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Abstract
In this paper, we study a situation where a number of objects are to be allocated to a
number of agents, where each agent can receive multiple objects and the number of agents
that can receive a copy of a given object is limited by a capacity constraint, and utility
functions are linear. The paper investigates the fairness of such allocations. Previous literature has applied numerous ways of measuring allocation fairness as well as numerous
strategies for obtaining allocations. The goal of this paper is to study the fairness of allocations obtained by different allocation methods as viewed by different fairness measures.
We hope that this will help guide future research towards a rational choice of allocation
methods and measures.
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Introduction

Imagine the following situation: A number of people want to attend some activities. But the
activities have limited capacity and therefore some will not have their wishes fulfilled. A decision
maker creates an allocation of the people to the activities, i.e. decides who gets to attend which
activities. The question is now, how can this be done in a fair manner? Or rather, looking at the
final allocation, how fair is it? This immediately leads us to the main questions to be investigated
in this paper: ’How do we measure fairness?’ and ’How do we obtain a fair allocation?’.
Studying fairness is not new. In fact, several researchers have suggested different measures
of fairness for different kinds of problems. Others have suggested properties that fair allocations
must satisfy, and yet others have studied the fairness of the allocation process itself rather than
the fairness of the final solution. However,in this study, we ask the question ’What is fair?’.
We seek to answer these questions in the following way: In Phase 1, we use different fairness
measures and properties from the academic literature to create allocations for a number of small
data sets. Next, we ask a group of respondents to evaluate the fairness of these allocations and to
provide information on what they perceive as fair in allocations in general. In Phase 2, we turn
to an operations research approach and create larger data sets for which we create allocations
based on a number of methods. These allocations are then cross-evaluated by all measures.
Together with the knowledge obtained in Phase 1, this leads to a recommendation as regards
choice of allocation method.
∗ lone.ki.ch@econ.au.dk
† sanw@econ.au.dk
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The contribution of this paper is threefold. Firstly, we provide an overview of different
ways of measuring fairness and of obtaining fair allocations found in the academic literature.
Secondly, we relate the fairness from the academic literature to the fairness perceived by humans
using allocations constructed by various methods and thirdly, we cross-evaluate a large number
of allocation methods and fairness measures in the search for a method that is found to be fair
by a wide range of measures.
Doing this, we follow the advice of Nobel prize winner Daniel Kahneman, who stated: ”The
important task for students of economic fairness is not to identify ideal behavior but to find the
line that separates acceptable conduct from actions that invite opprobrium and punishment”,
Kahneman (2012) p. 307. Rather than favoring a method that performs optimally for one single
measure, we seek a method that performs well, but not necessarily optimally, based on many
different measures.
The remainder of this paper is outlined as follows. In Section 2, we review the academic
literature which is the basis of our study and in Section 3 we provide the terminology and
exact problem definition. Section 4 provides an overview of the fairness measures found in the
literature for the studied problem along with a number of new measures. Here, we also extend
the ranking of some measures for indivisible objects without copies by Bouveret and Lemaı̂tre
(2016) to include the case where multiple copies of each object exist. In Section 5, we present
methods for obtaining fair allocations based on the fairness measures presented in Section 4.
Finally, in Section 6, we present our analysis and in Section 7, we conclude our study.
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Related Literature

Fair allocation has been studied in many different settings in the literature and we will list a few
of those settings below. The problem of dividing resources fairly without any kind of transfers
(e.g. money) arises in a variety of different contexts. At some universities, students apply to
courses with limited capacity and the administrative unit subsequently makes the assignment
decision (Budish and Cantillon (2012)). In some countries, children are assigned to schools
using the parents’ preferences and the priority the school assigns to that child (Abdulkadiroğlu
and Sönmez (2003)). In Denmark, when students finish medical school, they have to go one
year in rota. The rota places are assigned using serial dictatorship where the selection order
is determined randomly (Fedders (2012)). Patients in need of an organ wait for an organ and
when a new organ is available it is assigned to one of the patients (Hild (2001)). Yet another
example is the allocation of resources such as medical components and food in the case of a
disaster (Fiedrich et al (2000)).
All of the above examples should make it clear that fairly dividing a set of objects is an
important real world problem. That is why we find it important to investigate whether the
theoretical fairness concepts coincide with how fairness is regarded by humans. Next we will
look into the work already made within the area of fairly dividing resources in different settings.
This overview should give an impression of the theoretical methods and ideas we build upon in
the following sections of this article.
Within parallel job scheduling, the time issue is a significant parameter in the definition
of fairness and the classical performance metrics are response time, wait time, and slowdown
(Ernemann et al (2004); Feitelson et al (2005)). The First-Come-First-Served policy can be
considered fair due to the fact that all jobs are processed in order of arrival and are thereby
prioritized based on seniority (Leung et al (2010)). A significantly different approach is to ensure
that each job gets a fair share of the resources. This is done by Sabin and Sadayappan (2005)
where the deserved time for a job is compared with the actual time given to a job. We refer the
reader to Tóth (2014) for an overview of different ways of measuring fairness in this setting.
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Problems where fairness is studied can generally be divided in two classes: Problems with
divisible objects and problems with indivisible objects. Even though the problem studied in
this paper concerns indivisible objects, much inspiration is drawn from problems with divisible
objects which is a far more well-studied area.
The simplest problem with divisible objects is the so-called cake cutting problem where an
inhomogeneous cake represents a single divisible good. A practical example of cake cutting is
assignment of commercial time slots where different companies value the time slot before a given
tv-program differently. Within this area, two fairness criteria seem to be accepted; envy-free
and proportional fairness. Envy-free means that no agent prefers another agent’s piece more
than his own, and proportional fairness is defined as each agent receiving at least 1/m part of
the cake (in value) where m is the number of agents. We refer the reader to Procaccia (2013)
for an overview of mechanisms that make proportional fair allocations among which some are
also envy-free. However, in order to ensure that the mechanism actually divides the cake fairly,
it is important that the agents do not lie about their preferences. This is studied in Chen et al
(2013). A variation of this problem is studied by Carvalho and Larson (2012) in a setting where
each agent is asked to evaluate the other agents after teamwork, and a homogeneous reward is
shared among them based on these evaluations. The paper presents a method where the agents
benefit from providing truth evaluations.
Network resource allocation can be viewed as a division of several divisible objects. An
example is a computer network where jobs cannot be processed without having both cpu and
memory assigned. Thus the utility obtained is more complex than the additive utility seen in
cake cutting. This problem has been studied from several different angles, including proportional
fairness (Boche and Schubert (2009); Cole et al (2013); Kelly (1997)), Nash Bargaining (Boche
and Schubert (2009); Han et al (2005)), max min fairness (Bonald et al (2006); Kelly (1997))
and Dominant Resource Fairness (DRM). The proportional fairness in this context has inspired
us to an alternative fairness measure in the context of indivisible objects.
Turning the attention to problems with indivisible goods, two main aspects are relevant:
The number of objects assigned to each agent (one or several) and the presence of copies of
the objects. Practical examples of problems with indivisible goods include organ donations,
allocation of students to courses, and allocation of children to schools. Two types of approaches
are used to seek fair allocations, both of which are based on the agents defining the utility they
obtain from receiving each object or bundle of objects. The first type is to formulate an overall
function combining the agents’ utilities in some useful manner and then optimize this function
in order to obtain fair allocations. This includes maximizing the average utility obtained by
the agents or maximizing the utility of the agent that gets the least utility. Such a max min
approach is used by Bezáková and Dani (2005). The second type is to first define fairness
criteria, i.e. criteria that an allocation must fulfill in order to be fair, and then find an allocation
that satisfies these criteria if such an allocation exists. Examples of such criteria are max min
fair share, proportional fair share, and envy-free (Bouveret and Lemaı̂tre (2016); Budish (2011);
Procaccia and Wang (2014)). These approaches of obtaining fairness will also be used in our
study and the above concepts will be elaborated upon in Section 4. Defining procedures for
obtaining fair allocations with respect to these criteria is, however, not straightforward. In
Othman et al (2010), the resulting allocation may be infeasible in the sense that objects may be
over-allocated and in Procaccia and Wang (2014) the resulting allocation is only approximately
fair. Finally, in Kesten and Yazıcı (2012), some objects are thrown away in order to avoid unfair
solutions.
Because the objects are indivisible, it is difficult to achieve fair allocations and thus some
studies focus on making the division procedure (ex ante) fair instead of making the actual allocation (ex-post) fair (Bezáková and Dani (2005); Nguyen and Vohra (2012)). From a game

