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SINGULAR COMPLEX POINT ON A PLANE CURVE
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ABSTRACT. Let X be a curve in the affine plane defined by a
reduced polynomial of degree d with rational coefficients. Assume
that P is an isolated real point or a singular complex point on the
curve X. The coordinates of P are algebraic numbers over the
rationals of degree at most d?.

The result in the complex case is obtained by elimination theory
and the use of resultants. The result in the real case follows from
the complex case using analytic uniformization.

This result in the real case has applications in the theory of
games, see [2].

Theorem 1. Let X be an affine algebraic set in the affine plane defined
by a reduced polynomial f(X,Y) € Q[X,Y] of degree d. Assume that
P e X(R) C A*(R) is an isolated real point. The coordinates of P are
algebraic over Q of degree at-most d>.

In 2], Theorem 21 showns that (2d + 1)? is an upper bound for the
algebraic degree of the coordinates. This result is obtained by different
methods.

The proof is presented at the end of this paper.

Theorem 2. Let X be an affine algebraic set in the affine plane defined
by a reduced polynomial f(X,Y) € Q[X,Y] of degree d. Assume that
P e X(C) C A(C) is a singular complex point. The coordinates of P
are algebraic over Q of degree at most d?.

Recall that a polynomial f is said to be reduced (or square-free) if
it can be factored in a product of distinct irreducible polynomials:

f=g1- 9, gi#Fgjfori#j
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Lemma 3. Let k be a field of characteristic 0 and let f € k[X,Y] be
a polynomaial such that

f=g-h g hek[XY],
where g is irreducible and h is not divisible by g. Assume that X
appears in g. Then 8f € k[X,Y] is not divisible by g.

g)]; € k[X,Y] is divisible by g. By the product

of _ dg oh
ox “ox "9 ax
The 89 -his d1v131b1e by ¢ and since g is irreducible and does not divide

Proof. Assume that
rule, we have

h, g d1v1des =2 As 89 has smaller degree than g, this is impossible
and we have a contradlctlon U

Lemma 4. Let k be a field of characteristic 0 and let f € k[X,Y] be
a reduced polynomial, such that'Y s not a factor in f. Then f and
g—)f( € k[X,Y] have no non-trivial common factor.

Proof. Consider the factorization of f into distinct irreducible factors:

f=g1--- Gr,  9i # gjfori # j.

As Y is not a factor, X appears in all the 1rredu01ble factors g1, ... 9.
By Lemma 3 none of the irredueible factors divide 2 8X’ so f and af €
k[X,Y] have no non-trivial common factor. D

Remark 5. The theory of resultants are central to the proof, and we
recollect part of the theory, see [3], p. 135, [5], Fiinftes Kapitel, §34
and [1], Chap. 3, Chap. 6 and Chap. 8

Let f,g € k[X,Y] be two polynomials with coefficients in a field k
both of positive degree in X. Write f and g as polynomials in Y

fIX,Y) = aoX)Y' '+ + (X)), a(X)€k[X], ao(X)#0
g(X)Y) = bo(X)Y™ 4+ +b,(X), bj(X)e€k[X], b(X)#0

Then resultant Res(f, ¢,Y)(X) € k[X] of f and g with respect to Y is
the polynomial obtained as the determinant:

ao(X) bo(X)
a1(X) aog(X) b1(X) bo(X)
al(X) e bl(X)
: : aog(X) : bo(X)
det : a1 (X) : by (X)
a(X) b (X)
al(X) bm(X)

a(X)  b(X)
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where the empty spaces are filled by zeros. The resultant has the
following properties:
i) Res(f,q,Y)(X) € k[X] is of degree at most [ -m, see [1], Chap.
8, §7, Lemma 5.
ii) Res(f,q,Y)(X) = 0if and only if f and g have a common factor
in k[X, Y] which has positive degree in Y, see [1|, Chap. 6, §6,
Proposition 1.
iii) There are polynomials a,b € k[X, Y] such that

Res(f,g,Y)(X) = a(X’ Y)f(Xv Y) + b(X7 Y)g(X’ Y),
see [1], Chap. 3, §5, Proposition 9.

Proof. (Theorem 2) We prove the claim for the coordinate x, the proof
for y is entirely similar. Assume Y is an irreducible factor in f:

f:gl ..... gT_l.Y

As for the singular loci we have

Sing(V'(f)) = Sing(V(g1 - -+ gr—1)) U (V(g1 - -+ - gr—1) NV (Y)).

A point P € V(g -+ gr—1) N V(Y) has coordinates (z,0), where x
is a root in the univariate polynomial ¢;(X) - --- - g,—1(X) € Q[X] of
degree at most d — 1, so the claim is proved for such points.

We are therefore reduced to prove the theorem in the case where Y
is not a factor in f. In that case X appears in all the irreducible factors
giy-.-3gpr.

By Lemma 3 the polynomials f and % € k[X, Y] have no non-trivial
common factor. Consider the resultant

0
R(X) = Res(f(X, Y), D5(X,¥), V)(X) € QIX]
By Remark 5 we have that R(X) # 0, deg R(X) < d? and there exist
polynomials a,b € Q[X, Y] such that
0
1) R(X) = aX, Y) (X, Y) +B(XY) 9L ()

Substituting the coordinates (z,y) in (1) above, we obtain

R(2) = (e, ) (2.9) + bz, 0) 5 (2,4) = 0.

as (x,y) is a singular point on V(f) and we conclude that x is algebraic
over Q of degree at most d?.
U

Proposition 6. Let X C A" be an affine algebraic set in the affine n-

space defined by an ideal I C Q[X7,...,X,] generated by polynomials
with coefficients i Q. Let P € X(R) be a real point in X(R), that is
isolated in the classical topology. Then P is a singular point on X (C).
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Proof. Assume on the contrary that P = (aq,...,a,) is a smooth point
on X(C) of dimension r. We apply analytic uniformization, see [4],
(1.26) to obtain a contradiction.

Let x;,, ..., x;. be any sets of coordinates such that dz;,, ..., dx; are
independent linear functions on the tangent space Tr. Then there is an
¢ > 0 and uniguely determined convergent power series g;(x;,, ..., %;,),
forall j € {1,...,n} —{d1,...,4 }, such that if |t;|,..., |t,| <e.

(0,1 +t1,...,&n—|—tn) e X <:>tj :gj(tip'--:tz})
As X is defined over Q and in particular over R, the powerseries g;
have (by uniqueness) real coefficients. In conclusion, X (R) can locally
around P be parametrized by real convergent power series. This con-

tradicts that P is isolated in X (R). d

Proof. (Theorem 1). The claim follows directly from Proposition 6 and

Theorem 2. O
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