa,B 1− µa,B − δa,G δa,G

Table 3.A.7 shows the probabilities to enter into one of the three groups next period conditional

on being in one of the eight employment states

Hence, the set of employment states can be reduced to the three employment groups, ẽ, which

have the following transition matrix.

t +1\ t E mix Un

E 1− δa,B µa,B(s) µa,B(s)

mix δa,B − δa,G 1− µa,B(s)− δa,G µa,G(s)− µa,B(s)

Un δa,G δa,G 1− µa,G(s)

Table 3.A.8 shows the transition probabilities in the stabilized economy

Thus, to sum up, the maximization problem for the individual in the stabilized economy is

max
{ca,sa}aa=1

U = E

[
ā∑
a=1

ρaβ
a

(
c1−γ
a − 1

1− γ
− φ(s)

)]
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where φ(s) ≡

Asq for ẽ = Ē, Un

Pr(N = B)Asq for ẽ = mix
. Subject to

ca ≤ Îa +Ka −
1

1 + r
Ka+1 ∀a (3.17)

Ka ≥ 0 ∀a (3.18)

K1 = K̄ ≥ 0 (3.19)

where

Îa ≡



Wa for ẽ = Ē and a < â

bWa for ẽ = Un and a < â

ζ for ẽ = mix and a < â

p for a ≥ â

and the initial employment group and employment dynamics are determined according to table

3.A.2 and table 3.A.8, respectively.
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Appendix 3.B

To �nd the unemployment rates, un(G) and un(B), such that V ar(un) = ¯V arrun(un) ≡ σ2
u and

E(un) = m̄ �rst de�ne

un(N) =

m̄− σuk1 for N = G

m̄+ σuk2 for N = B
.

The problem is two equations with two unknowns k1 and k2. The �rst equation yields

E(un) = Pr(G) (m̄− σuk1) + Pr(B) (m̄+ σuk2) = m̄

or

σu (−Pr(G)k1 + Pr(B)k2) = 0

or

k1 =
Pr(B)k2

Pr(G)
.

The second equation gives

V ar(un) = Pr(G) (m̄− σuk1 − m̄)2 + Pr(B) (m̄+ σuk2 − m̄)2 = σ2
u

or

Pr(G)k2
1 + Pr(B)k2

2 = 1

Inserting for k1 from the �rst equation and isolating k2

k2 =
1√

Pr(B)2

Pr(G)
+ Pr(B)

Thus

k1 =
1√

Pr(G)2

Pr(B)
+ Pr(G)

If the good state and the bad state of the business cycle are equally likely k1 = k2 = 1.

However, since the unconditional probability of a bad state is calibrated to 43.48 % k1 = 0.8771

and k2 = 1.1402. Hence, the smaller probability of a recession implies that the recession must be

relatively deeper.
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Appendix 3.C

In this appendix we isolate the mean e�ect mathematically for the unemployed individuals. The

value function for an unemployed individual in an economy with business cycles is

V Un
a,N = max

ca,sa

{
u(ca, sa) + (1− da) βEa

[
µN(sa)V

E
a+1 + (1− µN(sa))V

Un
a+1

]}
. (3.20)

To simplify we reduce the model to two periods. In the �rst period the unemployed individuals

search for work, and in the second they consume their current income. In order to isolate the

mean e�ect, we remove the �uctuations e�ect by assuming that individuals are risk neutral, γ = 0.

Thus, only leaving the mean e�ect on the welfare level.

Thus, given these assumptions and a monotone transformation of the utility function V E
a+1 = W

and V Un
a+1 = bW . Hence, equation (3.20) can now be written as

V Un
0,N = max

s
{−ϕ(s) + (1− d) β [µN(s)W + (1− µN(s)) bW ]}

= max
s

{
−Asq + (1− d) β

[(
1− e−ηNs

)
W + e−ηNsbW

]}
= (1− d) βW + max

s

{
−Asq − (1− d) βe−ηNs [W − bW ]

}
The value function for the unemployed in the economy without business cycles is

V̂ Un
a = max

ca,sa

{
u(ca, sa) + (1− da) β

[
µB(sa)V̂

E
a+1 + (µG(sa)− µB(sa)) V̂

mix
a+1 + (1− µG(sa)) V̂

Un
a+1

]}
,

(3.21)

where V̂ Eand V̂ Un are the value function for the employed and unemployed independent of the

business cycle, and V̂ mix is the value function for the individuals whose employment depends on

the business cycle. Given the same assumptions as above V̂ E
a+1 = W , V̂ Un

a+1 = bW , V̂ mix
a+1 = ζ ≡

Pr(N = G)W + Pr(N = B)Wb and equation (3.21) is

V̂ Un
0 = max

s
{−ϕ(s) + (1− d) β [µB(s)W + (µG(s)− µB(sa)) ζ + (1− µG(s)) bW ]}

= max
s

{
−Asq + (1− d) β

[(
1− e−ηBs

)
W +

(
e−ηBs − e−ηGs

)
ζ + e−ηGsbW

]}
= (1− d) βW + max

s

{
−Asq − (1− d) β

(
pe−ηGs + (1− p)e−ηBs

)
[W − bW ]

}
,

where p is the unconditional probability of the business cycle being in the good state, p ≡ Pr(N =

G). The expected value of being unemployed in the economy with business cycles is larger than
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the expected value of being unemployed in the economy without business cycles,

E
[
V Un

0,N

]
≡ pV Un

0,G + (1− p)V Un
0,B ≥ V̂ Un

0 ,

since the maximization function is convex,

pmax
s

{
−Asq − (1− d) βe−ηGs [W − bW ]

}
+ (1− p)max

s

{
−Asq − (1− d) βe−ηBs [W − bW ]

}
≥ max

s

{
p
(
−Asq − (1− d) βe−ηGs [W − bW ]

)
+ (1− p)

(
−Asq − (1− d) βe−ηBs [W − bW ]

)}
.

Thus, the search is more e�ective with business cycles as the individuals can maximize their value

function with respect to search for each state of the business cycle. Thus, the mean e�ect decreases

the business cycle costs.
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