3

theoretic point of view, if agents can benefit from revealing untrue preferences, they can manipulate the final outcome by giving false preferences and in that way prevent fairness. A mechanism
that prevents this is referred to as being strategy-proof and is studied in Bezáková and Dani
(2005); Budish (2011); Pápai (2001). The cost of ensuring truth telling can, however, be even
higher than the cost of playing strategically in a game that does not ensure truth telling (Budish
and Cantillon (2012)). A common assumption is that truthful preferences are given as input
(Bezáková and Dani (2005); Procaccia and Wang (2014)). We use this assumption in our study.
Another assumption that is frequently made is that the utilities are additive (Budish and Cantillon (2012); Procaccia and Wang (2014); Bouveret and Lemaı̂tre (2016); Bezáková and Dani
(2005) the argument for making this very strict assumption could be that it is fairly easy for
the agents involved in the problem to state their utilities in this way. As some of the results
we find build upon work with additive utility functions and because we need respondents to be
able to relate to the allocations, this assumption will also be made in this paper.
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Problem Description

We consider a problem with indivisible objects where multiple copies of each object exist. Each
agent can receive more than one object, but never multiple copies of the same object. The
number of agents that can receive a copy of the same object is bounded by the object’s capacity.
The agents obtain utility by receiving the objects and the utility obtained by receiving multiple
objects is a linear function of the individual utilities. As discussed in Section 2, this problem
has been studied in several papers. The problem is inspired by the assignment of students to
courses.
To formally define the problem, let A be the set of m agents and let O be the set of n
objects. Let q ∈ Nn be a capacity vector such that each object j ∈ O has a capacity 0 < qj ≤ m
bounding the number of agents who can be assigned to the object. We use wij ≥ 0 to denote the
weight that agent i ∈ A puts on object j ∈ O and say that objects with wij > 0 are requested
by agent i. This weight describes the desire that agent i has for object j.
A feasible allocation of objects to agents is denoted S = {S1 , · · · , Sm } where Si ⊆ O represents the set of objects assigned to agent i. Each agent i can be assigned to each object j at most
once. There are no restrictions on the assignment of agents such as e.g. a maximum or minimum
number of objects to assign to each agent or conditions such as at most one object from a set
of objects can be assigned to an agent. We denote by S the set of all feasible allocations.
Each agent has a utility function that describes the utility that agent i receives by the
allocation S = {S1 , · · · , Sm }. For any allocation S, we use ui (Si ) to denote the total utility
obtained by agent i when receiving the bundle Si . It is assumed that the agents’ utility functions
are additive
P and determined by the weight that the agent puts on the objects in Si . Therefore
ui (Si ) = j∈Si wij for all i ∈ A, Si ⊆ O. Agents do not gain utility by being assigned to
unrequested objects.
We use three different types of utilities in our experiments. In the first type, the agents
express their preferences for the objects by distributing preference points in the form of actual
weights among the objects
to indicate their relative desire for the objects. The weights are
P
normalized such that j∈O wij = t for all i ∈ A for some constant t. In our experiments, we
use t = 100. The second type is 0/1-utilities in which the agents merely state if they want the
object. Here, wij = 1 if agent i wants object j, and zero otherwise. These 0/1-utilities are not
normalized. However, in the third type, the agents also express their preferences in the form of
0/1-utilities,
but now weights are assigned evenly to the objects requested by each agent such
P
that j∈O wij = t for all i ∈ A. This is referred to as normalized 0/1-utilities.
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Measuring Fairness

In this section, we present a number of ways to measure the fairness of an allocation. The
measures presented are general and independent of the choice of utility function. Given an
allocation S = {S1 , · · · , Sm } ∈ S, we use λ∆ (S) to denote the fairness of S determined by the
measure ∆, where ∆ is replaced by the name of the measure under consideration. When it is
clear from the context, we will leave out the allocation and simply write λ∆ . Firstly, in Section
4.1, we consider measures where an objective function are sought to be optimized, whereas
Sections 4.2 and 4.3 consider measures that are based on fairness concepts which are either
satisfied or not.

4.1

Utilitarian Fairness Measures

Utilitarian measures are based on ideas such as minimizing the average or maximizing the
minimum of a joint objective function. Even though they are not directly focused on optimizing
fairness, these general ideas have been used for several decades for a wide range of problems
within Operations Research. We therefore survey such measures in this section.
When considering an allocation S, a natural approach is to maximize the total utility of
that allocation. This is equivalent to maximizing the average utility and is reflected by our first
measure, referred to as AverageUtility. We have
λAvU tility =

1 X
ui (Si )
m
i∈A

An alternative view is to focus the attention on the agent who obtained the least utility.
One might claim that the higher the utility for this agent, the fairer the allocation. We measure
this by MinimumUtility which is determined as
λM inU tility = min ui (Si )
i∈A

Instead of looking at the utility obtained by the unlucky agent, one could simply count the
number of objects received by the agent who got the lowest number of objects. I.e. we consider
the amount of objects rather than the utility. The motivation is that from a human perspective,
it can seem unfair if one agent receives very few objects while another agent receives many
objects even though their utilities may almost be the same. The MinimumNumber measure
reflects this and is determined as
λM inN umber = min |Si |
i∈A

Within the same line of reasoning, people may find an allocation unfair if the number of
objects received differs highly among the agents even if the utilities are similar. This is the
motivation behind SpanNumber which is calculated as
λSpanN umber = max |Si | − min |Si |
i∈A

i∈A

Furthermore, the measure UnassignedObjects considers the number of objects that are left
unassigned even though at least one agent requests the objects. The motivation is that some
fairness criteria found in the literature, in particular those presented in Section 4.3, obtain
fairness by leaving some objects unallocated. From a human perspective, this does not appear
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to be particularly fair. Especially in cases where several copies are available, as for example
when assigning students to courses. We have
!
X
X
U nassigned
qj −
|Si ∩ {j}|
λ
=
i∈A

j∈O

Finally, when evaluating the fairness of an allocation, some people will consider not what
the agents got, but rather what they did not get. We present two measures with this focus. We
define the lost utility of an agent to be the utility of the objects he requested but did not receive
and define MaxLostUtility as
λM axLostU tility = max (ui (O) − ui (Si ))
i∈A

When using preference points or normalized 0/1-utilities, we have
λM axLostU tility = t − λM inU tility
However, this is generally not true for 0/1-utilities without normalization.
Alternatively, we can consider the number of objects not received by the agent who loses
most objects. This is done in MaxLostNumber and is defined as
λM axLostN umber = max (|{j ∈ O|wij > 0}| − |Si |)
i∈A

M axLostU tility

For 0/1-utilities, λ
=λ
points and normalized 0/1-utilities.

4.2

M axLostN umber

. This is, however, not the case for preference

Fair Share Measures

The concept of fair share is that each agent shall receive the portion of all objects or all utility
which fairly belongs to him. The reasoning behind this is that in this way, the agents are treated
the same. However, when the objects are indivisible, and in particular when copies are present,
this is not straightforward.
One fair share criterion found in the literature is the proportional fair share property which is
found in relation to cake cutting (Procaccia (2013)), but also suggested for division of indivisible
objects without copies (Bouveret and Lemaı̂tre (2016)). Here, the proportional fair share value
for agent i is calculated as uprop
= ui (O)/m and the allocation S = {S1 , · · · , Sm } ∈ S is said
i
to be proportional share fair if uprop
≤ ui (Si ) for all agents i ∈ A.
i
The sharing incentive is a generalization of the proportional fair share and is used within
division of several homogeneous divisible objects in Parkes et al (2012). It states that each
1
of each
agent should get at least as much utility as he would if he received a fraction of m
object in order to be willing to accept allocations other than the equal one. Formally, we
have uSI
i = ui (h1/m, · · · , 1/mi) and the allocation is fair according to the sharing incentive if
uSI
≤
u
i (Si ) for all agents i ∈ A.
i
The presence of copies complicates matters and causes uprop
to be underestimated and the
i
sharing incentive loses its meaning when goods are not divisible. This means that both measures
are of little direct use in our case of indivisible goods with copies. We therefore present two
proportional fair share variations for indivisible goods with copies. To the best of our knowledge,
this generalization has not been made elsewhere in the literature.
Since there are qj copies of j and m agents to share them, each agent should rightfully have
q
a fraction of mj of j. Generalizing this, we define
X qj
sum
uprop
=
ui ({j})
i
m
j∈O
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sum
≤ ui (Si ) for all agents
and say that an allocation, S, is proportional sum share fair if uprop
i
.
i ∈ A. When qj = 1 for all j ∈ O and utilities are additive, this definition coincides with uprop
i
Furthermore, it has some additional theoretical features which we will describe in Section 4.3. In
order to obtain a measure to evaluate the degree of fairness of an allocation rather than simply
stating whether the allocation is fair, we define the ProportionalSumFairShare measure as

λpropsum = min
i∈A

ui (Si )
sum
uprop
i

In this way, we evaluate to which extent the fair share condition has been met by the agent who
has received the lowest fraction of his or her fair share.
An alternative is to consider the average number of copies of the objects and use this to
adjust uprop
. In that way, the utility of getting everything is adjusted by the reasonable fraction
i
of the full set of objects an agent should expect. Formally we have
P
j∈O qj
propav
ui (O)
ui
=
mn
This also coincides with uprop
when qi = 1 even if utilities are not additive, but does not have
i
similar theoretical properties as uipropsum . We say that an allocation, S, is proportional average
av
share fair if uprop
≤ ui (Si ) for all agents i ∈ A, and define the ProportionalAverageFairShare
i
measure as
ui (Si )
λpropav = min propav
i∈A ui
In Budish (2011), the max min fair share was introduced as an alternative to proportional
fair share when the objects are indivisible. It is also used in Bouveret and Lemaı̂tre (2016)
and in Procaccia and Wang (2014). The intuition is to consider the utility an agent can ensure
himself if he divides the objects into m bundles, but is the last to choose. Formally, let
S
umF
:= max min ui (Sk )
i
S∈S k∈A

S
An allocation of objects S = {S1 , · · · , Sm } is max min share fair if umF
≤ ui (Si ) for all agents
i
and the fairness measure MaxMinFairShare is defined as

λmF S = min
i∈A

ui (Si )
av
uprop
i

In a symmetrically way, if an agent i chooses a bundle first after another agent has divided
the objects, the worst that agent i can risk to get is the min max fair share suggested by Bouveret
and Lemaı̂tre (2016) and given by
FS
uM
:= min max ui (Sk )
i
S∈S k∈A

FS
The allocation is then min max share fair if uM
≤ ui (Si ) for all agents and we define the
i
fairness measure MinMaxFairShare as

λM F S = min
i∈A
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ui (Si )
av
uprop
i

4.3

Envy-Free Fairness Measures

An important aspect to consider when allocating objects is that the agents should not be envious
of each other. It is said that an allocation is envy-free if no agent strictly prefers another agent’s
bundle. That is
ui (Si ) ≥ ui (Sk ) ∀i, k ∈ A
In an envy-free allocation, every agent would therefore feel that the bundle he received is the
best (or at least as good as the best) and would hence be satisfied with what he got. Envy-free
allocations are studied in various settings in Kesten and Yazıcı (2012), Parkes et al (2012), and
Procaccia (2013). In a setting with indivisible objects this is a very strict criterion. Therefore,
Budish (2011) introduced a less strict version denoted ’envy-free bounded by a single good’.
The idea is that if agent i strictly prefers another agent k’s bundle, then there should be an
object j ∈ Sk in k’s bundle such that i does not prefer Sk \ {j} compared to his own bundle.
I.e. if ∀i, k ∈ A : ∃j ∈ Sk : ui (Si ) ≥ ui (Sk \ {j}), then the allocation S is envy-free bounded by
a single good.
Based on the ideas of envy-free allocations, we introduce two new fairness measures. The
first is referred to as TotalEnvy and reflects the total amount of envy present in the system. We
define

X
envytotal
λ
=
max (ui (Sk ) − ui (Si ))
i∈A

k∈A

where the envy of each agent is nonnegative by definition because the agent himself appears in
the formula. An alternative is to consider the amount of envy felt by the agent who is the most
envious. We denote this measure MaxEnvy and define it as


λenvymax = max max (ui (Sk ) − ui (Si ))
i∈A

k∈A

Nice relations exist among the properties introduced in this section and in Section 4.2. For
allocation problems with indivisible goods where several object can be allocated to each agent
but no copies are allowed and utility functions are additive, Bouveret and Lemaı̂tre (2016)
showed the following.
S
Proposition 1. Let S be an allocation with Si ∩ Sk = ∅ ∀i 6= k, ∪i∈A Si = O. Then umF
(Si ) ≤
i
prop
MF S
ui (Si ) ≤ ui
(Si ) and the following holds: CEEI  envy-free  min max share fair 
proportional share fair  max min share fair.

The notation Ψ  Υ is used to denote that if the allocation satisfies property Ψ, then it also
satisfies property Υ and hence, Ψ is stronger than Υ. CEEI refers to Competitive Equilibrium
from Equal Income and originates from economic equilibrium theory. CEEI is presented in
Budish (2011) and will not be considered further in this paper.
The above scale cannot directly be extended to the case with copies of the objects. The
complication lies in the fact that an agent does not receive extra utility by receiving an additional
copy of some object. With the ProportionalSumFairShare definition above, we can, however,
generalize most of the statement if we require that all copies of all objects are allocated (an
object can be allocated to an agent that gets zero utility for that object or excess objects can
be removed). As in Proposition 1, we require utilities to be additive. We have the following.
P
Theorem 2. Let S be an allocation with i∈A |Si ∩ {j}| = qj ∀j ∈ O. Then the following
statements hold when utilities are additive
sum
S
a) umF
≤ uprop
so proportional sum share fair  max min share fair
i
i
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AverageUtility
MinimumUtility
MinimumNumber
SpanNumber
UnassignedObjects
MaxLostUtility
MaxLostNumber
ProportionalSumFairShare
ProportionalAverageFairShare
MaxMinFairShare
MinMaxFairShare
TotalEnvy
MaxEnvy

λAvU tility
λM inU tility
λM inN umber
λSpanN umber
λU nassigned
λM axLostU tility
λM axLostN umber
λpropsum
λpropav
λmF S
λM F S
λenvytotal
λenvymax

↑
↑
↑
↓
↓
↓
↓
↑
↑
↑
↑
↓
↓

Table 1: Overview of the measures used to evaluate the fairness of allocations.
sum
FS
b) uprop
≤ uM
so min max share fair  proportional sum share fair
i
i

c) envy-free  min max share fair
P
Proof. a) Let S be an arbitrary allocation with i∈A |Si ∩ {j}| = qj ∀j ∈ O and let i be any
agent. Define xkj to be 1 if bundle k includes object j and zero otherwise.
As we have copies,
P
an object j will be included in a bundle exactly qj times, hence k∈A xkj = qj for all j ∈ O.
Combined with additive preferences this gives
X
XX
X
X
X
ui (Sk ) =
wij xkj =
wij
xkj =
wij qj
k∈A

k∈A j∈O

j∈O

k∈A

j∈O

A bundle from an allocation that yields the lowest utility must give no more utility than the
average utility of bundles in that allocation. So now we get
1 X
1 X
sum
min ui (Sk ) ≤
ui (Sk ) =
wij qj = uprop
i
k∈A
m
m
j∈O

k∈A

As S was an arbitrary allocation, the above also holds if maximum is taken over all allocations,
hence it follows that
S
sum
umF
= max min ui (Sk ) ≤ uprop
i
i
S∈S k∈A

The proof of b) follows in much the same manner and c) is proved exactly as in Bouveret and
Lemaı̂tre (2016).

4.4

Overview of Fairness Measures

To summarize, Table 1 provides an overview of the measures used to evaluate allocations of
objects to agents. To the right in the table, an arrow indicates if it is preferred to have high or
low values of the specific measure.

5

Obtaining Fair Allocations

In this section, we present 14 methods for obtaining fair allocations. The methods can be
categorized into four types. In Section 5.1, we present methods that seek to optimize the
9

measures presented in Section 4.1. In Section 5.2, the focus is on the fair share concept and
Section 5.3 presents methods that seek to find envy-free allocations. Section 5.4 presents a
method which simulates the practice of letting the agents take turns at choosing. Finally, in
Section 5.5, we provide an overview of the methods used in this study.
In order to model the allocation problem as a classical transportation problem, we define a
parameter for each agent i ∈ A and each object j ∈ O to indicate if it is possible to assign agent
i to object j. We only allow agents to be assigned to objects they request, so aij = 1 if wij > 0
and 0 otherwise.
For each allocation S, we define a corresponding vector x = [xij ] ∈ {0, 1}m×n of binary
variables indicating if a copy of object j is assigned to agent i. Formally, we have
(
1 if |Si ∩ {j}| > 0
xij =
0 otherwise
Corresponding to the set of feasible allocations S, we define X as the feasible set of vectors
such that for each feasible allocation S ∈ S, there is a unique vector x ∈ X and vice versa. The
set X is defined as
X
X = {x ∈ {0, 1}m×n |
aij xij ≤ qj ∀j ∈ O}
i∈A

where the constraints ensure that the capacities of the objects are not exceeded.

5.1

Optimizing Utility

The first method, referred to as MaxAverage, seeks to maximize the average utility gained by all
agents, or equivalently, to maximize the total utility and thereby meet the λAvU tility measure.
This is done by solving the following model:
XX
max
wij xij
i∈A j∈O

s.t. x ∈ X
The allocation obtained by this model will always be Pareto efficient so no agent can be better
off by swapping with another agent without hurting some agent.
When 0/1-utilities are used, we work with a second version of the MaxAverage method which
we refer to as MaxAverageNormalized. In this version, we incorporate the fact that there can
be significant variation in the number of different objects an agent desires. Using normalized
weights, we avoid favoring agents requesting many objects above those requesting only few,
because larger weight will be given to each object of the latter when weights are normalized.
For each agent i, we let the normalized weight for object j be
0
wij
=P

wij

j∈O

wij

(1)

The MaxAverageNormalized method works as MaxAverage but uses the normalized weights from
(1).
The next method, referred to as MaxMin, seeks to maximize the utility of the agent that
is worst off and thereby seeks to obtain the highest possible value for the λM inU tility measure
and secondarily for λAvU tility . This is done by a 2-step procedure where we first determine
the highest utility we can possibly assign to the agent obtaining the lowest utility, i.e. c1 =
10

P
maxx∈X mini∈A { j∈O wij xij }. Next, we add c1 as a lower bound on the utility obtained by
any agent and maximize the average utility of the agents while respecting this bound. Formally,
we have the following model:
XX
lex max(c1 ,
wij xij )
i∈A j∈O

s.t. c1 ≤

X

wij xij ∀ i ∈ A

j∈O

x∈X
c1 ∈ R
Ideally, one would iteratively solve a model maximizing c1 m times and fix the utility for one
agent in each iteration, but the above approach allows us solve two models rather than m and
still obtain good allocations. However, in Phase 1 of our analysis, we have used the iterative
approach of solving the model m times because m is significantly smaller than in Phase 2 of the
analysis.
For 0/1-utilities, we again supplement with a version of this method where we work with
normalized weights based on (1). We refer to this method as MaxMinNormalized. Again, the
fairness is measured directly based on the 0/1-utilities.
We create a variation of the above method that considers the number of objects assigned to
the agent receiving the lowest number of objects, c2 , rather than the agent receiving the smallest
utility. Thereby, the method seeks to favor λM inN umber . This method, which is only relevant
for preference points and normalized 0/1-utilities, is referred to as MaxMinNumber and can be
described as follows:
XX
lex max(c2 ,
wij xij )
i∈A j∈O

s.t. c2 ≤

X

xij ∀ i ∈ A

j∈O

x∈X
c2 ∈ R
Furthermore, we create a combination of MaxMin and MaxMinNumber, which we refer to
as MaxMinComb, because the results in Phase 1 indicated that those two methods complement
each other very well. As a result, this method is first introduced in Phase 2. We first maximize
the number of objects, c3 , assigned to the agent who receives the fewest. Then, adding c3 as a
constraint, we maximize the utility, c4 , of the agent obtaining the lowest utility. Finally, adding
both c3 and c4 as constraints, the sum of the utilities is maximized. This gives us:
XX
lex max(c3 , c4 ,
wij xij )
i∈A j∈O

s.t. c3 ≤

X

xij ∀ i ∈ A

j∈O

c4 ≤

X

wij xij ∀ i ∈ A

j∈O

x∈X
c3 , c4 ∈ R
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Finally, we have created two allocation methods which are based on minimization of the
objects requested, but not received by an agent. In the first, which we refer to as MinMaxLostUtility, we seek to minimize the lost utility of the agent who loses the most, c5 , and thereby favor
λM axLostU tility . For data with preference points, this is equivalent to maximizing the utility of
the agent who obtains the smallest utility because all agents have the same potential utility t.
When considering 0/1-utilities, it is, however, not equivalent. As before, our secondary object
is to maximize the sum of utilities. We have

lex min(c5 ,

XX

−wij xij )

i∈A j∈O

s.t. c5 ≥

X

wij (aij − xij ) ∀ i ∈ A

j∈O

x∈X
c5 ∈ R
With MinMaxLostNumber, we seek to minimize the number of objects lost by the agent who
loses most objects, c6 , and thereby favor λM axLostN umber . This is not equivalent to maximizing
the number of objects received by the agent who gets the most. But for 0/1-utilities, it is
equivalent to MinMaxLostUtility. We have:

lex min(c6 ,

XX

−wij xij )

i∈A j∈O

s.t. c6 ≥

X

(aij − xij ) ∀ i ∈ A

j∈O

x∈X
c6 ∈ R

5.2

Fair Share

In this section, we present two methods inspired by the fair share criteria. In the first method,
referred to as FairShare, we recall the scale of the fairness criteria presented in Section 4.3
and based on that we seek to satisfy each of the three fair share criteria, MaxMinFairShare,
ProportionalSumFairShare, and MinMaxFairShare, as well as possible in an iterative manner.
We start by determining the following three values for each agent i ∈ A:


P
pi ≤ j∈O wij xkj ∀k ∈ A
mF S
ui
= max pi ∈ R
x∈X
sum
uprop
=
i

X qj
ui ({j})
m

j∈O

and





wij xkj ∀k ∈ A 
FS
0
uM
= min ri ∈ R
i
i∈A aij xi,j = qj ∀j ∈ O


xij ∈ {0, 1} ∀i ∈ A, j ∈ O
P
where qj0 is defined for all objects j as qj0 = min{qj , i∈A aij }. That is, if the capacity of an
object exceeds the number of agents requesting the object, then qj0 equals the number of agents
ri ≥
P
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P

j∈O

requesting the object. Alternatively, qj0 is simply the capacity. The second set of constraints in
FS
the definition of uM
ensures that all objects are distributed. Alternatively, the zero-allocation
i
would be feasible and optimal.
Finally, the allocation is found by solving the following model. The variables, c1 , c2 , and
c3 being iteratively maximized, ensure that each of the three fair share criteria are satisfied as
much as possible before the next is considered. The last criterion seeks to maximize the total
utility obtained by the agents.


XX
lex max c1 , c2 , c3 ,
wij xij 
i∈A j∈O
S
s.t. umF
c1 ≤
i

X

wij xij

∀i ∈ A

j∈O

X

sum
c2 ≤
uprop
i

wij xij

∀i ∈ A

j∈O
FS
uM
c3 ≤
i

X

wij xij

∀i ∈ A

j∈O

0 ≤ ci ≤ 1

i = 1, 2, 3

x∈X
The next method seeking to satisfy the fair share criteria is referred to as PropFairShare and
is based on the ProportionalAverageFairShare measure. Here, we first determine the following
value for each agent i ∈ A:
P
j∈O qj
propav
ui (O)
ui
=
mn
We then find the allocation by solving the following model where the variable c4 being maximized
first, ensure that the ProportionalAverageFairShare criterion is satisfied as well as possible and
the second objective maximizes the total utility.


XX
lex max c4 ,
wij xij 
i∈A j∈O

s.t.

av
uprop
i

c4 ≤

X

wij xij

∀i ∈ A

j∈O

0 ≤ c4 ≤ 1
x∈X
P
P
P
P
In Phase 1 of the analysis, we used i∈A j∈O xij rather than i∈A j∈O wij xij as the
last objective in these two methods. However, additional tuning between the two phases indicated that using maximization of utility in the methods as described above, resulted in better
allocations.

5.3

Avoiding Envy Among the Agents

In Section 4.3, we introduced the concept of envy-free allocations. Here, we present a method
that will construct an envy-free allocation. We refer to this method as NoEnvy. Recall that an
allocation is envy-free if ui (Si ) ≥ ui (Sk ) for all i, k ∈ A. Among all envy-free allocations, we
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prefer one that maximizes the average utility of the agents. This is obtained by the following
model:
max

XX

wij xij

i∈A j∈O

s.t.

X

wij xij ≥

j∈O

X

wij xkj ∀ i, k ∈ A, i 6= k

j∈O

x∈X
A drawback of requiring that an allocation is envy-free is that it may leave some objects
unassigned even though they are desired by some agents. This is studied in Kesten and Yazıcı
(2012) where envy-free allocations are obtained by deleting all objects that are requested by
more agents than the number of copies available.
The next method, which is referred to as EnvyBounded, is inspired by the concept of envyfree bounded by a single good, which was discussed in Section 4.3. However, instead of modeling
this concept directly, we have chosen to model a more strict requirement. Consider the bundle
assigned to agent k. In our model, we require that by removing one object from k’s bundle, none
of the other agents may feel that k’s remaining bundle is worth more than their own bundle. So
in our model, the object that is removed from k’s bundle does not vary with the agents.
Among the allocations that satisfy this requirement, the model will select the one that
maximizes the total utility. Thereby, it seeks to favor λAvU tility . This means that when two
agents are competing for a copy of the same object, the agent who will receive the highest
utility from that object will get it provided that the resulting allocation is envy-free bounded
by a single good.
In the following model, we use the binary variables yij as the fictive objects j assigned
to
P
agent i while not counting the one that is removed when comparing envy. In that way, j∈O yij
represents the bundle of goods received by agent i minus the one object that is taken out of the
actual bundle. We have the following:
max

XX

wij xij

i∈A j∈O

s.t.

X

wkj xkj ≥

j∈O

X

wkj yij

∀ i, k ∈ A i 6= k

j∈O

yij ≤ xij ∀i ∈ A, j ∈ O
X
X
yij ≥
xij − 1 ∀ i ∈ A
j∈O

j∈O

x∈X
yij ∈ {0, 1} ∀i ∈ A, j ∈ O
Furthermore, when preference points are used, we use an additional method which is a
variation of EnvyBounded where we seek to maximize the total number of assigned objects rather
than the utility that those objects provide.
in the EnvyBoundedNumber method, we
P Therefore,
P
replace the objective function by max i∈A j∈O xij .

5.4

Take Turn to Choose

The final method is referred to as SequentialChoice and is the only one that is purely algorithmic
without any mathematical modeling.
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The background is that Budish and Cantillon (2012) shows that a procedure where the agents
take turns to choose an object performs relatively well. Here, we simulate this by creating a
method where agents are iteratively assigned the available object they desire the most. This is
a very intuitive way of distributing available objects and it is therefore interesting to compare
its performance to that of the previous methods which focused directly on the performance
measures. Algorithm 1, which is a slight modification of the one presented in Budish and
Cantillon (2012), provides the details of the method.
Algorithm 1 Sequential Choice
Let L1 = [a1 , a2 , . . . , am ] be a random permutation of the agents in A.
Set L2 = [am , am−1 , . . . , a1 ]
Set L3 = [adm/2e , . . . , am , a1 , . . . , abm/2c ]
Set L4 = [abm/2c , . . . , a1 , am , . . . , adm/2e ]
h=1
while A =
6 ∅ or O =
6 ∅ do
for t = 1 to length(Lh ) do
Let i be the agent at location Lh [t]
j 0 = argmaxj∈O {wij }
Assign agent i to object j 0
Set qj 0 = qj 0 − 1
if qj 0 = 0 then
Set O = O \ {j 0 }
if wij = 0 ∀j ∈ O then
Delete agent i from Lh , h = 1, . . . , 4
h = h + 1 (mod 4)

5.5

Overview of Allocation Methods

To summarize, Table 2 provides an overview af the different methods we use to obtain fair
allocations. The second column of the table indicates the fairness measures favored by each
method and the third column gives some comments when needed.

6

Evaluating Fairness

In Section 4, we presented 13 measures for evaluating the fairness of allocations and in Section
5, we presented 14 methods for obtaining such allocations.
In this section, we create a large number of allocations with the methods presented above
and evaluate the fairness of the outcomes. This is done in two phases. First, in Phase 1, we
use small data sets for creating allocations. The resulting allocations have been presented to 25
respondents who rated their fairness. All respondents are adults but not Operations Research
specialists. The results of this analysis are presented in Section 6.1. The main purpose of Phase
1 is to obtain a better understanding of the way fairness is perceived and of characteristics that
are evaluated as being important, such that this knowledge can guide us in Phase 2. In Phase
2, allocations are made for significantly larger data sets and the fairness of each allocation is
evaluated by the measures presented in Section 4. This leads to recommendations as regards
the choice of allocation model for different kinds of data.
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Allocation method
MaxAverage
MaxAverageNormalized
MaxMin
MaxMinNormalized
MaxMinNumber
MaxMinComb
MinMaxLostUtility
MinMaxLostNumber
FairShare
PropFairShare
NoEnvy
EnvyBounded
EnvyBoundedNumber

Favors
λAvU tility
λAvU tility
λM inU tility ,λAvU tility
λM inU tility ,λAvU tility
λM inN umber , λAvU tility
λM inN umber , λM inU tility , λAvU tility
λM axLostU tility , λAvU tility
λM axLostN umber , λAvU tility
λmF S , λpropsum , λM F S , λU nassigned
λpropav , λU nassigned
λenvytotal , λenvymax , λAvU tility
λenvytotal , λenvymax , λAvU tility
λenvytotal , λenvymax , λU nassigned

Comment
Only 0/1-utility
Only 0/1-utility
Introduced in Phase
Introduced in Phase
Introduced in Phase
Introduced in Phase

2
2
2
2

Only preference points
Only Phase 1

SequentialChoice
Table 2: Overview of the methods for obtaining allocations.

Agent
1
2
3
4
5
6
Capacity
# assigned
|{i ∈ A : wij > 0}|

Object
1 2 3
1 1 1
1 1 0
1 1 0
1 0 1
0 1 1
1 0 0
3 6 2
2 4 2
5 4 3

fraction
0.67
0.50
0.50
0.50
1.00
1.00

Agent
1
2
3
4
5
6
Capacity
# assigned
|{i ∈ A : wij > 0}|

Object
1
2
30
1
30 70
45 55
20
0
0
35
100 0
3
6
3
3
5
4

3
69
0
0
80
65
0
2
0
3

ui (Si )
30
70
55
20
35
100

Figure 1: Example of the way an allocation was presented in the survey. Left: 0/1-utilities.
Right: Preference points.

6.1

Phase 1

In the first part of our analysis, we created a survey showing the allocations obtained for 8 small
manually constructed data sets using a total of 10 methods for obtaining fair allocations. In 3
of the data sets, the agents’ preferences were given as 0/1-utilities, and in the remaining sets a
total of 100 preference points were distributed among the activities for each agent. The data
was constructed in such a way that each measure should fail to perform well on at least one
data set. This resulted in a total of 67 data-allocation instances for the respondents to evaluate.
Examples of instances are shown in Figure 1. Each instance contained information about
the agents’ preferences. For 0/1-utilities (left hand side), a 1 indicates that the agent request
the object and zero means that the object is not requested by the agent. For preference points
(right hand side), the values given are the weights that the agents puts on the objects. The
assignment is shown in green, and red indicates requests that were not satisfied. Each instance
also provided information on the number of available copies of each object (capacity) and some
calculated characteristics which could help the evaluation.
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Allocation
1
2
3
4

0
0
0
0
0

1
0
0
0
0

2
0
1
0
0

3
0
0
0
0

4
0
0
0
0

5
3
1
0
0

6
3
4
1
1

7
3
3
7
6

8
7
7
6
7

9
3
3
4
4

10
6
6
7
7

Mean
7.88
7.80
8.36
8.40

Var
2.86
3.75
1.66
1.58

St.Dev
1.69
1.94
1.29
1.26

Figure 2: Example of results obtained from the survey.

MaxAverage
MaxAverageNormalized
MaxMin
MaxMinNormalized
FairShare
PropFairShare
NoEnvy
EnvyBounded
SequentialChoice

1
1.6
5.0
5.0
8.0
7.7
5.1
5.0
2.3
7.8

Mean
2
3
1.2 1.2
1.4 5.8
6.8 6.1
5.9 7.3
5.2 7.3
5.2 7.3
6.0 5.0
5.1 5.2
6.9 6.8

av
1.3
4.1
6.0
7.0
6.7
5.9
5.3
4.2
7.1

Standard
1
2
2.1 1.5
2.5 1.7
2.5 2.2
1.7 2.2
1.6 2.8
2.6 2.8
2.7 2.1
2.5 3.0
1.8 1.8

deviation
3
av
1.5 1.7
2.5 2.2
2.7 2.5
1.7 1.9
1.7 2.1
1.7 2.4
3.5 2.8
2.9 2.8
2.8 2.1

Table 3: Mean and standard deviation of rating distributions for all data-allocation instances
with 0/1-utilities.
For each instance, the respondents evaluated the fairness of the allocation. The fairness was
rated on a scale from 0 to 10, where 0 should be given for the completely unfair allocation and
10 for the completely fair allocation. An analysis of this is presented in Section 6.1.1. Finally,
the respondents were asked to state in their own words what they found to be important in
their evaluation of fairness. A summary of this is presented in Section 6.1.2. 25 respondents
answered the survey.
6.1.1

Quantitative Analysis and Findings

The results obtained from the survey take the form illustrated in Figure 2, which shows the
distribution of the ratings given by the 25 respondents for each of four methods used to find
allocations of a data set with 6 agents and 3 objects based on preference points.
Based on the rating distribution, the mean and standard deviation are calculated. These are
shown for all data-allocation combinations in Table 3 for data with 0/1-utilities and in Table 4
for data with preference points. The tables also show the average values.
We first consider the ratings given to the data sets with 0/1-utilities, shown in Table 3.
The methods that obtain high average ratings are MaxMinNormalized, SequentialChoice, and
FairShare. If we consider the standard deviations, we see that the respondents generally agree
on the high performance. Furthermore, it is clear that MaxAverage obtains a poor average
rating, in particular when the utilities are not normalized. This is as we expected as there is no
incentive to distribute the objects evenly among the agents when only the average is considered.
The respondents seem to agree on this. On the other hand, the respondents strongly disagree
when evaluating the two methods seeking to avoid envy.
Table 4 shows the means and standard deviations of the ratings given to the allocations made
for the data sets with preference points. The first thing to note is that the respondents generally
seem to agree on giving high ratings to the allocations obtained by MaxMin, EnvyBounded, and
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MaxAverage
MaxMin
FairShare
PropFairShare
NoEnvy
EnvyBounded
EnvyBoundedNumber
SequentialChoice

1
6.2
6.5
6.5
5.2
2.8
6.5
2.4
6.1

2
7.9
7.8
8.4
8.4
2.9
8.4
2.9
4.9

Mean
3
4
1.8 7.5
7.3 7.0
6.4 6.8
5.5 6.0
5.6 5.9
5.4 7.5
4.8 2.5
6.5 5.5

5
7.0
6.4
6.9
6.4
6.1
7.6
2.8
6.9

av
6.1
7.0
7.0
6.3
4.7
7.1
3.1
6.0

1
3.0
2.6
2.3
2.3
2.9
2.6
2.1
2.5

Standard
2
3
1.7 2.0
1.9 2.2
1.3 2.4
1.3 2.2
2.7 3.0
1.3 2.5
1.9 2.6
2.1 2.3

deviation
4
5
1.7 1.7
2.0 1.7
1.9 1.7
2.2 1.8
2.5 2.7
1.7 1.2
2.2 2.1
2.2 1.2

av
2.0
2.1
1.9
2.0
2.8
1.9
2.2
2.0

Table 4: Mean and Standard deviation of rating distributions for all data-allocation instances
with preference points.

Figure 3: The average rating plotted against the MinimumUtility measure λM inU tility (left) and
the AverageUtility measure λAvU tility (middle and right), respectively.
FairShare. There is also a general agreement on giving a very low rating to EnvyBoundedNumber,
while the respondents disagree more when evaluating NoEnvy even though the average rating
for this method is low. EnvyBoundedNumber is discarded in Phase 2 due to this very low rating.
For the two utility based measures, MinimumUtility and AverageUtility, we check for a linear
relation between the measure and the ratings obtained. This analysis is based on the data sets
with preference points. Figure 3 shows the plots. It is quite clear from the left plot in Figure
3 and the supporting statistical test (not included in the paper), that a linear relation exists
between λM inU tility and the rating. Testing λAvU tility against the rating does not support any
obvious relationship. The plot is shown in the middle part of Figure 3. As we know that the
rating is related to the utility of the agent who is worst off, we have performed an additional
test in which the instances with λM inU tility < 30 are discarded. The resulting plot is shown in
the right side of Figure 3. But even with these removed, a linear relation between the λAvU tility
measure and the rating is rejected. We conclude that the MinimumUtility measure yields a
relatively good indication of the fairness viewed by humans, whereas AverageUtility does not.
This will be valuable information when we turn to Phase 2 of our analysis.
6.1.2

Qualitative Analysis and Findings

The true benefits of the survey are, however, the free text information where the respondents
were asked what they value as important when rating an allocation. Here we will discuss the
main issues.
Half of the respondents stated that they found it important that the objects were distributed
evenly among the agents, irrespective of the number of objects that each agent requested. This
indicates that the respondents find it difficult to handle the heterogeneity of the agents as regards
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the amount of objects they desire. The only methods that seek to meet this requirement of the
allocations are the MaxMinNumber and MaxMinComb, both of which are new methods that we
added to the study in Phase 2 based on this finding. In the situation with 0/1-utilities, the
MaxMin (without normalization) will have a similar effect.
Almost 40% of the respondents stated that they find it important that all objects wanted
by some agents are distributed. This is such an intuitive notion that we believe that more
respondents agree with the statement without having mentioned it. After all, if an object is
undistributed while some agents would like to have it, it just feels unfair. Interestingly enough,
in order to obtain envy-free allocations, it can be necessary to leave some objects undistributed.
All other methods will always distribute all objects that are requested.
Many respondents mentioned the importance of the number of points, but they did so in
various ways. Some respondents stated that if an object is desired above its capacity, the copies
should be given to the agents who have assigned the highest number of points to this object. In
other words, those not receiving a copy should be those who value the object the least. Some
respondents stated that it is important that every agent received the one object that he or she
values the most. Once that happens, the rest is not very important. The only method that
truly seeks to fulfill this is the MaxAverage, but this method conflicts significantly with the goal
of distributing the objects evenly and the allocations created with this method received very
low ratings, in particular when preference points were involved.
The final issue, which was mentioned by about 25% of the respondents, is that every agent
should get at least one object in order for the allocation to be fair. This is a relaxed version of
the goal of distributing the objects evenly and will be obtained by most of the methods if it is
possible. Exceptions are MaxAverage and the fair share methods.
It was interesting to observe the difficulty the respondents had rating the fairness of the
allocations. Some told us so directly, but it also became clear when we analyzed the results.
Consider again the ratings given to the four allocations shown in Figure 2. The four allocations
that the respondents were presented with here were in fact symmetric, i.e. they were identical
except from reordering of agents and objects. It is clear from the ratings given that it is very
hard to be completely consistent with one’s own criteria for rating.
One explanation for this difficulty may be found in conflicts among the characteristics that
the respondents are looking for. An example of this conflict can be seen in the following characteristics provided by one of the respondents:
1. If possible, each agent should receive at least one object.
2. When creating the allocation, higher preferences should (always) count more than lower
preferences, as long as 1. is still satisfied.
3. Overall, the objects should be evenly distributed.
4. All objects should always be used if they are wanted by agents.
It should be noted that this respondent provides well-structured feedback, but still ends up
with conflicts. Here, point 3 conflicts with point 4, and point 2 conflicts with point 3.

6.2

Phase 2

Having obtained a better insight in the way people rate the fairness of allocations, we now turn
our attention to a larger analysis. For each data instance, we create an allocation using each
of the allocation methods described above. For each of these allocations, we compute the value
of each fairness measure. The purpose of this analysis is to identify one or several allocation
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methods which perform well on all (or most of) the fairness measures - and in particular on
those that were found to be important in Phase 1.
The average values of these fairness measures over 50 data sets are presented in Figures 4
through 6 below. For each measure we have used Excel’s red-green-color scale to indicate the
quality obtained by each of the methods, irrespective of whether high or low values are preferred.
Consequently, method-measure combinations with dark green color are relatively good whereas
those in red color are relatively bad.
A good allocation method is one that generally produces fair allocations when measured by
the different fairness measures, in particular those that were found in Phase 1 to be important.
In Figures 4 through 6 such a method is characterized by a column containing as many green
cells as possible and preferably no red cells.
6.2.1

Data

A total of 150 data instances are created for this analysis. They are partitioned into three main
groups, each containing 50 instances. In the data ofPgroup 1, the agents express their desire
for the objects in the form of preference points, i.e. j∈O wij = t ∀i ∈ A where t = 100. In
the data of group 2, the agents merely provide information about which objects they would like
- without prioritizing the objects. Hence, the data in this group uses 0/1-utilities. Finally in
the
P data in group 3, the agents also provide 0/1 information, but the weights are normalized to
j∈O wij = t ∀i ∈ A where t = 100. The reasoning behind the separation between groups 2
and 3 is the following. Consider two agents, x and y. Agent x requests two objects (1 and 2)
whereas agent y requests 4 objects (1, 2, 3, and 4). In group 2, agent y obtains the same utility
by receiving objects 1 and 2 as agent x would, and thereby the potential utility obtainable by
agent y is higher (receiving all four objects) then that of agent x. But in group 3, the total
utility that each agent can get is assumed to be the same. Therefore, agent x must value objects
1 and 2 higher than agent y. Without the presence of preference points, we therefore say that
an agent values his requested objects equally.
Each group contains a total of 50 instances, with 10 instances having m = 20, 50, 100, 200,
and 500 agents, respectively. Some agents request few objects whereas others request many.
The requested objects are determined stochastically along with the number of objects and the
capacities of the objects, as will be explained below.
In each data instance, the number of objects, n, is determined randomly based on a normal
m+100
2
distribution with mean µ = m
3 and variance σ =
20 . However, the distribution is truncated
from below at the value 3 and from above by m.
The capacity qj of each object i ∈ O was drawn randomly as an integer between minCap
and maxCap based on a uniform distribution, where


6 ≤ m < 50
2,
minCap = 10, 50 ≤ m < 500


20, 500 ≤ m
and



6 ≤ m < 50
m,
maxCap = 50, 50 ≤ m < 500


100, 500 ≤ m

In the 50 instances with preference points, we have created three different agent types, T1 , T2 ,
and T3 , divided evenly (up to an integer) among the m agents in the data set. For each agent
a total weight of t = 100 is distributed among the objects.
20

We iteratively select an object to be desired by the agent and assign a weight to it. All
objects not yet requested by the agent are equally likely to be selected. We implicitly round
all numbers to integers and possibly assign less than the computed weight to the last object
100
and consider each
selected in order to reach t = 100. We define the parameter P = min(30,n)
agent type in turn. U (·, ·) is used to denote a uniform distribution.
T1: The number of objects requested by this type
X with distribution


U (2, n),
X = U (5, n),


U (5, 25),

of agent is drawn from a stochastic variable
n < 10
10 ≤ n ≤ 25
25 < n

The weights of the objects are the same, except from possibly the last one.
T2: This type of agent puts high weights on a few much desired objects and has little interest
in the remaining objects. For this agent, we uniformly select an unrequested object and
draw the weight to assign to it from a stochastic variable with distribution
U (3P , min(8P, 100)).
This is repeated until at least 90 weight points are distributed (and never more than t
= 100). The remaining 0-10 points are given to less valued objects where the weight is
drawn from a stochastic variable with distribution:
U (1, P ).
T3: The last type of agent is less extreme. The weight given to an object is draw from the
distribution:
U (0.5P , 3P )
except from the last object which may receive a lower weight.
We now turn our attention to the 50 data instances with 0/1-utilities. For each agent, we
draw the number of objects to be requested from normal distribution with mean µ = min(n,20)
2
and variance σ 2 = 7 and truncated from below at 3 and from above at min(n, 30). As we know
the amount of objects to request, the selection of objects is done uniformly at random.
Finally, to generate the 50 data instances with normalized 0/1-utilities, the objects requested
by each agent are determined like for the 0/1-utility instances. Next, the t = 100 weight points
are shared evenly among these objects.
6.2.2

Results with Preference Points

Figure 4 presents the results obtained for the data sets with preference points. For each method,
the figure provides the average value of each fairness measure based on 50 data sets. The first
thing to notice is that the MinMaxLostNumber allocation method performs relatively poorly on
the majority of measures and can therefore be discarded. We can draw the same conclusion
as regards MaxAverage because the only measure where this method performs better than
the others is λAvU tility . However, this measure was found in Phase 1 not to be of significant
importance. Furthermore, the variation as regards this measure is relatively small across the
methods.
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Figure 4: Average performance of each of the methods used to obtain allocations for the 50 data
sets based on preference points. Each column corresponds to one of the methods whereas each
row provides a performance measure.
The remaining methods can be partitioned into two groups. As expected, the two envy-based
methods perform best on the envy-based measures λenvytotal and λenvymax , but not particularly
well on the others.
The methods MaxMin, MaxMinComb, and MinMaxLostUtility perform very well on all measures except the two envy-based ones and λAvU tility and λSpanN umber . As regards MaxMinComb,
and MinMaxLostUtility, the difference across the methods is generally small (few utility points)
and λAvU tility was found in Phase 1 to be a less important measure. Note that in the current
situation with preference points, the two methods MaxMin and MinMaxLostUtility are identical
because, based on 100 points, one maximizes the utility of the agent who receives fewest points,
whereas the other minimizes the utility lost by the one who loses the most.
The remaining methods show average performance for all measures except λAvU tility . With a
few exceptions, these methods are outperformed by MaxMin, MaxMinComb, and MinMaxLostUtility on all performance measures except λAvU tility , which was found in Phase 1 not to be
important. These measures are therefore not candidates for being the overall best.
When we compare MaxMin (or equivalentlyMinMaxLostUtility ) to MaxMinComb, which
show equal performance, the latter is found to have an advantage because the total envy in the
allocations made with this method is smaller. When we compare the two envy-based methods,
we favor EnvyBounded because Phase 1 showed that it is unacceptable to have unassigned
objects which are wanted by some agent and NoEnvy cannot meet this requirement.
The final choice is between MaxMinComb and EnvyBounded. Here, our preferences go towards MaxMinComb because it is clear from the measures λM inU tility , which was found in Phase
1 to be important, and λM axLostN umber that this method is better at distributing the objects
evenly, which was also found in Phase 1 to be important.
6.2.3

Results with 0/1-Utilities and Normalized 0/1-Utilities

Figure 5 presents the results obtained for the data sets based on normalized 0/1-utilities, which
are equivalent to assuming that the agents prefer the objects they request equally much. The
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Figure 5: Average performance of each of the 11 methods used to obtain allocations for the 50
data sets based on normalized 0/1-utilities.
conclusions to be drawn from these results are very similar to those based on the data with
preference points and indeed the two situations are also comparable. When the 0/1-utility data
is treated and measured in a normalized form, MaxMin (or equivalently MinMaxLostUtility ) and
MaxMinComb are superior to the other methods. An interesting point to note in this respect is
that the SequentialChoice method provides a good balance between focusing on avoiding envy
and favoring the remaining measures.
Finally, we turn our attention to the results for the 0/1-utility data, which is presented
in Figure 6. When considering 0/1-utility, the three methods MaxMin, MaxMinNumber, and
MaxMinComb are equivalent and are therefore presented jointly in the table. The same goes for
MinMaxLostUtility and MinMaxLostNumber.
It is clear that the MaxMinNormalized method is superior to the others. This is an interesting finding because this method treats the data as if the 0/1-utilities were normalized but
measuring the quality of the allocations based on 0/1-utilities without normalization. Hence,
using normalization in the planning is advantageous even though it is not evaluated based on
normalization.
The two methods, MinMaxLostUtility and MinMaxLostNumber, that focus on the objects
that the agents do not get rather than on what they get, perform relatively poorly on most of
the measures. However, the two envy-based methods and SequentialChoice perform relatively
well, whereas MaxMinComb, being superior for the other types of data, is not particularly good
for this type. The superior performance of MaxMinNormalized and SequentialChoice supports
the findings of Phase 1.
The results presented in Figures 5 and 6 are based on the same data sets, the only difference
being the normalization of the data in Figure 5. In a situation where a planner is presented with
data based on 0/1-utilities, a decision must be made about whether to normalize the data and
thereby actively respond to the fact that not all agents request the same number of objects. It
is interesting to observe the large difference in the relative performance of the different methods
in the two figures.
However, it seems that a decision to normalize the data and then seek to maximize the utility
of the agent receiving the least number of objects is generally a good choice independently
of whether the subsequent scale of measuring is based on preference points or 0/1-utilities.
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Figure 6: Average performance of each of the 13 methods used to obtain allocations for the 50
data sets based on 0/1-utilities.
This approach corresponds to MaxMin in Figure 5 and MaxMinNormalized in Figure 6. Apart
from this general conclusion, the performance quality of the methods differs significantly across
the two approaches, which stresses the importance of actively considering how fairness is best
measured in a given situation.

7

Concluding Remark

We set out to answer the two questions: ’How do we measure fairness?’ and ’How do we
obtain a fair allocation?’. Realizing that the academic literature provides many different fairness
measures and that many papers invented their own measures - often without specific explanation
- we started our study by a thorough review of measures used for this and related problems.
This was supplemented by a few new ways of viewing fairness of allocations and we ended up
with a total of 13 fairness measures. A similar approach was followed as regards the methods
for obtaining allocations and led us to 14 allocation methods, 13 of which are based on linear
programming.
Our analysis contained two parts. First, we presented a number of allocations to a number
of human beings and asked them to rate the fairness of these allocations, as well as provide
information about their general perception of fairness as regards allocations. Second, we constructed a large number of allocations based on the allocation methods reviewed and evaluated
their fairness based on each of the reviewed fairness measures.
Our main conclusion is that, in general, allocations constructed by the method MaxMinComb
or MaxMinNormalized, depending on the type of data, are fair by the majority of the measures
and in particular by those found to be important by humans. Furthermore, we found that the
only method that can ensure that no agent is envious on some other agent, namely NoEnvy, is
not particularly fair when evaluated by other measures.
It is our hope that the review and analysis presented in this paper will help guide future
researchers and practitioners within the area to select which allocation method and fairness
measures to use on a more informed basis.
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Bezáková I, Dani V (2005) Allocating indivisible goods. ACM SIGecom Exchanges 5(3):11–18
Boche H, Schubert M (2009) Nash bargaining and proportional fairness for wireless systems.
IEEE/ACM Trans Networking 17(5):1453–1466
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